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Abstract

In this paper, we present the g-analogues of some inequalities con-
cerning the digamma function.

Mathematics Subject Classification: 33B15, 26A48.

Keywords: digamma function, ¢-digamma function, Inequality.

1 Introduction and Preliminaries

We begin by recalling some basic definitions involving the Gamma function.

The classical Euler’s Gamma function, I'(¢) is commonly defined by
() = / e “a'~dr, t > 0.
0

The digamma function, t(t) is defined as the logarithmic derivative of the
Gamma functio, that is,
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The g-analogue of the Gamma function, I';(¢) is defined by (see [2])

o0

_ 1—4q"
T, (t) = (1—q) tHl—qH"’ q€(0,1), t>0.

n=1

Similarly, the ¢-digamma function, ,(t) is defined as,

0l0) = 0 (0) = 18, 150

The functions v (t) and ,(t) as defined above have the following series repre-
sentations.

Pt)=—y+(t—1)) ———= >0
— ( 1+n Y(n+t)

o nt

b)) = —In(1 - q) + (1nq)zliqn, ge(0,1), t>0.

n=1

where v is the Euler-Mascheroni’s constant. For some properties of these func-
tions, see [4], [1] and the references therein.

By taking the m-th derivative of the functions ¢ (¢) and 1,(¢), it can be shown
that the following statements are valid for m € N.

1

B = (Y s
;(nw) =

n’

0 m nt
m m n-q
P (t) = (Ing)™ ™y T g€ (0,1), t>0.
n=1

In a recent paper [3], Sulaiman presented the following results.

(s +1) = ¢(s) +9(t) (1)

where t >0 and 0 < s < 1.

WI(s + 1) < ™ (s) + (1) (2)

where m is a positive odd integer and s,t > 0.

O (s + ) > 9 () + (1) (3)

where m is a positive even integer and s,t > 0.

The objective of this paper is to establish that the inequalities (1), (2) and
(3) still hold true for the function ¢,(t).
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2 Main Results

We now present the results of this paper.

Theorem 2.1. Lett > 0, 0 < s < 1 and q € (0,1). Then the following
inequality s valid.

Uq(s +1) = Yg(s) 4 Yg(t). (4)
Proof. Let u(t) = ¢,(s +1t) — ¥y(s) — ¥,(t). Then fixing s we have,

o] n(s+t) nt
10 = s+ ) =) = (ma? Y | - 7]

n=1
> n(s—l—t)_nnt
= (Inq)? [nq d ]
(Ing) ; i~
o nt( ns
ng"(¢™ — 1)
= (Ingq)? — = <0.
( Q); e

That implies u is non-increasing. In addition,
Tim u(t) = lim [ (s +1) — iy (5) — (1)

O 1 n(s+t) ns nt
=1In(1—¢q)+ (Ing) tligloz a a a }
n=1

_1—q"_1—q" 1—qgm

X 1 ,n(s+t) _ ,ns _ . nt
=In(l —¢q)+ (Ing) tlggz a a a ]
n=1 "~

1—qn
0 'qns‘qnt _ qns _ qnt
~ (1 ) + (ing) i 3 | T
n=1

OO qns
=In(1—¢q)— (lnq)z ¢ > 0.
n=1

Therefore u(t) > 0 concluding the proof.
Theorem 2.2. Let s,t > 0 and q € (0,1). Suppose that m is a positive odd
integer, then the following inequality is valid.
DM (s +1) S (s) +0im (1) (5)
Proof. Let v(t) = ¢\ (s +t) — ™ (s) — ™ (). Then fixing s we have,
V(t) = (s + 1) — g (1)

q q

. 0 nm—l—lqn(s—l—t) nm—l—lqnt
=(Ing) HZ[ L—q"  1—gq }

n=1

© m+1 nt(, ns _ 1
= (Ing)™* Z [n (i _(qqn )] > 0. (since m is odd)
n=1
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That implies v is non-decreasing. In addition,

0 m ,n(s+t) m,ns m nt
lim v(t) = (Ing)™*! lim {” e~ r1 i }
t—o0 t—o00 — 1—qm 1—qgm 1—qgm
> m,ns nt m ns m nt
= (Ing)™*" lim {n A i }
t—)oonz1 1—q 1—q 1—q”
= n"g" . .
= —(Ingq)™*! < 0. (since m is odd
a3 <0 )

Therefore v(t) < 0 concluding the proof.

Theorem 2.3. Let s,t > 0 and q € (0,1). Suppose that m is a positive even
integer, then the following inequality is valid.

Wi (s + 1) = 9™ (s) + oim (). (6)
Proof. Let w(t) = ¢ (s + t) — ™ (s) — 42 (). Then by fixing s we have,
w'(t) = P (s + 1) = 9O

. 0 nm—l—lqn(s—l—t) nm—l—lqnt
=(Ing) HZ[ L—q"  1—g¢ }

n=1

m~+1 nt

© ns _ q
= (Ing)™* Z [n ql _((Zn )] < 0. (since m is even)

That implies w is non-increasing. In addition,

0 m n(s+t) m,ns m nt
i () = ()™ Jim 3 | - S 2
t—o0 t—>oon f 1—q” 1_qn 1_qn
_ (ln q)m-‘,—l hm nmqns qnt B nmqns B nmqnt
Hoon_l l—¢» 1=¢" 1-¢"

lIlq m+1 Z

Therefore w(t) > 0 concluding the proof.

1 (since m is even)
—q"
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