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On a (p, k)-analogue of the Gamma function and
some associated Inequalities

K. Nantomaha, E. Prempehb and S. B. Twuma

Abstract. In this paper, we introduce a new two-parameter deformation of the classical
Gamma function, which we call a (p, k)-analogue of the Gamma function. We also provide
some identities generalizing those satisfied by the classical Gamma function. Furthermore, we
establish some inequalities involving this new function.
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1. Introduction

The classical Euler’s Gamma function, Γ(x) is usually defined for x > 0 by

Γ(x) =

∫ ∞
0

tx−1e−t dt = lim
n→∞

n!nx

x(x+ 1)(x+ 2) . . . (x+ n)

It is well-known that Γ(x) satisfies the following basic relations.

Γ(n+ 1) = n!, n ∈ Z+ ∪ {0},
Γ(x+ 1) = xΓ(x), x ∈ R+.
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Closely associated with the Gamma function is the Digamma or Psi function ψ(x),
which is defined for x > 0 as the logarithmic derivative of the Gamma function. That
is,

ψ(x) =
d

dx
ln Γ(x) =

Γ′(x)

Γ(x)
,

= −γ + (x− 1)
∞∑
n=0

1

(n+ 1)(n+ x)
,

= −γ − 1

x
+
∞∑
n=1

x

n(n+ x)

where γ = limn→∞
(∑n

k=1
1
k
− lnn

)
= 0.577215664... is the Euler-Mascheroni’s con-

stant. The Polygamma functions, ψ(m)(x) are defined for x > 0 and m ∈ N as

ψ(m)(x) =
dm

dxm
ψ(x) =

dm+1

dxm+1
ln Γ(x)

= (−1)m+1m!
∞∑
n=0

1

(n+ x)m+1

where ψ(0)(x) ≡ ψ(x).

The p-analogue (also known as p-extension or p-deformation) of the Gamma function
is defined for p ∈ N and x > 0 as

Γp(x) =
p!px

x(x+ 1) . . . (x+ p)

where limp→∞ Γp(x) = Γ(x). See [1, p. 270]. It satisfies the identities:

Γp(x+ 1) =
px

x+ p+ 1
Γp(x),

Γp(1) =
p

p+ 1
.

The p-analogues of the Digamma and Polygamma functions are defined for x > 0 as

ψp(x) =
d

dx
ln Γp(x) = ln p−

p∑
n=0

1

n+ x
,

ψ(m)
p (x) =

dm

dxm
ψp(x) = (−1)m−1m!

p∑
n=0

1

(n+ x)m+1

where ψ
(0)
p (x) ≡ ψp(x).
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In 2007, Dı́az and Pariguan [2] also defined the k-analogue of the Gamma function for
k > 0 and x ∈ C\kZ− as

Γk(x) =

∫ ∞
0

tx−1e−
tk

k dt = lim
n→∞

n!kn(nk)
x
k
−1

(x)n,k

where limk→1 Γk(x) = Γ(x) and (x)n,k = x(x + k)(x + 2k) . . . (x + (n − 1)k) is the
Pochhammer k-symbol. The k-analogue also satisfies the identities:

Γk(x+ k) = xΓk(x), x ∈ R+

Γk(k) = 1

Similarly, the k-analogues of the Digamma and Polygamma functions are defined for
x > 0 as

ψk(x) =
d

dx
ln Γk(x) =

ln k − γ
k

− 1

x
+
∞∑
n=1

x

nk(nk + x)
,

ψ
(m)
k (x) =

dm

dxm
ψk(x) = (−1)m+1m!

∞∑
n=0

1

(nk + x)m+1

where ψ
(0)
k (x) ≡ ψk(x).

The purpose of this paper is to introduce a new two-parameter deformation of the
classical Gamma function, called a (p, k)-analogue of the Gamma function. In addition,
we provide some identities and inequalities involving this function. We present our
results in the following section.

2. Results and Discussion

Definition 2.1. Let p ∈ N and k > 0. Then the (p, k)-analogue (also called the
(p, k)-deformation or (p, k)-generalization) of the Gamma function is defined as

Γp,k(x) =

∫ p

0

tx−1

(
1− tk

pk

)p
dt (1)

=
(p+ 1)!kp+1(pk)

x
k
−1

x(x+ k)(x+ 2k) . . . (x+ pk)
(2)

for x ∈ R+. It satisfies the identities:

Γp,k(x+ k) =
pkx

x+ pk + k
Γp,k(x), (3)

Γp,k(ak) =
p+ 1

p
ka−1Γp(a), a ∈ R+ (4)

Γp,k(k) = 1. (5)
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Also, observe that Γp,k(x) satisfies the following commutative diagram.

Γp,k(x)

k→1
��

p→∞ // Γk(x)

k→1
��

Γp(x) p→∞
// Γ(x)

The (p, k)-analogue of the Digamma function is defined as the logarithmic derivative
of Γp,k(x). That is

ψp,k(x) =
d

dx
ln Γp,k(x) =

Γ′p,k(x)

Γp,k(x)
.

The function ψp,k(x) satisfies the following series and integral representations.

ψp,k(x) =
1

k
ln(pk)−

p∑
n=0

1

(nk + x)
(6)

=
1

k
ln(pk)−

∫ ∞
0

1− e−k(p+1)t

1− e−kt
e−xt dt (7)

The (p, k)-analogue of the Polygamma functions are defined as

ψ
(m)
p,k (x) =

dm

dxm
ψp,k(x) = (−1)m+1m!

p∑
n=0

1

(nk + x)m+1
(8)

= (−1)m+1

∫ ∞
0

(
1− e−k(p+1)t

1− e−kt

)
tme−xt dt (9)

for m ∈ N, where ψ
(0)
p,k(x) ≡ ψp,k(x). It follows easily from (8) that,

ψ
(m)
p,k (x) =

{
> 0 ifm is odd

< 0 ifm is even,
(10)

which means that the function ψ′p,k(x) is a completely monotonic function of x, for
x ∈ R+.

Remark 2.1. From the identity (3), we obtain the relations

ψp,k(x+ k)− ψp,k(x) =
1

x
− 1

x+ pk + k
, (11)

ψ
(m)
p,k (x+ k)− ψ(m)

p,k (x) =
(−1)mm!

xm+1
− (−1)mm!

(x+ pk + k)m+1
, m ∈ N. (12)

Also from (6), we obtain the relation

ψp,k(k) =
1

k
[ln(pk)−H(p+ 1)]

where H(n) is the nth harmonic number.
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The (p, k)-analogue of the classical Beta function is defined as

Bp,k(x, y) =
Γp,k(x)Γp,k(y)

Γp,k(x+ y)
, x > 0, y > 0.

Lemma 2.1. The function ψp,k(x) satisfies the following limit properties.
(i) ψp,k(x)→ ψk(x) as p→∞,
(ii) ψp,k(x)→ ψp(x) as k → 1,
(iii) ψp,k(x)→ ψ(x) as p→∞ and k → 1.

Proof. (i) By (6), we have

lim
p→∞

ψp,k(x) = lim
p→∞

[
1

k
ln(pk)− 1

x
−

p∑
n=1

1

(nk + x)
−

p∑
n=1

1

nk
+

p∑
n=1

1

nk

]

= lim
p→∞

[
1

k
ln(pk)−

p∑
n=1

1

nk
− 1

x
+

p∑
n=1

1

nk
−

p∑
n=1

1

(nk + x)

]

= lim
p→∞

[
1

k
ln k +

1

k
ln p− 1

k

p∑
n=1

1

n
− 1

x
+

p∑
n=1

x

nk(nk + x)

]

=
1

k
ln k +

1

k
lim
p→∞

[
ln p−

p∑
n=1

1

n

]
− 1

x
+
∞∑
n=1

x

nk(nk + x)

=
1

k
ln k − γ

k
− 1

x
+
∞∑
n=1

x

nk(nk + x)

= ψk(x).

(ii) Also by (6), we have

lim
k→1

ψp,k(x) = lim
k→1

[
1

k
ln(pk)−

p∑
n=0

1

(nk + x)

]
= ln p−

p∑
n=0

1

(n+ x)
= ψp(x).

(iii) This follows easily from (i) or (ii). That is,

lim
k→1

(
lim
p→∞

ψp,k(x)

)
= lim

k→1
ψk(x) = ψ(x), or

lim
p→∞

(
lim
k→1

ψp,k(x)
)

= lim
p→∞

ψp(x) = ψ(x).

�

Lemma 2.2. Let γp,k = −ψp,k(1) be the (p, k)-analogue of the Euler-Mascheroni’s
constant. Then γp,k → γ as p→∞ and k → 1.

Proof. Proceed as follows

lim
k→1

ψp,k(1) = lim
k→1

[
ln(pk)−

p∑
n=0

1

(nk + 1)

]
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= ln p−
p∑

n=0

1

n+ 1
.

Then,

lim
p→∞

(
lim
k→1

γp,k

)
= lim

p→∞

(
− lim

k→1
ψp,k(1)

)
= − lim

p→∞

[
ln p−

p∑
n=0

1

n+ 1

]

= − lim
p→∞

[
ln p−

p∑
n=1

1

n
+

p∑
n=1

1

n
− 1−

p∑
n=1

1

n+ 1

]

= − lim
p→∞

[
ln p−

p∑
n=1

1

n

]
+ 1−

∞∑
n=1

[
1

n
− 1

n+ 1

]
= γ.

�

Definition 2.2. A function f is said to be logarithmically convex if the following
inequality holds for all x, y > 0 .

log f(αx+ βy) ≤ α log f(x) + β log f(y)

or equivalently
f(αx+ βy) ≤ (f(x))α(f(y))β

where α, β > 0 such that α + β = 1.

Theorem 2.1. The function, Γp,k(x) is logarithmically convex.

Proof. We want to show that for x, y > 0 and α, β > 0 such that α + β = 1,

Γp,k(αx+ βy) ≤ (Γp,k(x))α(Γp,k(y))β. (13)

Recall that the Young’s inequality is given by

xαyβ ≤ αx+ βy (14)

where x, y > 0 and α, β > 0 such that α + β = 1. By this, we obtain(
k +

x

t

)α (
k +

y

t

)β
≤ k +

αx+ βy

t
. (15)

Next, taking
∏p

t=1 on (15), we have
p∏
t=1

(
k +

x

t

)α (
k +

y

t

)β
≤

p∏
t=1

(
k +

αx+ βy

t

)
which implies(

(x+ k)(x+ 2k) . . . (x+ pk)

1× 2× · · · × p

)α(
(y + k)(y + 2k) . . . (y + pk)

1× 2× · · · × p

)β
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≤ (αx+ βy + k)(αx+ βy + 2k) . . . (αx+ βy + pk)

1× 2× · · · × p
which further implies

p!

(αx+ βy + k)(αx+ βy + 2k) . . . (αx+ βy + pk)

≤
(

p!

(x+ k)(x+ 2k) . . . (x+ pk)

)α(
p!

(y + k)(y + 2k) . . . (y + pk)

)β
. (16)

Then, by multiplying (16) by the identities:

1

αx+ βy
≤ 1

xαyβ
,

(p+ 1) = (p+ 1)α+β,

kp+1 = (kp+1)α+β,

(pk)
αx+βy
k
−1 = (pk)

αx
k
−α(pk)

βy
k
−β

we obtain

(p+ 1)!kp+1(pk)
αx+βy
k
−1

(αx+ βy)(αx+ βy + k)(αx+ βy + 2k) . . . (αx+ βy + pk)

≤
(

(p+ 1)!kp+1(pk)
x
k
−1

x(x+ k)(x+ 2k) . . . (x+ pk)

)α(
(p+ 1)!kp+1(pk)

y
k
−1

y(y + k)(y + 2k) . . . (y + pk)

)β
which is (13). That completes the proof. �

Remark 2.2. Alternatively, a compact proof of Theorem 2.1 could have been as follows.
By using the defintion of ψp,k(x) and the fact that ψ′p,k(x) > 0, it follows immediately
that Γp,k(x) is logarithmically convex. Then, from the definition 2.2 for x, y > 0,
α, β > 0 such that α + β = 1, we obtain the inequality (13).

Corollary 2.1. Let p ∈ N and k > 0. Then the inequality

Γp,k(
x+ y

2
) ≤

√
Γp,k(x)Γp,k(y) (17)

holds for x, y > 0.

Proof. This follows directly from Theorem 2.1 by letting α = β = 1
2
. �

Theorem 2.2. Let p ∈ N and k > 0. Then the inequality

Γp,k(nx) ≤ (pk)
x
k

(n−1)Γp,k(x) (18)

holds for n ∈ N and x > 0.

Proof. It follows easily from (2) that

Γp,k(nx)

Γp,k(x)
= (pk)

x
k

(n−1) x(x+ k)(x+ 2k) . . . (x+ pk)

nx(nx+ k)(nx+ 2k) . . . (nx+ pk)

which completes the proof. �
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Corollary 2.2. Let p ∈ N and k > 0. Then the inequality

Γp,k(x+ y) ≤ (pk)
x+y
2k

√
Γp,k(x)Γp,k(y) (19)

holds for x, y > 0.

Proof. From (17), and by using (18) for n = 2, we obtain

Γp,k(x+ y) ≤
√

Γp,k(2x)Γp,k(2y)

≤ (pk)
x+y
2k

√
Γp,k(x)Γp,k(y).

�

Remark 2.3. Results similar to (13), (17), (18) and (19) for the (q, k)-analogue of
the Gamma function can also be found in [3].

Lemma 2.3 ([9]). Let f : (0,∞) → (0,∞) be a differentiable, logarithmically convex
function. Then the function

g(x) =
(f(x))α

f(αx)
, α ≥ 1

is decreasing on its domain.

Theorem 2.3. Let p ∈ N, k > 0 and α ≥ 1. Then the inequality

[Γp,k(y)]α

Γp,k(αy)
≤ [Γp,k(x)]α

Γp,k(αx)
≤ p

p+ 1
k1−α 1

Γp(α)
(20)

is valid for k ≤ x ≤ y.

Proof. Recall from Theorem 2.1 that Γp,k(x) is logarithmically convex. Then by Lemma

2.3, the function H(x) =
[Γp,k(x)]

α

Γp,k(αx)
is decreasing. Hence for k ≤ x ≤ y, we have

H(y) ≤ H(x) ≤ H(k) yielding the result (20). �

Theorem 2.4. Let p ∈ N, k > 0 and α ≥ 1. Then the inequality

[Γp,k(1 + k)]α

Γp,k(α + k)
≤ [Γp,k(x+ k)]α

Γp,k(αx+ k)
≤ 1 (21)

is valid for x ∈ [0, 1].

Proof. Define Q by Q(x) =
[Γp,k(x+k)]

α

Γp,k(αx+k)
for p ∈ N, k > 0 and α ≥ 1. Let λ(x) = lnQ(x).

Then

λ′(x) = α
Γ′p,k(x+ k)

Γp,k(x+ k)
− α

Γ′p,k(αx+ k)

Γp,k(αx+ k)

= α [ψp,k(x+ k)− ψp,k(αx+ k)]

≤ 0

since ψp,k(x) is increasing for x > 0. Hence Q(x) is decreasing on [0,∞). Then for
x ∈ [0, 1], we obtain Q(1) ≤ Q(x) ≤ Q(0) yielding the result (21). �

https://www.researchgate.net/publication/228381886_Inequalities_involving_a_logarithmically_convex_function_and_their_applications_to_special_functions?el=1_x_8&enrichId=rgreq-d219b21d2ce45e9a0bebe3dba7c6357a-XXX&enrichSource=Y292ZXJQYWdlOzMwNDIwOTIzNjtBUzozNzU0NDg2NDQxNDUxNTJAMTQ2NjUyNTM0MDU4OQ==
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Remark 2.4. By letting p → ∞ as k → 1 in (21), we recover the results of [10] as a
special case.

Theorem 2.5. Let p ∈ N, k > 0, a > 1, 1
a

+ 1
b

= 1 and m,n ∈ N such that m
a

+ n
b
∈ N.

Then, the inequality ∣∣∣ψ(m
a

+n
b

)

p,k

(x
a

+
y

b

)∣∣∣ ≤ ∣∣∣ψ(m)
p,k (x)

∣∣∣ 1a ∣∣∣ψ(n)
p,k (y)

∣∣∣ 1b (22)

holds for x > 0 and y > 0.

Proof. From the integral representation (9), we obtain∣∣∣ψ(m
a

+n
b

)

p,k

(x
a

+
y

b

)∣∣∣ =

∫ ∞
0

(
1− e−k(p+1)t

1− e−kt

)
t
m
a

+n
b e−(xa+ y

b )t dt

=

∫ ∞
0

(
1− e−k(p+1)t

1− e−kt

) 1
a

+ 1
b

t
m
a

+n
b e−(xa+ y

b )t dt

=

∫ ∞
0

(
1− e−k(p+1)t

1− e−kt

) 1
a

t
m
a e−

xt
a .

(
1− e−k(p+1)t

1− e−kt

) 1
b

t
n
b e−

yt
b dt

≤
[∫ ∞

0

(
1− e−k(p+1)t

1− e−kt

)
tme−xt dt

] 1
a

×
[∫ ∞

0

(
1− e−k(p+1)t

1− e−kt

)
tne−yt dt

] 1
b

=
∣∣∣ψ(m)

p,k (x)
∣∣∣ 1a ∣∣∣ψ(n)

p,k (y)
∣∣∣ 1b

which concludes the proof. �

Note: The absolute signs in (22) are not required if m and n are positive odd integers
such that m+1

a
, n+1

b
∈ N.

Corollary 2.3. Let p ∈ N, k > 0 and m ∈ N. Then the inequality∣∣∣ψ(m)
p,k (x)

∣∣∣ ∣∣∣ψ(m+2)
p,k (x)

∣∣∣− ∣∣∣ψ(m+1)
p,k (x)

∣∣∣2 ≥ 0

holds for x > 0.

Proof. This follows from Theorem 2.5 by letting x = y, a = b = 2 and n = m+ 2. �

Remark 2.5. By letting p → ∞ in Theorem 2.5, we obtain the k-analogue of (22).
Also, by letting k → 1 in Theorem 2.5, we obtain the p-analogue of (22) as presented
in Theorem 2.1 of [5].

Remark 2.6. By letting p→∞ as k → 1 in Theorem 2.5, we obtain Theorem 2.5 of
[11] as a special case.

Remark 2.7. Let x = y and a = b = 2 in Theorem 2.5. Then, by letting p → ∞ as
k → 1, we obtain Theorem 2.1 of [4].

https://www.researchgate.net/publication/289843397_Tukan-type_inequalities_for_some_special_functions?el=1_x_8&enrichId=rgreq-d219b21d2ce45e9a0bebe3dba7c6357a-XXX&enrichSource=Y292ZXJQYWdlOzMwNDIwOTIzNjtBUzozNzU0NDg2NDQxNDUxNTJAMTQ2NjUyNTM0MDU4OQ==
https://www.researchgate.net/publication/268068581_Turan_inequalities_for_the_digamma_and_polygamma_functions?el=1_x_8&enrichId=rgreq-d219b21d2ce45e9a0bebe3dba7c6357a-XXX&enrichSource=Y292ZXJQYWdlOzMwNDIwOTIzNjtBUzozNzU0NDg2NDQxNDUxNTJAMTQ2NjUyNTM0MDU4OQ==
https://www.researchgate.net/publication/258340783_Turan_type_inequalities_for_p-polygamma_functions?el=1_x_8&enrichId=rgreq-d219b21d2ce45e9a0bebe3dba7c6357a-XXX&enrichSource=Y292ZXJQYWdlOzMwNDIwOTIzNjtBUzozNzU0NDg2NDQxNDUxNTJAMTQ2NjUyNTM0MDU4OQ==
https://www.researchgate.net/publication/237736462_A_note_on_certain_inequalities_for_the_gamma_function?el=1_x_8&enrichId=rgreq-d219b21d2ce45e9a0bebe3dba7c6357a-XXX&enrichSource=Y292ZXJQYWdlOzMwNDIwOTIzNjtBUzozNzU0NDg2NDQxNDUxNTJAMTQ2NjUyNTM0MDU4OQ==
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Theorem 2.6. Let m,n, p ∈ N and k > 0. Then, the inequality[∣∣∣ψ(m)
p,k (x)

∣∣∣+
∣∣∣ψ(n)

p,k (y)
∣∣∣] 1

u ≤
∣∣∣ψ(m)

p,k (x)
∣∣∣ 1u +

∣∣∣ψ(n)
p,k (y)

∣∣∣ 1u (23)

holds for x > 0 and y > 0, where u is a positive integer.

Proof. We employ the Minkowski’s inequality for finite sums, and the fact that au+bu ≤
(a+ b)u, for a, b ≥ 0 and u a positive integer. From (8), we obtain

[∣∣∣ψ(m)
p,k (x)

∣∣∣+
∣∣∣ψ(n)

p,k (y)
∣∣∣] 1

u
=

[
p∑
i=0

m!

(ik + x)m+1
+

p∑
i=0

n!

(ik + y)n+1

] 1
u

=

[
p∑
i=0

((
(m!)

1
u

(ik + x)
m+1
u

)u

+

(
(n!)

1
u

(ik + y)
n+1
u

)u)] 1
u

≤

[
p∑
i=0

((
(m!)

1
u

(ik + x)
m+1
u

)
+

(
(n!)

1
u

(ik + y)
n+1
u

))u] 1
u

≤

[
p∑
i=0

(
(m!)

1
u

(ik + x)
m+1
u

)u] 1
u

+

[
p∑
i=0

(
(n!)

1
u

(ik + y)
n+1
u

)u] 1
u

=
∣∣∣ψ(m)

p,k (x)
∣∣∣ 1u +

∣∣∣ψ(n)
p,k (y)

∣∣∣ 1u
which concludes the proof. �

Note: The absolute signs in (23) are not required if m and n are positive odd integers.

Remark 2.8. By letting p → ∞ in Theorems 2.5 and 2.6, we obtain the k-analogues
of (22) and (23).

Remark 2.9. By letting k → 1 in Theorems 2.5 and 2.6, we obtain the p-analogues
of (22) and (23) as presented in [5].

Remark 2.10. The q-analogues, (p, q)-analogues and (q, k)-analogues of the inequali-
ties (22) and (23) can be found in [12], [6] and [7] respectively.

Theorem 2.7. Let p ∈ N, k > 0 and m ∈ N. Then, the inequalities(
expψ

(m)
p,k (x)

)2

≥ expψ
(m+1)
p,k (x). expψ

(m−1)
p,k (x), if m is odd (24)(

expψ
(m)
p,k (x)

)2

≤ expψ
(m+1)
p,k (x). expψ

(m−1)
p,k (x), if m is even (25)

are satisfied for x > 0.

Proof. By relation (8), we obtain

ψ
(m)
p,k (x)− 1

2

[
ψ

(m+1)
p,k (x) + ψ

(m−1)
p,k (x)

]
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=

p∑
n=0

(−1)m+1m!

(nk + x)m+1
− 1

2

p∑
n=0

(−1)m+2(m+ 1)!

(nk + x)m+2
− 1

2

p∑
n=0

(−1)m(m− 1)!

(nk + x)m

=
(−1)m

2

[
2

p∑
n=0

−m!

(nk + x)m+1
−

p∑
n=0

(m+ 1)!

(nk + x)m+2
−

p∑
n=0

(m− 1)!

(nk + x)m

]

=
(−1)m+1

2

[
p∑

n=0

2m!

(nk + x)m+1
+

p∑
n=0

(m+ 1)!

(nk + x)m+2
+

p∑
n=0

(m− 1)!

(nk + x)m

]

=
(−1)m+1

2

p∑
n=0

(m− 1)!

(nk + x)m

[
2m

nk + x
+

(m+ 1)m

(nk + x)2
+ 1

]

=
(−1)m+1

2

p∑
n=0

(m− 1)!

(nk + x)m+2

[
(m+ nk + x)2 +m

]
=

{
≥ 0, m odd

≤ 0, m even.

That implies,

2ψ
(m)
p,k (x) ≥ ψ

(m+1)
p,k (x) + ψ

(m−1)
p,k (x) (26)

and

2ψ
(m)
p,k (x) ≤ ψ

(m+1)
p,k (x) + ψ

(m−1)
p,k (x) (27)

respectively for odd m and even m. Then, by exponentiating the inequalities (26)
and (27), we obtain the desired results. �

Remark 2.11. By letting p → ∞ in Theorem 2.7, we obtain the k-analogues of (24)
and (25).

Remark 2.12. By letting k → 1 in Theorem 2.7, we obtain the p-analogues of (24)
and (25) as presented in Theorem 2.5 of [5] as a special case.

Remark 2.13. By letting p → ∞ as k → 1 in Theorem 2.7, we obtain Theorem 3.2
of [8] as a special case.

3. Conclusion

We have introduced a new two-parameter deformation of the classical Gamma func-
tion, called the (p, k)-analogue. In addition, we have established some identities and
inequalities involving this new function. The established results provide generalizations
of some known results in the literature.
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