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Abstract

This paper seeks to show that the k™ order Adams Bashforth and Adams
Moultons methods are derivable from simple systems of linear equations. The
paper uses the often used method of Taylor series expansion to derive matrix
systems that can be solved to give the coefficients of the Adams Bashforth and
Adams Moultons predictor-corrector formulae used in the solution of first
order ordinary differential equations. The contribution in this paper is meant to
reduce the work needed during the derivation of the predictor-corrector
formulae. A MATLAB m-fileis aso include for MATLAB implementation of
the method. An illustrative example is given to prove the simplicity of the
contribution.
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Introduction
The solution of first order ordinary differential equations of the form y' = 'T;g- = f(x,y)

is of so much importance in numerical methods due to the fact that even higher order
partia differential equations can be transformed into first order ordinary differential
equations and solved. Thus, methods of solution of equations of the form
y' =9 = f(x,y) have attracted attention of researchers for a very long time. Several

dx

schemes for solutions of ODES exist. Some include the single step methods (Runge-
Kutta, Euler, Heuns, etc) and multi-step methods. Examples of the multistep methods
are the predictor-corrector methods of Adams Bashforth and Moulton. These schemes
involve the use of explicit formulae to make a prediction of the current value of the
dependent variable y and then use implicit (corrector) formulae to make a find
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approximation to the current value ofy. These predictor-corrector methods can be
obtained using a number of methodologies, among which is the use Taylor series
expansion of y, about h[4]. The process of generating these formulae is straight
forward but gets very tedious as the order of the method gets higher. The purpose of
this paper is to present an easier and simpler way of generating these formulae even
for higher order.

Derivation of Adams Bashforth Predictor System

We seek to find a simpler way out in deriving the Adams Bashforth formulae in this
brief. There are several methods used in deriving these formulae. These methods
however require Taylor series expansions and other simplifications. We seek to find a
way of deriving the formulae without having to follow these tedious Taylor series
expansions and simplifications. It can be shown that the Adams Bashforth formulae
can be generated by solving a system of linear equations. We seek to develop arecipe
for these systems here. The general Adams Bashforth formulae is of the form

L

Yn+1 = Un +h Z bfy:;—i+] (11)

=1
Wherek isthe order of the Adams method.

Thus, the k™ order predictor formulais given by:

Yn+1 = Un + h (bly” + b'Zyn—l + bljyn—Q +...+ hf\'—lyu—.ﬁ'—}—ﬁ + b.f\'yn—f\‘+l) (12)

The terms y,. y,_1. Yp_os -+ Yy_pso- andy, ., ae then expanded using Taylor
series, truncated after the k™ terms and substituted into the above equation.

Thus, expanding the terms Yn: Yn—1> Yn—2s -+ Yn—ks2: A4V, i1 gnd substituting
them into equation (1.2) we have

Yn+1 =Yn +h {bl Y + b2 (yL — hyp + 3k, — 5Py, 4 £ kY un ))

o

! . 1" . . 9 I &
+bs (1, — 2hy, + H 2Ry — H @Ry + . ) Ey ) 4

5 nn

by (v = (= 2Dyl + (0= 2020 = H((k =20y + ..+ (k= 2Dyl

+by. ('!l:a — (k= Vhy, + L ((k = Dh)2y, — L((k = )Ry, +...% ”‘__]]].{(;‘ EENACSIG l)}

Expanding and grouping like terms gives
Ynel = Yn+ (1 + o+ bs+ ...+ by + bg.)hy:, —[b2+2b3+ ...+ (k= 2)bp_y + (k- 1):‘;;'.]112;;:+
Lo+ 2%+ .4 (k= 2oy + (k= 120 JR%y, — (oo + 2%y 4.4 (k= 23y + (k= 1) JR%y, +
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iﬁ[bg +20=Dps 44 (k=2)F Vb + (k- I)"‘“bk]h.(k_l)'y,(f'l)
Comparing this equation with the Taylor series expansion ofy,, . 1;

' a5 N q L k—1) . (K
:Un+1 = YUn + h'yu + %hly” + ;}7}"5:!):; + s + ﬁh” l)y-’(’ . + %h;‘ :U'(" } + s

we have the following system of equations:

by +bs+bs+ ...+ bp_1 + by =1

by +2b3 + ... + (k — 2)bp_y + (k — 1)b =-3
by + 2%b3 + ... + (k — 2)%bp_1 + (k — 1)1y, =1
by +2%bs 4+ ...+ (k — 2)3b_1 + (k — 1)3by =-1

by + 2% Vs + 4+ (k—2)% Yy + (k= 1)*Vp, = (—1)k-D1L

;\-
(1.3)
Writing this system as a matrix equation gives
11 1 ... 1 17Tl T 1 T
01 2 ... k (k—1) by -3
01 22 ... k2 (k—1)2 b 3
01 2 ... k=12 || b | = ~1 (1.4)
[0 1 20D 0 gD (gD b | [ ()DL ]

Thus, the coefficients of the explicit Adams Bashforth predictor formula can be found
by solving the matrix system [a;;][b:] = [cil,

Wherea;; = (j — 1) ! ande; = (=)D i=1,2, ..., k
Adams Moulton Corrector Coefficients

The k™ order Adams Moulton corrector formulais given by [4]
_I\-

Yntl = Yn + h Z (}f‘y:r—é+2
i=1
Hence
Yn+1 =Yn +h ('I)l?_fu-i-l + b2y, + b3y,—q + oo+ b1y pgs ‘i’!\-?fn—;\urz) (15
Expanding the terms y. ... yn. Yn_1s Yn_os -« ;t,r:?_;__H. and y;_,‘_H using Taylor

series, truncating them after the kth terms and substituting them into the above
equation gives:

! 1" o M 9 M . k
Yn+1 = Un + h {bl (yu + h'yn + %th” + %h‘syn +.+ (k_ll}!h'“‘ 1)':’,’;[: }) +
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! I " o 1 . k
bay,, + b3 (y” — hy, + _H,ljh.zy” h“‘e,ru - [L—ll)l hk ”yl{, )) + .+

q

bi-t (v = (6 = 3)hy + Bk = 3%, = F((k = 3%, + ..+ (k= 3)WEDy) +

) mn 3 i

bk (y:i 7(!‘ )r’?yn l{(!‘ )h) Y — %(U‘, )!?) Yn +...% (,i._ll)l((;‘ )h)JL 1] [ })}

Expanding and grouping like terms, we have

Y1 = Un+ (b1 +ba+bs+ ...+ by +by) h-',i;‘:; + by —bg—...— (k= 3)bp_y — (k= 2)by] "'?-Q'U:
Lo +bs o+ (k=3 by + (k=2 WPy, + 2 [br b3 — ... = (k= 3)b_y — (k= 2)°] by, +
- o= 2 [b1 +byt+ ...+ (k=3) Dby + (k- 2)[#_2] h.“"_”'_.';}}'_“+

ﬁ [bl +bh34 ...+ (k=3)* Vb + (k- 2]”"_1] .-’;.*"_.';,(}')

Comparing this formula with the Taylor series expansion gives the following set of
linear equations

bi+bo+bs+ ...+ b_1+b.=1

by — by — .. — (k= 3)bp1 — (b — 2)bs = &
F}1+()3+... (»‘11_3) by.— 1+( 2)2=l’,
by —by—...— (k=3)3bp_y — (k—2)%=1

byby ... % (k—3) "2y £ (k—2)F2 = -

= 1)
bi£byt... (k=3 V£ (k-2 =1
Or in matrix form, we have
T 1 1 1 1 1 177 1 [ 17
-1 0 1 2 (k —3) (k—2) by -1
1 0 1 22 . (E=3)? (k —2)? b: 1
. | . N I I NG
+1 0 1 2)%2 .. (k=32 (k-2)k2) br_1 +5
| +1 0 1 20D 0 (k=3)kD (k—2)k=D | | b | [ £1

Thus, the coefficients for the Adams Moulton corrector formula can be obtained by
solving the system [a;;][bi] = [c;] Wherea;; = (j - 2)i7 ¢ = (=1)"11

(4

MATLAB implementation

% This function finds the coefficients of the Adans
Bashforth predi ctor formul ae of order 'order’

function [ Adansbashcoeffi ci ents] =Abashcoeffi ci ents(order)
format rat
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A=zeros(order);
c=ones(order, 1);
for i=1:order
for j=1:order
AC 1) =(i -7 -1);
end
c(i,)=(-1)"(i-2)/i;
end
Adansbashcoeffi ci ents=i nv(A) *c;
% This function finds the coefficients of the Adans
Moul ton corrector formul ae of order 'order’
function
AdansMoul t onnmoul t onCoef fi ci ent s=Anoul t oncoeffi ci ents(orde
r)
format rat
A=zer os(order);
c=ones(order, 1);
for i=1:order
for j=1:order
AL j)=(i-2)7(1-1);
end
c(i)=(-)~(i-1)/i;
end
solution=(inv(A) *c)';
[N, D] =rat(sol ution);
tenpl=abs(max(D));tenp2=tenpl./D;tenp3=N. *t enp2;
AdansMoul t onnmoul t onCoef ficients=["'1/"' nun2str(tenpl)
mat 2str(tenmp3') ];

[lustration

In this section, we illustrate the veracity of our proposed method. We shall use the
proposed method to derive the coefficients of the 3rd order Adams Bashforth
predictor formula which is given by y,,+1 =y, + %h. (23f, —16f,_1 + 5f,_2) and the
Adams Moulton corrector formula which is given by
Ynt1 = Yn + 150 (5fng1 + 8fn — Lfn-1) where f = ¢/

For Adams Bashforth predictor coefficients, using the proposed system form

We have:

11 1 b1 1
01 2 by | = | -1

, 1
0 1 4 by !

Solving this system gives b, = 23, b, = — 15, and b = 5
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For Adams Moulton corrector coefficients, using the proposed system we have:

111 ; 1
1

-1 0 1 [f)g] =| -1/2

1 01 bs 1/3

Solving this system gives

I‘J]_ l_:-)
by | = | 8/12 .7
bs ~1/12
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