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Abstract

Some inequalities involving the g-digamma function are presented.
These results are the g-analogues of some recent results.
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1 Introduction and Preliminaries

The classical Euler’s Gamma function I'(¢) and the digamma function v (t) are
commonly defined as

'(t) = /000 e "' tdr, and (t) = 7 In(I'(t)) = A0k t>0.

Similarly the ¢-Gamma and ¢-digamma functions are defined as (see [1])

I -
Fq(t):(l—Q)ltHW7 q<€(0,1), t>0.

n=1

and
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The functions (t) and ,(t) as defined above exhibit the following series
representations.

Y=+ (t-1)) ——— >0
— ( 1+n Y(n+t)

g(t) = —In(1 —q) + (IHQ)Z 1q_qn’ g€ (0,1), t>0.
n=1

where 7 is the Euler-Mascheroni’s constant.

By taking the m-th derivative of the above functions, we arrive at the following
statements for m € N.

> 1
m o m+1
P (t) = (—1) +m!2(n+t)m+l, t>0
n=0
0 m nt
Y (t) = (In )™ I’ T ge(0,1), t>0
—q
n=1

In 2011, Sulaiman [3] presented the following results.

Ut +s) 2 D(t) +¢(s) (1)

where t >0 and 0 < s < 1.

VIt +s) < () + ™ (s) (2)

where m is a positive odd integer and t, s > 0.

Pt 5) > () + U (s) (3)

where m is a positive even integer and ¢,s > 0.

In a recent paper, Sroysang [2] presented the following geralizations of the
above inequalities.

Y(t + Z Bisi) > (t) + Z Bi(s4) (4)

where t > 0, 5; >0 and 0 < s; < 1 for all 1 € N,.

PO+ Bisi) <)+ B (s) (5)
=1 i=1
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where m is a positive odd integer, t > 0, 5; > 0 and s; > 0 for all i € N,,.
P+ Bisi) > M)+ Bp™ (s;) (6)
i=1 i=1
where m is a positive even integer, t > 0, 5; > 0 and s; > 0 for all 1 € N,.

The objective of this paper is to establish that the inequalities (4), (5) and
(6) still hold true for the ¢-digamma function.

2 Main Results

We now present our results.

Theorem 2.1. Let ¢ € (0,1),t >0, 5; >0 and 0 < s; < 1 for all i € N,.
Then the following inequality is valid.

Uyl + 3 Bis) 2 Uylt) + 3 B (s) ™

Proof. Let u(t) =ty (t+ > 5, Bisi) — g(t) — iy Bitbg(s;). Then fixing s; for
each ¢ we have,

u'(t) = Pt + Z Bisi) — (1)

ad n(t+3270 Bisi) nt
CUSME e

n=1 1= q" - 1= q"
e nt( > Bisi _ 1

:(1HQ)2an (ql_qn )SO
n=1

That implies u is non-increasing. Moreover,

lim u(t) = lim
t—r00 t—00

Yt + Z Bisi) — y(t) — Z @'wq(si)]

=In(1—q) Z Bi
i=1

> n(t+>.5 , Bisi) nt d A MSi
. q i=1 q qu
1 | - —
"‘(HCDti)rglon:l 1_qn 1_qn — 1_qn]
=In(1 —q) Ea Bi — (Inq) EOO -~ g 0.
i=1 n=1 i=1 =g ™

Therefore u(t) > 0 concluding the proof.
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Theorem 2.2. Let q € (0,1),t >0, §; > 0 and s; > 0 for alli € N,. Suppose
that m s a positive odd integer, then the following inequality is valid.

P+ Bisi) <M+ Bt (si) (8)
i=1 i-1

Proof. Let v(t) = wém)(t + >0 Bisi) — @qu) t)—>, ﬁiwém)(si). Then fixing

s; for each i we have,

07

V() = D t+Zﬁzsz Y ()

= (Ing)™>)

n=1 1- qn 1= qn
o0 nm—l—lqnt(an?:l Bisi __ 1)

- (lnq)m”; [ =

() [nm+1qn(t+zi_1 Bisi) nm+1qnt:|

} > 0. (since m is odd)

That implies v is non-decreasing. Moreover,

tligé U(t) - }i}m [ t + Z ﬁz z ¢(m ) - za: 6zwém)(sz)]

- (11’1 q t—o00

)™+ lim o | g Sis)gmgnt S g
= 1—qgn 1—qgn

m . ns;

—(Ing)™** Z Zﬁ,n qq < 0. (since m is odd)

n=1 i=1

Therefore v(t) < 0 concluding the proof.

Theorem 2.3. Let g € (0,1),t >0, §; >0 and s; > 0 for alli € N,. Suppose
that m is a positive even integer, then the following inequality is valid.

Y Bisi) = UM (E) + > B (si) (9)
=1 1=1

Proof. Let w(t) = §™ (t4+ 3%, Bisi) —i™ () = 2%, Bip™ (s;). Then fixing
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s; for each i we have,

W' (1) = i (¢ + Z Bisi) — ()

> nmtl n(t+>% 1 Bisi) m+1 nt
m q n q

- (g “Z[ o
1 q q

o0 m+1 nt( nd> " Bisi
= (IHQ>m+2Z {n Ll

1
1 )] < 0. (since m is even)
— qn

That implies w is non-increasing. Moreover,

tlggo w(t) = tli)m [ (t+ Z Bisi) — Z @@D(m ]

nmqn(t+zi—1 6152 a m nsll

:anqwﬂggoz[ 1_q; Sl
g 33

n=1 i=1

0. (since m is even)
Therefore w(t) > 0 concluding the proof.

Remark 2.4. If we let ¢ — 17 in inequalities (7), (8) and (9) then we
repectively recover the inequalities (4), (5) and (6).
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