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Abstract: This paper investigates the hydromagnetic stagnation point flow of an incompressible viscous electrically
conducting fluid towards a stretching sheet in the presence of radiation and viscous dissipation. The Newton-Raphson shooting
method along with the fourth-order Runge-Kutta integration algorithm has been employed to tackle the third order, nonlinear
boundary layer problem governing the flow. Numerical results for dimensionless local skin friction coefficient and the local
Nusselt numbers are presented in tables while graphical results are presented for velocity and temperature profiles for various
values of the controlling parameters. The results show that the heat transfer of a hydromagnetic fluid over a porous stretching
surface subject to radiation and viscous dissipation can be controlled and a final product with desired characteristics can be

achieved.
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1. Introduction

The problem of heat and mass transfer in a laminar
boundary layer flow over a stretching sheet in a saturated
porous medium finds important application in metallurgy and
chemical engineering industries. MHD stagnation point flow
of a stretching surface has attracted considerable attention in
recent times as it is applied extensively inMHD generators and
cooling of infinite metallic plates in cooling baths.

The two-dimensional stagnation point flow problem was
first studied by Hiemenz [8] who used the similarity
transformations approach to reduce the Navier—Stokes
equations to non-linear ordinary differential equations.
Ramachandran ef al. [18] later investigated the laminar mixed
convection in two dimensional stagnation flows around heated
surfaces by considering both an arbitrary wall temperature and
a varying surface heat flux. Their work was then extended by
Devi et al. [5] to the unsteady case and by Lok ef al. [15] to a
vertical surface immersed in a micropolar fluid. Layek et al.
[14] analyzed the flow and heat transfer boundary layer
stagnation-point flow of an incompressible and viscous fluid
towards a heated porous stretching sheet embedded in porous
media subject to suction/blowing with internal heat generation

or absorption. Recently, Adrian [1] studied heat and mass
transfer by natural convection at a stagnation-point in a porous
medium by considering Soret and Dufour effects. Kechil and
Hashim [13] earlier studied the boundary layer flow over a
nonlinearly stretching sheet in a magnetic field with chemical
reaction. Fang et al. [24] then presented analytical results by
investigating the hydrodynamic boundary layer flow of slip
MHD viscous flow over a stretching sheet and concluded that
the wall drag force increases with the magnetic parameter.
Ishak et al. [12] studied numerically a steady two-dimensional
MHD stagnation point flow towards a stretching sheet with
variable surface temperature. They found that the heat transfer
rate at the surface increased with the magnetic parameter
when the free stream velocity exceeded the stretching velocity.
Ibrahim and Makinde [11] investigated the effects of radiation
on chemically reacting MHD boundary layer flow past a
porous vertical flat plate.

Makinde and Charles [16] then conducted a computational
dynamics on the hydrodynamic stagnation point flow towards
a stretching sheet and concluded that the cooling rate of a
stretching sheet in an electrically conducting fluid, subject to a
magnetic field could be controlled and a final product with
desired characteristics could be achieved. Ibrahim and
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Makinde [10] also investigated the MHD boundary layer flow
of chemically reacting fluid with heat and mass transfer past a
stretching sheet and concluded that both the magnetic field
strength and the uniform heat source had significant impact on
the rate of heat and mass transfer in the boundary layer region.
Seini [20] recently investigated the flow over an unsteady
stretching surface with chemical reaction and non-uniform
heat source. Alireza et al. [2] also presented an analytical
solution for MHD stagnation point flow and heat transfer over
a permeable stretching sheet with chemical reaction. Recently,
Arthur and Seini [3] analyzed the MHD thermal stagnation
point flow towards a stretching porous surface. Seini and
Makinde [22] then analyzed the boundary layer flow near
stagnation-points on a vertical surface with slip in the
presence of transverse magnetic field.

Convective heat transfer plays a very important role in
practice but in occasions where processes occur at high
temperatures, radiation heat transfer cannot be neglected.
Hossain and Takhar [9] studied the effect of radiation using the
Rosseland diffusion approximation, which leads to non-similar
solutions for the forced and free convection flow of an optically
dense fluid from vertical surfaces with constant free stream
velocity and surface temperature. Pop et al. [17] analyzed the
radiative  effects on the steady two-dimensional
stagnation-point flow of an incompressible fluid over a
stretching sheet. Bhattacharyya and Layek [4] investigated the
effects of suction/blowing on steady boundary layer stagnation
point flow and heat transfer towards a shrinking sheet with
thermal radiation. In the same way, the influence of thermal
radiation on MHD stagnation point flow past a stretching sheet
with heat generation was studied by Zhu et al. [23]. Seini and
Makinde [21] later studied the MHD boundary layer flow due
to exponential stretching surface with radiation and chemical
reaction. Recently, Etwire et al. [7] investigated the MHD
boundary layer stagnation point flow with radiation and
chemical reaction towards a heated shrinking porous
surface.Viscous dissipation plays an important role in
geological processes, polymer processing and in strong
gravitational field processes on large scales and has received
remarkable attention from researchers in fluid mechanics. It
plays a practical role in oil products transportation through
ducts. Viscous dissipation changes the temperature distribution
by acting as an energy source, which affects the heat transfer
rate.

The combined effect of radiation and viscous dissipation on
stagnation point flow towards a stretching sheet is useful from
the practical point of view. This paper investigates the
hydromagnetic stagnation point flow over a porous stretching
sheet when radiation and viscous dissipation effects are
present. Section 2 presents the mathematical model of the
problem. The numerical procedure is outlined in section 3
whilst results and discussions are presented in section 4.
Section 5 presents some useful conclusions.

2. Mathematical Model

Consider a steady two-dimensional flow of an

incompressible and electrically conducting fluid towards the
stagnation point on a porous stretching surface in the
presence of magnetic field of strength, B, applied in the
positive y direction as shown in Figure 1. The tangential
velocity U, and the free stream velocity U, are assumed to
vary proportional to the distance x, from the stagnation point
so that U,(x) =bx and U,(x) =ax, where a and bare constants.
The induced magnetic field due to the motion of the
electrically conducting fluid and the pressure gradient are
neglected. The wall temperature is maintained at the
prescribed constant value 7.
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Figure 1. Schematic diagram of the problem.

Under the usual boundary layer approximations, the
equations governing the problem of steady, incompressible
and viscous flow are:

du  O0v _
ax Ty M
2 2
ua—u+v6—u=ua—z—03°u+a2x, 2)
Ox  Ox Ox 0
) 2
M07T +v67T :aa{.}.u[au] _gaqr +@I/l2. (3)
&y o o\ ko a
Boundary conditions:
u(X,O) :bX , V(X,O) ="V ,T(xao) :Z¢ra
u(x,0) =ax,T(x,0) =T, 4)

where o» is the kinematic viscosity, o is the electrical
conductivity, o is the thermal diffusivity, x is the thermal
conductivity, p is the fluid density, c, is the specific heat
capacity at constant pressure and ¢, is the radiative heat flux.

3. Numerical Procedure

The velocity components u and v are expressed in terms of
the stream function w(x,y) in the usual way such that:
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Using the similarity variables:
__|b
W(x,y) = x~vubf(n)and N=y o (6)

The continuity equation (1) is satisfied identically. Using
the Rosseland approximation for radiation, Ibrahim and
Makinde [11] simplified the radiation heat flux as

40" ot
== s 7
9 =" o (7

where ¢ *and K' are the Stefan-Boltzmann constant and the
mean absorption coefficient respectively. We assume that the
temperature differences within the flow such as the term 77
may be expressed as a linear function of temperature. Hence,
expanding 7* in a Taylor series about 7, and neglecting
higher order terms, we get;

T4 04T.T -3T}. 8)
The non-dimensional temperature is written as:

_TI-T7,
T,-T,"

6(n) )

Equations (5) - (9) transform (1) - (4) into the following
ordinary nonlinear system of differential equations:

=M ) =2, (10)

[1+iRa]H”+Prf6”+Br(Mf'2 +f")=0.  an

The associated boundary conditions then become:
fO=1, f(O)=f,, 60)=1,
fi(©)=A, () =0, (12)
where primes denote the order of differentiation with respect
to n, A :% is the velocity ratio parameter , Pr =§ is the

40T,

Prandtl number, Ra= — is the thermal radiation
OB, . .
parameter, M = o is the magnetic field parameter,
- . . bx)' .
S —_/ pu s the suction parameter and Br :Mm
v «(T,-T.)

the Brinkmann number.

The systems of equations (10) and (11) with the boundary
condition, equation (12) were solved using the Fourth-Order
Runge-Kutta method along with the shooting techniques and
results presented in tables and graphically.

4. Results and Discussion
4.1. Numerical Results

To validate the results, a comparison between the present
numerical solution and the works of Makinde and Charles [16]
and Arthur and Seini [3] are presented inTable 1. It was
observed that the results were consistent with that available in
the literature.

Table 1.Comparison of skin friction coefficient, -f " (0) for A when H=0

A lgl?:{rl;:: (:[elzl]ld Arthur and Seini [3] Present Study
0.01 -0.99802 -0.99802 -0.99802

0.02 -0.99578 -0.99578 -0.99578

0.05 -0.98757 -0.98757 -0.98757

0.10 -0.96938 -0.96938 -0.96938

0.20 -0.91810 -0.91810 -0.91810

0.50 -0.66726 -0.66726 -0.66726

2.00 2.01750 2.01750 2.01750

3.00 4.72928 4.72928 4.72928

5.00 11.75199 11.7520 11.7520

The result of varying parameter values on the skin friction
coefficient and the rate of heat transfer at the surface is shown
in Table 2. It is observed that increasing the velocity ratio
parameter decreases the skin friction coefficient and enhances
the rate of heat transfer on the surface. This is due to the fact
that, in increasing the velocity ratio parameter, an increase in
the free stream velocity dominates reducing the drag on the
fluid by the surface of the plate and hence enhances the
transport of heat.Increasing the magnetic field intensity tends
to increase the skin friction due to presence of the Lorenz
force induced by the magnetic field in the flow. The Lorenz
force retards the fluid flow which results in a decrease of the
rate at which heat is transferred. The skin friction and the rate
of heat transfer are both increased at the surface as a result of
increasing the suction parameter. This is obvious as the
porosity in the plate will destruct the usual x-directional flow
of the fluid on the surface of the plate.

Table 2.Numerical results for varying parameter values

A M Pr S Ra Br -£" (0) -0'(0)

0 0.1 0.71 0.1 0.1 0.1 1.10000 0.40375
0.5 0.1 0.71 0.1 0.1 0.1 0.76409 0.53760
2.0 0.1 0.71 0.1 0.1 0.1 -1.97723 0.68112
1.0 0.5 0.71 0.1 0.1 0.1 0.37062 0.53165
1.0 3.0 0.71 0.1 0.1 0.1 1.50848 0.24569
1.0 5.0 0.71 0.1 0.1 0.1 2.06637 0.15662
1.0 0.1 0.72 0.1 0.1 0.1 0.08008 0.64477
1.0 0.1 4.00 0.1 0.1 0.1 0.08008 1.70465
1.0 0.1 7.20 0.1 0.1 0.1 0.08008 2.40784
1.0 0.1 0.71 0.5 0.1 0.1 0.09101 0.80869
1.0 0.1 0.71 2.0 0.1 0.1 0.13792 1.54811
1.0 0.1 0.71 4.0 0.1 0.1 0.20535 2.67153
1.0 0.1 0.71 0.1 1.0 0.1 0.08008 0.43876
1.0 0.1 0.71 0.1 1.5 0.1 0.08008 0.38541
1.0 0.1 0.71 0.1 2.0 0.1 0.08008 0.34768
1.0 0.1 0.71 0.1 0.1 1.0 0.08008 0.42711
1.0 0.1 0.71 0.1 0.1 1.5 0.08008 0.30900
1.0 0.1 0.71 0.1 0.1 2.0 0.08008 0.19090
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Furthermore, the Prandtl number has no effect on the skin
friction coefficient but increases the rate of heat transfer due to
the dominance effects of fluid momentum over thermal
diffusion. However, increasing both the radiation and the
Brinkman numbers keep the skin friction constant whiles the
rate of heat transfer reduces due to radiative heating and
viscous dissipation.

4.2. Graphical Results

4.2.1. Effects of Parameter Variation on the Velocity Profiles

The velocity profiles have been plotted to show the
behavior of the flow in the boundary layer region. Figures 2 —
4 present the profiles for varying parameters. Generally, the
velocity of the fluid is lowest at the surface of the plate and
increases parabolically to the free stream value satisfying the
far field boundary condition.

In Figure 2, it is observed that increasing the velocity ratio
parameter increases the velocity boundary layer. It is observed
that when the velocity ratio is zero, the usual profile at free
stream is obtained far away from the surface. The retarding
force induced by the increase in the magnetic field intensity
reduces the velocity profileas observed in Figure 3. This case
is the same for increasing the values of the suction parameter,
in Figure 4.
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Figure 2. Velocity profile for varying velocity ratio parameter
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Figure 3.Velocity profiles for varying values of the Magnetic parameter.
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Figure 4.Velocity Profiles for varying suction parameter

4.2.2. Effects of Parameter Variation of Temperature
Profiles

Figures 5 — 10 present the temperature profiles for various
parameter variations. In general, the temperature of the fluid
reaches its maximum at the surface of the plate and reduces
exponentially to the free stream zero value away from the
plate where it attain its minimum, satisfying the boundary
condition.

It is observed that increasing the free stream velocity which
increases the velocity ratio parameter, reduces the temperature
profile at the surface of the plate, figure 7. Increasing the
Prandtl number reduces the thermal boundary layer as a result
of increasing momentum of the fluid at the expense of heat
diffusion, figure 5.In figure 6, it is observed that increasing the
magnetic parameterincreasesthe thermal  boundary
layerthicknessfor obvious reasons.

Meanwhile, increasing the radiation parameter increases the
temperature profiles due to radiative heating, figure 8. In
figure 9, the suction parameter is observed to reduce the
thermal boundary layer thickness.The thermal boundary layer
thicknessis observed to increase as a result of increasing the
Brinkman number due to viscous dissipation which adds up to
heating the fluid, figure 10. The retarding force of the
intensified magnetic field is observed to increase the
temperature profiles for obvious reasons.
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Figure 5. Temperature Profiles for increasing Prandtl number.
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Figure 6. Temperature Profiles for increasing magnetic field parameter.
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Figure 8. Temperature Profiles for varying Radiation parameter.

Fu=00

4 = coooooo fw=0.5

FRPy
nowann

—
(=R

(=

B

Figure 10. Temperature Profiles for varying Brinkmann Number.

5. Conclusions

The MHD thermal stagnation point flow towards a
stretching permeable surface has been investigated. Numerical
results have been compared to earlier results published in the
literature and a perfect agreement was achieved. Among
others, our results reveal that the heat transfer of a
hydromagnetic fluid flow over a porous stretching sheet
subject to radiation and viscous dissipation can be controlled
and a final product with desired characteristics achieved.
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