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Abstract

In this paper, we establish g-analogue of n** Order Opial’s integral inequality with some extensions. The
fundamental theorem of g-calculus, the g-Cauchy’s repeated integration formula, the g-Cauchy-Bunyakovsky-
Schwarz’s and g-Holder’s integral inequalities were employed to establish the results.
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Introduction

The classical Opial’s integral inequality was established in [16], which is an inequality involving integral of a
function and its derivative defined as

h , h h , 9
[ waw @l § [Cwior, M)

where ¢ € C'[0, h], such that ¢ (0) = y(h) = 0, ¥'(z) > 0 and z € [0, 4]. The coeflicient h/4 is the best
constant possible.

This Opial’s inequality, over time, experienced a lot of extensions and generalizations by many mathematicians
in both classical and g-analogues, including [1], [5], [6], [7], [14], [17] & [19], among others. In Willet [19],
an n' - order generalization of the classical Opial’s inequality is established as

/ab |zp(x)zﬁ(")(x))dx < (b _Qa)n /ab

where y € C™[a,b] withy @ (a) =0for0<i<n-1,(n>1).
In [14], the authors established a g-analogue of a generalized Opial type inequality as

v @) d, @

b b
/ 1Dy ()|l (@) Py < (b - a)”/ 1Dy ()P dy, 3)

where ¢ € C'[a, b] is a ¢g-decreasing function with ¥ (b¢”) = 0 and p > 0.
See also ([1]; [2]; [9]; [10]; [11]; [14] and [15]) for more g-analogues of the Opial’s type inequalities.
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g-Calculus is a mathematical field of study which is analogous to the ordinary calculus. It is used to find ¢-
derivatives and g-integrals of functions [13].

The Opial inequality plays essential role in establishing the existence and uniqueness of initial and boundary
values problems for both ordinary and partial differential equations as well as in difference equations [2], [10];
[18] and [18].

Motivated by g-calculus our objective in this paper is to establish g-analogues of an n-order generalization of
the Opial integral inequality (2) with some extensions.

Preliminaries

The basic concepts and terminologies of g-calculus that will be used to prove the main results are presented in
this section.

Definition 1.1. [713] For any arbitrary function ¥, the q-derivative is defined as

¥ (x) — ¥ (qx)
(1-gz

Definition 1.2. [13] For any positive real o, the g-Analogue of the Number « is

Dy (x) = x#0. 4)

1-¢° 2 a-1
lal, = =g =l+g+q +-+q¢"7, ®)

0<qg<1l, «a@eR"

Definition 1.8. [13] The q-Derivative of sum or difference of  and ¢ is defined as

Dy(a(y(x) + Bp(x)) = aDe () £ BDyd(2), (6)
where a and B are constants.

Definition 1.4. [13] The q-Derivative of product of ¥ and ¢ is defined as

Dy (¢ (2)¢(x)) =y (qx)Dy ¢ () + ¢(2)Dyip ()
=y (x)Dy¢(x) + ¢(qx) Dy (). (7)
Definition 1.5. [13] The q-Derivative of a quotient of r and ¢ is defined as
D (lﬂ(x)) _ ¢@Dy () — ¢ (2)Dy ¢ (x)
o) $(g2) ¢ ()

_ ¢(qx) Dy (x) — ¢ (qx) Dyg ()
#(qx)p(x)

Definition 1.6. [12] Let yy : C[0, b] — R(b > 0). Then, the Jackson’s definite q-Integral on [0, b] is defined as

» 9gr)g(x) 0. (8)

b 00
[ v@de= =gy du e ©)
=
The q-integral on a generic [a, b] is defined as

b b a
/ z,b(x)dqxzfo glr(x)a'qx—/o W (x)dx. (10)
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Definition 1.7. [13] Let s, ¢ : [a, b] be q-Integrable functions, the q-Integration by Parts is defined as

/a WDy = (), - / gD @ (1D
Definition 1.8. [18] Let ¢ : [a, b] — R be a continuous function. Then, we have the following:
DD, [y (1)dyt = ¥ (x);
(ii) [ Dy ()dyt =y (x) =y (a), for x € [a,b].
See also [1], [2], [8], [10], [11] & [14].
Definition 1.9. [18] (The Fundamental Theorem of q-Calculus) If € Cla, b] and ¥ is an antiderivative of ¢ and
defined on x € [a, b], then -

¥(r) = / U (dys (12)

and '

b
/ Y (x)dyx = P(b) — ¥(a). (13)

Definition 1.10. (g-Cauchy’s Formula) Let € C™ [a, b] be such that D;i)w(a) =0,fori =0,1,2,...,m -1,
(n=1)and 0 < g < 1, we have

x Tn—1 xy
w(x) = / / / Dl;”)zp(s)dqsdqxl codgzy

1

e 1]!/a (@ —g$)" 1y (s)ds. (14)

See [3].

Definition 1.11. [4] Let ¢ and ¢ be continuous functions on [a, b], @, B > 1 and % + % = 1. Then the q-Holder’s
Integral Inequality is stated as

1

b b é b B
f |w<x>¢<x>|dqxs( / |w<x>|“dqx) ( / |¢(x>|ﬁd(,x) , (15)

|6(2)] = cly (@),

with equality when

where ¢ is a constant.
If a = B =2, the inequality becomes q-Cauchy-Bunyakovsky-Schwarz’s Integral Inequality.

Results and Discussion

Lemma 1.1. Let y € C™[a, b] be such that Dy ® € Lo[a,b],0 <i <nand0 < q < 1, then

b 2 b ‘
( / |D(§")Lﬁ(x)|dqx) < (b-a) / IDy (2)|2d,a. (16)

Proof. Applying g-Cauchy-Bunyakovsky-Schwarz’s inequality we have

b 2 b T b 3
(/ |Dl§n),p(x)|dqx) < [(/ lgdqx) / |D(§")!/,(x)|2dqx) }

b
=(b-a) / ID () |2,z
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Theorem 1.1. Let ¢y € C™|[a, b] be such that D(;i)lﬁ((l) =0,for0<i<n-1,(n=21)and 0 < q < 1, then

' () b=a) " oy o
[ w@pPuwide < C5 [T D e, a7

Proof. Letx € [a, b], D;")Lp(a) =0 and

X Xp—1 x]
w(z) = / / / DS g (5)\dysdy 2y .dyter (18)

so that
D;")w(x) = |Dl§")zp(x)|, w(x) = | (x)| and D,;i)a)(x) > 0, then we have

b b
/ ly () D"y (2)|dyx < / w(@) D w(x)d,a. (19)

a

Since
DYw(x) < (- a)Df*Vw(x), zela,b], 0<i<n-2,
it follows that
¥ ()] < () < (2 - D) < - < (- )" VDI Pw(). (20)
Applying (20) to (19) we have
b b
/ () D"y (2)|dyx < / (x — a)Dyw(x) DY w(x)d,a

b
< / (@ - )*D2w(2)D" w(x)dyx

b
S/ (x—a)(”_I)Dén_l)w(x)D;")w(x)dqx
a
b
=(b-a)" P / D;"il)w(:c)Dé")a)(x)dqx
a

- [D;")w(b)]2

’ 9
_ —“"2“)"4 ( / b|Dé">w<x)|dqx) : @
Hence, by Lemma 1.1, we obtain
[ @iy @i < CLTCZD [ oy 22)

which yields

b ; b—a) b ; .
[ wwn @it < S50 [ Dk
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Remark 1. Forn = 1, inequality (17) reduces to

b b — b
[ b @ide < 52 [ iDwwre, (23)

which is a q-analogue of the Opial’s inequality established in [17].

Lemma 1.2. Let ¢ € C"~V]a, b] be absolutely continuous such that D;i)!//(a) =0, for0<i<n-1,(n2>1),
x € la,b]l and 0 < q < 1, then

[ - p sl = 10 ( [ puor, ) . (@4)
a [2n — 1] ;

Proof. By ¢-Cauchy-Bunyakovsky-Schwartz’s Inequality we have

/ (@ = gs)" Dy (5)ldys = ( / (r- qs)2<"-1>dqz) ( / |D;’w(s)l2dqs)

1

((1 D00 Y (@ - g0 ”) ([ prwcoas)

j=0

1

((1—q>2q<2" Vi(z - ga)- 1) (/ D w(s>|2ds)
- ({5 qa)z"-l)g ([ o)

1

_ n—% x . 9
Sl Ll ( |D;‘zp(s)|2dqs)
[2n - 117 W

O
Theorem 1.2. Let y € C""Va, b] be such that Dyyr P (a) = 0, for 0 <i < n—1, (n > 1). Also, let D,;nil)lﬁ(x)
be absolutely continuous and fa ’ |D;lt,b(x)|2dqx < oo, then
b b
[ vl <ke-or [ @l (25)
where K = Z

nl\2[2n], [2n—1],

Proof. Letx € [a, b]. By applying the Cauchy’s formula (14) we have

o) = oy [0 D s (26)
For |y (2)| £ w(x), we have
Dy @ e
@D @ < Tl [ e Dol @7)

Applying Lemma 1.2 yields

) | "1,0( )|(x qa)n 1/2 i ) 1/2
|y () Dy (x )I_( DL (20117 (/ D} (S)|ds) ' 28)
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Integrating (28), we have

b
v (2) Dy v () |dgx
1

b x 1/2
SeTT—l) (x—qa)”‘WIDZ,W(x)I( / |D:;¢(s)|2dqs) . (29)

Applying ¢g-Cauchy-Bunyakovsky-Schwartz’s inequality to the right-hand of (29) yields

b
[ w@ngu@ida

1 b ( 5 . ‘ )
IR (/ (x_qa)z"—ld,,x) (/ 'DW(I)'Z(/ ID;Lw(s)qus)dqx)
n— "2n — a ; g

1

1
= 1- b — J((h — 7\ (2n-1)
(n—=1)![2n - ]1/2 (( (b - qa) %‘1 ((b-a)q’) )

( / ([ opworas) d,,x)

! N 2nj 2n ’ 1 ’ n c
(- D2 - 1) (“—@Zm—qaw )) \g/ 1D (@)

. ! (1_ ) n n
:("—1)'[271—1]1/2\/;(1 q2”( )(2)) / DIy () |*dya

’ q

1 (b qa)Qn)z ) ,
= o —qa)— DL d
(n—1)![2n - 1];/2\/;( [2n] / |Dgy (x)|"dyx

= (b —a)" 1 n 2
(- Dl2n - llé/Q[QnJJ/QW/a Div @l

n

T a202a], 20 - 1,

b
(b - qa)" / DIy () [Py (30)
Thus

b b
/ 0 (@)D (@)l dy < K (b ga)" / D () Py

[m}
Remark 2. Forn = 1, inequaliry (25) reduces to
b b
(b -qa) 2
@D @y < 2 [ 1Dy @) 31)
/a ! T I I PR !

which is a q-analogue of the Opial’s inequality established in [17].
Remark 3. Inequality (25) is sharper than (17) forn = 2 as ¢ — 1.

Theorem 1.3. Ify € C™[0,b] forb > 0, Dy, ... ,Dlﬁn_l)(// being piecewise continuous and Dé")w is absolutely
continuous with fab |D,7;¢(x)|2dqx < oo, D(gi)w(O) = Déi)zp(b) =0for0<i<n-1,then

’ b\" " ,
| v <k () [ ipwerd., (32)
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whereK = #.
nl\2[2n],[2n-1],

Proof. Letx € [0, b]. By applying the Cauchy’s formula (14) we have

D@l = TS [ g ing s 33)

Applying Lemma 1.2 we obtain

. | nl,//( )|(I q(o))n 1/2 . 0 )1/2
wDju ol T ([ prworas) @)

Let [0 qb] and [qb b] be subintervals of [0, 5].
From (34) we have

(]I)

Y (2) Dy () |dy <

1/2
(- Dl[2n 1/2/ wr gl [ 10 oPs) (35)
.

Applying g-analogue of Cauchy-Bunyakovsky-Schwarz’s inequality to the right-side of (35) we obtain

ab

[) " @)D (@) ldyr <

1 % 2n—1 % % n 2 ‘ n 2
(n—l)![2n—1];/2( ;@ d‘fx) (/0 AAC] (/0 DIy (s))] dqs)dqx)
= 1 o ]((q_) j)(2n—1) 2

s eI )

1

1 %b x . x . 2
(§ /0 D, /0 Dy (5)|%d,s ( /0 |D:;¢(s)|ldqs)dqx)
1 o A ab (2n) %
— 1- 2nj ((]_)
(n = D)[2n ]1/2 (( Q);;q 9 )
1 qb %
(5/ (/ |D"t//(s)|2d s) d, x)
S Ly ) N By s
(n—1)[2n—1])2 1 =g\ 2 2Jo 1 !

1
2n\ 2
b qo
S (n=D2n - 1112 N2 20, | o oY e
1) n )
(%) 1%

= - s —> |D7L (I)|2d1‘
(n—1)[2n — 1];/2[271]1/221/2/ v

n
ab qb

T an202al, 20 - 1],

1
2

Dy ()P dy. (36)
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Now from (14) we have

D@l
@D @) = o [ s =0 D olds

Applying Lemma 1.2 and |¢ (2)| < w(x), (37) becomes

) D2 ()] (g — )12 A
@D @) < T T |Dw<s>|ds .

Thus

b
| @D} @)ld;a

1/2
s 7 / (g - )" ”2|D"w<x)|( / |D"w<s>|2ds) dya.

(n - 1)'[2n—1

By the g-analogue of Cauchy-Bunyakovsky-Schwarz’s inequality, we obtain

b
[ 10 (D (@)l dy

1
-1 /b o1, | ([ of [ 2
< - (gb —x)" "d,x / |[DMy (x)| DMy (s)|%dys | d,x
(n—1)1[2n—1];“( a ! w A e

_ -1 qb) S (( qb) A)(Q"-” ’
= 1- b—— bh— y
(n—1)![2n - 1]}7 (( ? (q D) ; e q
/ / 1D (5) s / 1D (5)[2d, s) )
-1 s o b (2n) %
S
(n - 1)1[2n — 11172 (( 2 ;q =g )
T
X 5/11 D, ([ |D(7!,b(s)| dqs) dgx

1 (1 _ ) (2n)
=(n—])q2n_1]u2(1_ Zn(_J ) \[_/nlD ¥ (2)*dyx
: q

: - (%)Qn <
i (n—l)![Qn—l];/Q\/; 2n], /j 1D (2)*dy
_b n
(qg) 1 / |D" (x)|2dx

C(n- D120 - 112 [20) 2 212
" (qb)n
nWZ[Zn [2n — 1]

/ 1D () Pdy.

I\

@7)

(38)

(39)

(40)



Asian J. Math. Appl. (2022) 2029:11

Adding (36) and (40) we have

\D; v (x)|*dy

n
l]b qb
" (?) /
0

nI\2[2n],[2n — 1],

+ "(qb) /|"w<x>|ldx 1)
n!W

b
/0 10 (@)D (@) ldyz <

This yields
JRIETIETEE d %) [ g @ 42)
x x)|dyx < — x x.
0 ! TR 2 -1, \2) Jo ! !
Hence
b ’ qb n b ’ 9
/0 ly () Dy ()|dyx < K (5) /0 |Dgy (2)|“dyx.

This completes the proof. m]

Remark 4. Forn = 1, inequality (32) reduces to

b
/ D @l < JQ(‘(’I; / 1Dy (@) %d,e, (43)

which gives the q-analogue of the Opial’s inequality established in [16].
Remark 5. The inequality (32) is also sharper than (25) and (17) forn > 2 as ¢ — 1.

Theorem 1.4. Letr,s > 0 satisfying B = s+r > 1. Also, let y € C™ [a, b] such that Déi)(p(a) =0,0<i<n-1
(n>1), Dé"_l)w is absolutely continuous with fab |D{’1‘¢(x)|ﬁdqx < oo, then

b b
/ 10 @) FIDI (@) dyr < M(b - a)" / 1Dy () B dy, (44)
where
n[Bnly ) B
M=¢r"?| —— | ()™, ¢=p"" (45)
Bn-1
E=d

q

Proof. Letx € [a, b]. From (14) we have

w(z) = / (x = g5)" " Dy (s)dys. (46)

1)1
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Applying Hoélder’s inequality with @ = %< and 8 = s + 7 to (46) we obtain

S+

YO G (/ o qs)a(n_l)d"s) (/ 1% "l'(s)|ﬂd"s)
1 2. A @(n—1) “ xz %
= 0D ((1 ~p)@=qa) ). (@ - g0)7) ) ( / |D:w<s>|ﬁdqs)
! = B
1 S ] j -1)+ ' * n B
B ((1 - q) Z‘I(d(n_l)“)j (x —ga)*"V 1) (/ |Dql//(s)|ﬂdzzs)
: =0 a
1 1- n—1)+ é ‘ n %
-1 (1 _;(a<nq-)1>+1) (= ga)V 1)) (/a |Dq¢(~‘)|ﬁdq5)
1 1- . , [ g
= oD (1 _q(a(ﬁlm)) (x —qa)" D™ ( / |D:;¢<s>|ﬂdqs)
_ n (n—l)+ar’1 ‘ n B %
= T (x —qa) (/ |Dy ¥ (5)] qu) : (47)
n!la(n—1)+ 1] a
Letting A = ——2—— and for ¢ (x)| < w(x) we have

n!le(n-1)+11F

b
v (2)['|Dg v ()" dyx

b T 5
SAS/ (x - a)s((n—1)+a-1) |D(7!,0(I)|r (/ |D;ll//(.§‘)|'8dqs)ﬁ dqx, 48)

Applying g-Holder’s inequality with indices g and é to the right-side of (48) we obtain

b
/ 0 @) FIDI ()] dye <

b B b x sir 5
/ (2 = ga)P (=D ‘%x) ( / DI ()] ( / |D;w<s)|ﬁdqs) d,,x)

s

AS

s —1)+a™! ’
=A-‘((1 -0 Y (6-ar) " >)
=0

r b dq z s+l 7
[ & ora "

o 5

s n—1)+a! j n—-1)+a!

y ((1 I A P >+1>)
j=0

r b dq x é %
2/ dq—x( / |D;w<s>|ﬁdqs) dqx)

X

X

10
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((1 Zi( )ﬁn) ¢,r¢/ DMy ()P dya 49)
(- .

b
= ¢ A Bl (b - )™ [ IDLf(@)|Pdyx

s

[ b
= ¢rr¢ % (,,”)—Y(b _ a)nx/ |D;llﬂ(x)|ﬁdqx
5T

Thus
/ ly (2)['|1Dg ¥ (2)|"dgx < M (b — a)'”/ D!y ()P dy. (50)

Remark 6. Forn =1, ands =r = 1 (50) reduces to

b 1 b
[ w@bp@ide <526 -0) [ D@z D)

Conclusion

This work presented Opial’s integral inequality and its n* order as well as q-Calculus. The g-analogue of the n**
Order of the Opial’s integral inequality was established and further deductions were made. The fundamental
theorem of g-calculus, g-Cauchy’s repeated integration formula, ¢-Hélder’s integral inequality together with
some other mathematical techniques were employed to establish the results.
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