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Abstract

Some inequalities involving the (g, k)-digamma function are pre-
sented. These results are the (g, k)-analogues of some recent results.
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1 Introduction and Preliminaries

The classical Euler’'s Gamma function I'(¢) and the digamma function (¢) are
commonly defined as

() = /0 T et g, and w(t)ziln(r(t))zrr/((f)), £ 0.

The (g, k)-Gamma and (g, k)-digamma functions are defined as [1],

1— k %_1 1— k\ oo

0 —, t>0,q€(0,1), k> 0.
(I—gf (=gl g)f 1€ 0:1)
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The functions ¢ (t) and v, (t) as defined above exhibit the following series
representations.

Y=+ (t-1)) ———— >0
— ( 1+n )(n+1t)

7_1n(1_q)+(lnq)§: q t> 0.

wq,k(t) = L

where v is the Euler-Mascheroni’s constant.

By taking the m-th derivative of the above functions, we arrive at the following
statements for m € N.

= 1
Mm@y = (=)™ !y~ >0
o) = (Ul S D
(m)t 0 m+1 mkm nkt . 0
Ui(t) = (Ing) }j—l_an, >

In 2011, Sulaiman [3] presented the following results.

P(t+5) = ¢(t) + () (1)

where t >0 and 0 < s < 1.

Pt + ) <PU(E) + U (s) (2)

where m is a positive odd integer and ¢, s > 0.

DIt ) > () + U (s) (3)

where m is a positive even integer and ¢,s > 0.

In a recent paper, Sroysang [2] presented the following geralizations of the
above inequalities.

Y(t + Z Bisi) > (t) + Z Bi(s4) (4)

where t > 0, 5; >0 and 0 < s; < 1 for all 1 € N,.

PO+ Bisi) <)+ Bt (s) (5)
=1 i=1
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where m is a positive odd integer, t > 0, 5; > 0 and s; > 0 for all i € N,,.

DY Bisi) = () + > Biap ™ (sy) (6)
i=1 i=1

where m is a positive even integer, t > 0, 3; > 0 and s; > 0 for all 1 € N,,.

The objective of this paper is to establish that the inequalities (4), (5) and
(6) still hold true for the (g, k)-digamma function.

2 Main Results

We now present our results.

Theorem 2.1. Let ¢ € (0,1), £ >0,t >0, 5; >0 and 0 < s; < 1 for all
1 € Ny. Then the following inequality is valid.

¢qkt+25zsz >qu +Zﬂz¢qk (7)

Proof. Let F(t) = gt + > i, Bisi) — Yar(t) — i Bitbgx(si). Then fixing

s; for each i we have,

0o nkq"k >80 | Bisi) nkant
1— an

F qkt_‘_zﬁll qk - 1nq2 —
n=1

nkant(an S Bisi _ 1)

= (Ing)? Z o <0.

n=1

That implies F' is non-increasing. Also,

t—00

lim F(t) = lim [wq,k<t+2ﬁisz ~ () Zﬁﬂm ]
1=1

o nk(t+>"%, Bisi) nksl
. q =1
+ (II’IQ) tllglo - [ 1— an - Zzl:ﬁzl — an]
@ ln(l _ q) 0 ansZ
_ : 1

Therefore F(t) > 0 concluding the proof.
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Theorem 2.2. Let ¢ € (0,1), k> 0,t>0, 5;, >0 and s; > 0 for alli € N,.
Suppose that m is a positive odd integer, then the following inequality is valid.

PO+ Bisi) <P (1) + Z By (8)
i=1
Proof. Let G(t) = & (t+ 322, Bis;) — ( =D 1ﬁz¢ )(s;). Then fixing

s; for each 7 we have

G'(t) = t+Zﬁz$z P ()

(S |:nm+1 km+1an(t+2?:1 Bisi) nmtl km+1ant:|

= (lng)™**> "

n=1

= (Inq)™*+? g {n

1 — an 1— an
m—i—lkm—l—lant(an S Bisi 1)

| - } > 0. (since m is odd)
_ qn

That implies G is non-decreasing. Also,

tli)ronoG(t):tli)m [ @k HZ@SZ Zﬂl¢ ]

— (111 q)m—l—l %
. 0o nmkman(t+z?:l 6i5z) mkm nkt mkm nks;
n=1
mkm nks;
—(Ing)™*! Z Z Bi——=— < 0. (since m is odd)
n=1 i=1

Therefore G(t) < 0 concluding the proof.

Theorem 2.3. Let ¢ € (0,1), k> 0,t>0, 5;, >0 and s; > 0 for alli € N,.
Suppose that m is a positive even integer, then the following inequality is valid.

PO+ Bisi) = () + ) Bt (s) (9)
=1 =1

Proof. Let H(t) = wgz) (t+> 5, Bisi) —wgz) ) —=>0, 5i¢¥z)(5z’)- Then fixing



Some Inequalities for the (g, k)-Digamma Function 537

s; for each i we have,

«

H'(t) = t+Zﬁzsz YU ()

| - oo nmtl ]{;m+1q”k(t+2i:1 Bisi) nmtl km—l—lant
:(HQ) Z 1_an - l_an
=1
o m+1km+1 nkt( nk> " | Bisi _ 1
= (Ingq)™* Z {n ql (4 - )] < 0. (since m is even)
— qn

n=1

That implies H is non-increasing. Also,

lim H(t) = lim [ i t+Z@s, Zﬁz@b ]

— (111 q)m—l—l X

y 0o nmkman(t—i-Zf‘:l 6i5z) mkm nkt mkm nks;

ti)rg, « 1— an Z ﬁl _ nk
n=

mkm nks;

—(Ing)™*! Z Z fi————— > 0. (since m is even)

n=1 i=1

Therefore H(t) > 0 concluding the proof.

Remark 2.4. If we let ¢ — 1~ as k — 1 in inequalities (7), (8) and (9) then
we repectively recover the inequalities (4), (5) and (6).
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