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ABSTRACT

Unsteady heat and mass transfers are important transport phenomena that are
found in many engineering and industrial applications. In such systems, the
variations in the fluid flow result in variations in the heat flux for fluid-solid
temperature difference. In this study, analytical and theoretical investigations
of some non-linear problems arising from unsteady heat and mass transfer
through porous media are considered. Analytical models are developed.
These are non-linear mathematical models for unsteady boundary layer flow
past a vertical plate in the presence of heat source and transverse magnetic
field embedded in a porous medium; non-linear mathematical models for
unsteady hydromagnetic convective heat and mass transfer past an
impulsively started infinite vertical surface with Newtonian heating in
porous medium; and non-linear mathematical models for unsteady
hydromagnetic boundary layer flow over an exponentially stretching flat
surface in a porous chemically reactive medium. These mathematical models
are developed to measure the effects of unsteadiness and other physio-
chemical parameters (such as radiation effects, mass diffusion, buoyancy
forces, Lorentz force, velocity ratio, momentum diffusion, porous medium,
chemical species, etc.) in the flow in order to understand heat and mass flow
in porous media and to be able to predict related processes. These models are
solved in exact form employing Laplace Transform Techniques. One major
observation is that the magnetic field parameter is effective in reducing flow.
The study concluded that all the controlling parameters have effects on the

flow and can be used to control the flow kinematics in practice.
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NOMENCLATURE
y* Coordinate axis normal to the plate [m]
y Dimensionless coordinate axis normal to
the plate [-]
x* Coordinate axis in the direction of the plate
[m]
E X Dimensionless coordinate axis in the
E direction of the plate [-]
m - - * - - _1
— u* Velocity component in x* direction [ms™']
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CHAPTER ONE
INTRODUCTION AND BACKGROUND STUDIES

1.0 Introduction

Heat and mass transfer occur naturally in almost all physical phenomena in life.
It is argued that no meaningful work can be done without the transfer of heat and
mass. In many situations, the transfer of heat and mass occur with varying time
which results in unsteady processes.

Heat transfer can be defined as a process of transporting heat from a high
temperature reservoir to a low temperature reservoir. In terms of
the thermodynamic system, heat transfer is the movement of heat across the
boundary of the system due to temperature difference between the system and
the surroundings. Heat transfer can also take place within the system due to
temperature differences at various points inside the system. The difference in
temperature provides the potential for the heat to flow and the heat itself is called

a flux, Figure 1.1.

HEAT TRANSFER

Figure 1. 1 Heat Transfer between two Objects
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The effects of heat and mass transfers on unsteady flow of fluid in porous media
have a wide range of engineering and industrial applications. It is commonly
encountered in the flow of molten iron, recovery extraction of crude oil and in
geothermal systems (Kathyayani et al., 2016). Free convection flow induced by
thermal and solutal buoyancy forces acting over bodies with different geometries
in a fluid saturated porous medium in the presence of magnetic field is also
prevalent in many physical presence of pure air or varied and wide range of
industrial applications. For example, in atmospheric flows, the presence of pure
air or water is impossible because some foreign mass may be present either
naturally or mixed over various geometrical bodies with air or water due to

industrial emissions (Barik, 2016).

lheat flux Covering layer

Figure 1. 2 Heat Flux through Porous Media

Also, during manufacturing processes, stretching sheets (metallic and polymer) interact

with the ambient fluid thermally and mechanically. Both the kinematics of stretching
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and simultaneous heating or cooling during such process has direct influences on the
quality of the final products (Magyari & Keller, 1999, Ali et al., 2014).

Rout and Pattanayak (2013) indicated that MHD flow with heat and mass transfer
in the presence of chemical reactions are of importance in many practical
processes such as distribution of temperature and moisture over agricultural
fields, energy transfer in wet tower and in the method of generating and
extracting power from moving fluids.

In most cases, the processes involve unsteady flow due to the time dependence
factor. Some researchers and scientist have developed different control strategies
to understand the dynamics of unsteady process. However, it is a unending effort
as many cases of varied conditions are still facing industry players. Unsteady
boundary layer flow has become topical in recent times due to its numerous
applications. It is encountered in the design and operation of heat exchangers,
thermal power plants, boilers, fins, condensers, solar radiation devices, etc.
Unsteady (time-varying) heat transfer is also important in transport phenomena
found in many engineering devices such as microscale cooling schemes for
microprocessor chips, conventional internal combustion engines, compressors
and expanders (Mathie et al., 2012). Furthermore, in many transportation
processes where heat and mass transfer occur simultaneously as a result of
thermal diffusion and diffusion of chemical species, the combined action of

buoyancy forces occur. These processes are observed in the nuclear reactor
3
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safety and combustion systems, solar collectors, and in metallurgical and
chemical engineering processes (Barik, 2016).

The appreciation of unsteady heat and mass transfer effects is a significant factor
in the development of a number of clean and renewable energy technologies
(Mathie et al., 2012). The relevance of these devices in industrial or domestic
settings will increase as the cost of conventional energy sources continue to rise
due to the ever increasing price of oil (Darby, 1982, Adelman, 1991).

The unsteady boundary layer flow is relevant in several engineering problems
like start-up processes, periodic fluid motion and in the area of convective heat
and mass transfer. During unsteady flow, the boundary layer exhibits different
behaviors owing to the inclusion of time dependent parameters which influence
the pattern of fluid motion leading to boundary layer separation which creates
complexity in the solution system. These flows exhibit other interesting
phenomena which will be discussed in this study.

Many research works have reported solved problems involving two dimensional
unsteady flow cases for different flow configurations. However, the solutions are
often mainly restricted to similarity or self-similar ones because of the
consequence of the mathematical difficulties involved in achieving the non-
similarity solutions though some few research is available using the non-similar
solutions. Fluid properties often vary significantly with respect to temperature in

the circumstances where large or moderate temperature gradients exist across the
4
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fluid medium. Also, different studies have been reported for variable fluid
properties (Das et al., 2012, Misra et al., 2012, Ali et al., 2014 ).
Mass transfer from a wall slot into the boundary layer is of interest for various
prospective applications together with thermal protections, energizing the inner
portion of boundary layer in adverse pressure gradient and skin friction reduction
on control surfaces. The effect of uniform mass transfer applied in an unsteady
convection boundary layer flow with variable viscosity has also been
investigated by some authors (Ali, 2006, Chin et al., 2007). The effects of porous
media are however an emerging area where more research is continuing.
This study aims at developing a simple mathematical framework to understand
and predict unsteady heat and mass transfer in porous media. This framework is
applied to several hydromagnetic convection flows. The study builds on the
works of Chaudhary and Jain (2006), Misra et al., (2012) and Chamkha et. al.
(2016).
Chaudhary and Jain (2006) studied unsteady free convection boundary layer flow
past an impulsively started vertical surface with Newtonian heating. The thesis
extends this work to include porous medium with chemical species concentration
and transverse magnetic field.
Chamkha et al. (2016) studied unsteady MHD free convection flow past an
exponentially accelerated vertical plate with mass transfer, chemical and

thermal radiation. This study extends their work by incorporating a nonlinear
5
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velocity term with MHD in the temperature equation as it is of practical
importance in many industrial applications.
Misra et al. (2012) studied unsteady boundary layer flow past a stretching plate
and heat transfer with variable thermal conductivity. The study extends their
work to include chemical reactants and permeability of the medium on a
stretching surface.
1.1 Background to the Study
Unsteady flow problems are encountered in flow over helicopter blades in
translational motion, flow over blades of turbines and compressors, flow over
the aerodynamic surfaces of vehicles in manned flight, etc. ( Chaudhary & Jain,

2006).

translating top view
tendency

corrective cyclic
input

aircraft drifts

to the right

tail rotor thrust g
pushes left ‘ -

Figure 1. 3 Helicopter flight controls ( source:en.wikipedia.org)
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Figure 1. 4 Helicopter in translation motion (source: www.pilotfriend.com )
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When an helicopter takes off, air builds around it resulting into unsteady
processes. This mass flow of air needs to be determined by unsteady flow
analysis so as to ensure that the helicopter attains a translational motion (Figure
1.3 & Figure 1.4). Translating motion is defined as the tendency for a single rotor

helicopter to drift laterally, due to tail rotor thrust.

Compression stage

StaQ:lnlet guide vangs A Stator vanes

N\
RESIN
“\\

=

Rotor blades

[ 11/
NANY

Direction of Rotation

Figurel.5 Jet engine compressor design
(source: www.aerospaceengineringblog.com)
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High-pressure Higt?-pressure
Fan compressor turbine

High-pressure
shgft

Low-pressure
shaft

Low-pressure Combustion Low-pressure Nozzle
compressor chamber turbine

Figure 1. 6 A schematic diagram of a high bypass turbofan engine (source:
turbofan-wikipedia)

In figure 1.5, the mass flow of the gas is directed toward a stationary inlet guide
vanes. The rotor blades control the direction of the gas flow hence build unsteady

processes that need to be determined for the compressor to function effectively.

UNIVEERSITY FOR DEVELOPMENT STUDIES

In figure 1.6, air flows in the turbine. The non- uniform cross section of the
turbine brings about unsteady processes that must be controlled.

Also, mass transfer from a wall slot into the boundary layer is of interest for

}@; |
1.;\___ ___-;l

various prospective applications (see figure 1.7).
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Shear layer

Mainstream
flow ./\ f\/\
. Turbulent
Visgous mixin g

interaction Reattachment
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m/_

& 7 7
Separation

Injected flow

Figure 1. 7 Mass transfer from a slot to a boundary layer
('source:en.Wikipedia.org)

The injection of fluid from a wall slot into the boundary layer, viscosity
interaction is experienced hence producing turbulence which results in unsteady
processes.

Analytical models are developed for the unsteady heat and mass transfer
problems instead of numerical methods since numerical methods make

parametric investigation difficult due to the long execution time.

1.2 Categories of Flow
1.2.1 Steady flow
If a flow is such that the properties at every point in the flow do not vary over

time, then the flow is said to be a steady flow. Mathematically,
9
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P _o
ot

where P is any property like pressure, velocity or density. Thus,

P =P(x,y.2)

1.2.2 Unsteady flow
Unsteady or non-steady flow is one where the properties change over time.

That is % =0 and P = P(x,y.z,t)

The unsteadiness in the flow field is caused either by time dependent motion of
the external stream or by impulsive motion of the external stream. When the fluid
motion over a body is created impulsively, the inviscid flow over the body is
developed instantaneously but the viscous layer near the body is developed
slowly and it becomes fully developed steady state viscous flow after certain
instant of time (Chaudhary & Jain, 2006).

Unsteadiness in heat transfer introduces several effects into the heat transfer
problem. The first effect is ‘augmentation’; an improvement or deterioration in
heat transfer performance relative to an equivalent steady problem. The other
effect is ‘conjugation” which occurs when the temperature fluctuations in solid
domain as well as the fluid domain become important in the solution of the heat

transfer problem. These two effects combined with boundary conditions make

10
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unsteady heat transfer more challenging compared to steady problems (Mathie

etal., 2012).

1.2.3 Pseudosteady Flow

Some flows, though unsteady, become steady under certain frames of reference.
These are called pseudosteady flows.

Unsteady flows are undoubtedly difficult to solve while with steady flows, we

have one degree of freedom less complexity.

1.2.4 Uniform and Non-uniform flow

The flow is uniform when in the flow field the velocity and other hydrodynamic
parameters do not change from point to point at any instant of time. For uniform
flow, the velocity is a function of time only. Thus;

v = v(t)

1.3 Heat and Mass Transfer

Heat transfer is the exchange of thermal energy between physical systems. The
rate of heat transfer is dependent on the temperatures of the systems and the
properties of the intervening medium through which the heat is transferred. Mass

transfer is the net movement of mass from one location, usually meaning stream,

11
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phase, fraction or component, to another. Mass transfer occurs in many
processes, such as absorption, evaporation, adsorption, drying, precipitation,

membrane filtration, and distillation.

1.4 Porous Media

A porous medium or a porous material is a material containing pores (voids).
The skeletal portion of the material is often called the "matrix" or "“frame" (figure
1.7). The pores are typically filled with a fluid (liquid or gas). The skeletal
material is usually asolid, but structures like foams are often also usefully
analyzed using concept of porous media.

A porous medium is most often characterised by its porosity. Other properties of
the medium (e.g., permeability, tensile strength, electrical conductivity) can
sometimes be derived from the respective properties of its constituents (solid
matrix and fluid) and the media porosity and pores structure, but such a
derivation is usually complex. Even the concept of porosity is only

straightforward for a poro-elastic medium.

12
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Figure 1. 8 Porous medium (source en.Wikipedia.org)

The use of porous materials as efficient and compact heat exchangers for heat
dissipation is under extensive research. Amongst these, high porosity, open cell
metal foams shown in Fig.1.8 has emerged as one of the most promising
materials for thermal management applications where a large amount of heat
needs to be transferred over a small volume. This is attributed to the high
surface area to volume ratio as well as enhanced flow mixing (convection) due
to the tortuosity of metal foams in Fig. 1.9. The surface area to density ratio of

metal foams is roughly 1000-3000 m2/m3 ( Bhaskar and Chaudhary, 2016).

13
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Figure 1. 9 Heat transfer application of metal foam (Bhaskar and
Chaudhary 2016)
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Figure 1. 10 A foam sample manufactured by sintering route (Bhaskar and
Chaudhary 2016)

Natural and artificial porous materials encountered in practice are soil,

sandstone, limestone, ceramics, foam, rubber, bread, lungs, and kidneys.
14
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Aquifers (from where water is pumped), sand filters (for purifying water),
reservoirs (which yield oil or gas), packed and fluidized beds in the chemical
engineering and the root zone in agricultural industry may serve as additional
examples of porous media domains (Amhalhel & Furmanski, 1997).

The study of transport phenomena in porous materials has attracted
considerable attention, and has been motivated by a broad range of engineering
applications including:

1. Agricultural applications: e.g. fermentation process in food industries, freeze
drying of food products, grain storage, soil heating to increase the growing
season.

2. Environmental applications: e.g. ground water pollution, ground water
systems, storage of radioactive waste, water movement in geothermal
reservoirs.

3. Industrial applications: e.g. artificial freezing of ground as a structural
support and as a water barrier for construction and mining purposes, crude oil
production and recovery systems, porous radiant burners (PRBs), post accident
heat removal (PAHR), solidification of castings, study of heat transfer
phenomenon of buried electrical cables and transformer cables, fluidized bed

combustion.

15
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4. Thermal conversion and storage systems: e.g. catalytic reactors, geothermal
systems, packed beds, fluidized bed, heat pipes, sensible, latent and thermo

chemical energy storage systems (Amhalhel & Furmanski, 1997).

1.5 Problem statement

There are several heat and mass transfer problems already tackled in the
literature. However, there are many areas in which research is continuing
especially with respect to unsteady flow conditions as it is the most common
flow situation in many industrial and manufacturing processes. The use of
magnetic fields in flow control find applications in magneto-hydrodynamics,
generators, plasma studies, nuclear technology, geothermal energy extractions,
continuous coating, rolling and extrusion in manufacturing processes. The
boundary layer along a film in condensation processes and the aerodynamic
extrusion of plastic sheets are areas of active research. The unsteady heat and
mass transfer through a porous medium is still undergoing extensive research

which this study aims to contribute to.

1.6 Aim of study
The aim of the study is to investigate theoretically some nonlinear problems

arising from unsteady boundary layer flow in porous media.
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1.6.1 Specific Objectives
Specifically, the study will

e Develop a non-linear mathematical model for unsteady boundary layer
flow past an exponentially accelerated vertical plate in the presence of
transverse magnetic field and heat source embedded in a porous medium.

e Develop non-linear mathematical model for unsteady hydromagnetic
convective heat and mass transfer past an impulsively started infinite
vertical surface with Newtonian heating in porous medium in industrial
and engineering systems.

e Develop a non-linear mathematical model for unsteady hydromagnetic
boundary layer flow over an exponentially stretching flat surface in a
porous chemically reactive medium.

e Provide analytical solutions for nonlinear systems of differential
equations modeling boundary layer flow in porous media.

e Develop a theoretical framework for predicting the effects of
controlling parameters on the velocity, thermal and concentration

boundary layer thicknesses of unsteady flow.

17
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1.7 Significance of study

Boundary layer has a pronounced effect upon any object which is immersed in a
fluid. Drag on airplanes or ships and friction in pipes are common manifestations
of boundary layer. There has been great interest in the study of
magnetohydrodynamics (MHD) flow interaction with heat and mass transfer in
any medium due to the effects of magnetic field on the boundary layer flow
control and on the performance of many systems using electrically conducting
fluids. Studying this type of flow is significant due to its applications in many
engineering problems. Understandably, boundary layer research has become a

very important branch of fluid dynamics.

1.8 Expected Contribution
This study makes the following contributions:

e Investigate the unsteady boundary layer flow in a porous medium. The
study investigated some problems arising from laminar unsteady
boundary layer flow interaction with heat and mass transfer in a porous
medium as it finds practical application in areas such as in mechanical,
mining process and chemical engineering.

e Provide information on the nature of unsteady boundary layer developed

on heated porous plate in the presence of chemical contaminants.

18
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e Serve as reference material for future works in the areas of nuclear
studies, manufacturing, mining, petro-chemical, aerospace and

automotive sectors.

1.9 Organization of Thesis

This thesis is organized in seven chapters. In chapter 1, the background,
importance of the problem chosen and clear statement of the problem are
established. A brief review of literature on heat and mass transfer as well as
porous media is discussed in this chapter. The objectives of the study;
significance of the study and expected contribution are also discussed in this
chapter.

In chapter 2, a detail literature review on heat and mass flow in porous media;
free convection over flat surfaces; hydromagnetic flow in porous media; flow
control strategies as well as unsteady flow in porous media are presented.
Chapter 3 shows the development of mathematical models. The flow boundary
layer equations such as the continuity equation, momentum equation, energy
equation and the concentration equation are derived in this part. The dimensional
partial differential equations are transformed into dimensionless equations using
dimensionless variables and parameters. Laplace transform technique is

employed to solve the dimensionless equations in exact form.
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Chapter 4 presents unsteady boundary layer past a vertical plate in the presence
of magnetic field and heat source embedded in a porous medium.

Chapter 5 deals with unsteady hydromagnetic convective heat and mass transfer
past an impulsively started infinite vertical surface with Newtonian heating in a
porous medium,

Chapter 6 discusses unsteady boundary layer flow over an exponentially
stretching flat surface in a chemically reactive porous medium.

Summary, conclusions and recommendations are provided in chapter 7. The
thesis ended in this chapter with summary of key findings, contribution to

knowledge and recommendations for future research.

20
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CHAPTER TWO
LITERATURE REVIEW
2.0 Introduction
The chapter presents a review of research on heat and mass transfer through a
porous media. It highlights the various research results reported by different
authors. The review focuses on flow in porous media, free convection,
hydromagnetic fluid flow, unsteady flow in porous media, flow on stretching
surfaces and flow control strategies. The review identifies some gaps in

knowledge and presents how this thesis will address those gaps.

2.1 Overview of Heat and Mass Transfer in Porous Media

Heat and mass transfer occur simultaneously in several processes such as hot
rolling, wire drawing, continuous casting, fiber drawing, evaporation of water at
surfaces, drying etc. Heat and mass transfer characteristics are dependent on the
thermal boundary conditions. In general, there are four common heating
processes specifying the wall-to-ambient temperature distributions, prescribed
surface heat flux distributions, conjugate conditions where heat is specified
through a bounding surface of finite thickness and finite heat capacity. The

interface temperature is not known a priori but depends on the intrinsic properties
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of the system, namely the thermal conductivity of the fluid and solid (Chaudhary
& Jain, 2006).

Megahed et al. (2011) investigated the effects of thermal-diffusion (Soret) and
the diffusion-thermo (Dufour) effects, temperature-dependent viscosity, thermal
conductivity on Falkner-Skan heat and mass transfer flow of a viscous,
incompressible and electrically conducting fluid over a wedge immersed in a
porous media. The results showed that the velocity profiles decrease with

increasing Dufour number (or decreasing Soret number) for all , values. The

temperature increases whilst the concentration decreases with increasing Dufour
number (or decreasing Soret number).

Samiulhag et al. (2012) studied radiation and porosity effects on the
magnetohydrodynamic flow past an oscillating vertical plate with uniform heat
flux using Laplace transforms. It was observed that the radiation parameter
reduces the temperature of the fluid. Bhattacharyya (2012) conducted a research
on slip effects on steady boundary layer flow and mass transfer with chemical
reaction over a permeable flat plate in a porous medium using shooting method
to solve the resulting equation. It was observed that the momentum boundary
layer thickness is reduced for increased in permeability and suction parameters,
whereas it increases with blowing parameter. The increase of velocity slip

parameter reduces the momentum boundary layer thickness and also enhances
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the mass transfer from the plate. Also, due to increase of mass slip, the
concentration and mass transfer decreased.

Aziz et al. (2014) studied steady boundary layer slip flow along with heat and
mass transfer over a flat porous plate embedded in a porous medium. The
similarity variables were employed to transform the governing partial differential
equations (PDEs) into ordinary differential equations (ODEs) which were solved
numerically using specific method implemented in MATLAB. The results
showed that an increase in permeability of porous medium increases the velocity
and decreases the temperature profile. This happened due to a decreased in drag
of the fluid flow. In case of heat transfer, the increase in permeability and slip
parameter caused an increase in heat transfer. However for the case of increase
in thermal slip parameter, there is a decrease in heat transfer. An increase in mass
slip parameter causes a decrease in the concentration field.

Etwire et al. (2015) investigated the MHD thermal boundary layer flow over a
flat plate with internal heat generation, viscous dissipation and convective
surface boundary conditions using the fourth order Runge Kutta algorithm with
a shooting method. It was realized that the velocity boundary layer thickness
decreases as the magnetic field parameter increases. Also increasing the Biot
number, internal heat generation parameter, Prandtl number and Brinkman
number have no effect on the skin friction coefficient whilst increasing the

magnetic field parameter decreases the skin friction coefficient.
23
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Recently, Barman et al. (2017) studied heat transfer through porous media using
Newton’s Law of cooling and Fourier’s Law. It was seen that with increases of
thickness of porous layer and Reynolds number, the rate of heat transfer
increases along the flow direction. All these studies dealt with steady flow. In

this work, unsteady heat and mass transfer through porous media is considered.

2.2 Unsteady Flow in Porous Media

With the exception of a small number of cases involving steady flows, majority
of flows in industrial and engineering applications are unsteady. Bala et al.
(2012) studied the radiation effects on unsteady MHD flow past an
exponentially accelerated isothermal vertical plate embedded in porous
medium in the presence of heat source and chemical reaction using a crank-
Nicolson’s type of implicit finite difference method with a tri-diagonal matrix
manipulation and an iterative procedure in the solution. Their study established
a direct correlation between the Grashof number, G, and the velocity of the
flow. Rout and Pattanayak (2013) extended the problem to include variable
temperature embedded in a porous medium using Laplace transform techniques
and observed that the temperature of the fluid increases with increasing
radiation parameters.

Chiem and Zhao (2004) conducted a research on numerical study of

steady/unsteady flow and heat transfer in porous media using a characteristics-
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based matrix-free implicit Finite-Volume (FV) method on unstructured grids.
Hydrodynamic and heat transfer results were reported for both steady and
transient flow cases. The effects of Darcy and Reynolds numbers on heat transfer
augmentation and pressure loss were studied. At high Reynolds numbers the flow
in the porous channel exhibits cyclic characteristics although unlike the non-
porous channel flow, the cyclic vortex development is only restricted to small
area behind the last solid block, while temperature changes more slowly and do
not exhibit cyclic variations over a long period of time.

Mishra et al. (2015) conducted a research on numerical investigation on unsteady
heat and mass transfer effect of micro-polar fluid over a stretching sheet through
porous media. Similarity transformations were used to convert the governing
time dependent, non-linear boundary layer equations into a system of non-linear
ordinary differential equations that were solved numerically using Runge-Kutta
fourth order method with shooting technique. They observed that the buoyancy
force retards the fluid near the velocity boundary layer in case of opposing flow
and is favourable for assisting flow. In case of assisting flow, the absence of
porous matrix enhances the flow. Also, Hussanan et al. (2016) studied unsteady
heat and mass transfer in a micro-polar fluid with Newtonian heating. Exact
solutions were obtained using Laplace transform technique. It was observed that
plate executes cosine type oscillations. Chamkha et al. (2016) studied unsteady

MHD free convection flow past an exponentially accelerated vertical plate with
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mass transfer, chemical and thermal radiation using Laplace transform
technique. The fluid considered in their study was gray gas, absorbing/emitting
radiation but non scattering medium. They concluded that the velocity increased
with increase in either the acceleration coefficient ‘a’ or the Soret number S,,.
Uddin et al. (2015) studied similarity solution of an unsteady heat and mass
transfer boundary layer flow over a continuous layer flow in a porous medium
with hydromagnetic field using similarity solution coupled with shooting
technique. It was realized that the velocity and temperature in the unsteady case
is observed to be lesser than those of the steady case. Also, an increase in
unsteadiness parameter increases the Prandtl number (Pr) and decreases the
Eckert number (Ec).The heat transfer rate increases rapidly with the increase of
the power law index of the surface temperature variation whereas when the
magnetic parameter increases the heat transfer rate decreases.

Kathyayani et al. (2016) studied heat and mass transfer on unsteady MHD
oscillatory flow of non-Newtonian fluid through porous medium in parallel plate
channel. A mathematical model was developed and analyzed by using
perturbation technique. The results showed that the lower the permeability the
lesser the fluid speed in the entire fluid region. Also, the temperature reduces
with increasing radiation parameter (F), whereas the reversal behaviour is

observed throughout the fluid region with increasing Prandtl number (Pr).
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In the foregone studies, it 1is obvious that research in unsteady
magnetohydrodynamic (MHD) through porous media is continuing due to its
emerging industrial relevance. This thesis therefore considers unsteady boundary
layer flow past a vertical plate in the presence of transverse magnetic field and
heat source embedded in porous medium which has not been documented in the
literature to the best of my knowledge. The problem would be investigated using

Laplace transform techniques.

2.3 Free Convection Flow on Flat Surfaces

Theoretical studies on the laminar natural convection heat transfer on flat
surfaces continue to receive attention in the literature due to their industrial and
technological applications. Siegel (1958) studied the unsteady free convection
flow past a semi-infinite vertical plate under step-change in wall temperature or
surface heat flux using the momentum integral method. He observed that the
initial behaviour of the temperature and velocity fields for semi-infinite vertical
flat plate is the same for double infinite vertical flat plate. Martynenko et al.
(1984) extended Siegel work to include a constant temperature of the plate which
Is also the temperature of the surrounding stationary fluid.

Gupta et al. (1979) employed the perturbation method to investigate the free
convection flow past a linearly accelerated vertical plate in the presence of

viscous dissipation with Kafousias and Raptis (1981) extending it to include
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mass transfer effects subject to variable suction. Arthur et al. (2015) investigated
the MHD convective boundary layer flow towards a vertical surface in a porous
medium with radiation, chemical reaction and internal heat generation using the
Newton Raphson shooting method alongside the Fourth-order Runge - Kutta
algorithm and concluded that the magnetic parameter and all the controlling
parameters identified directly influence the flow around the boundary and hence
can be controlled to achieve desired product characteristics.

At high temperatures, heat transfer caused by radiation is very crucial in many
industrial applications such as in rocket propulsion systems, plasma physics, and
in aerothermodynamics. As a result, some researchers have considered radiation
effects in convection flows. It must be noted that heat transfer characteristics are
dependent on the thermal boundary conditions. Hence in Newtonian heating, the
rate of heat transfer from the boundary surface with finite heat capacity is
proportional to the local surface temperature and this process is called conjugate
convective flow. This configuration occurs in many engineering devices such as
heat exchangers, fins and solar radiation devices (Chaudhary & Jain, 2006). In
these cases, it is necessary to consider convective flows with Newtonian heating.
Chaudhary and Jain (2006) studied the unsteady free convection boundary-layer
flow past an impulsively started vertical surface with Newtonian heating using
the Laplace transform techniques and observed that the increase of Prandtl

number results in decrease in temperature distribution.
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Narahari and Nayan (2011) considered the free convection flow past an
impulsively started infinite vertical plate with Newtonian heating in the presence
of thermal radiation and mass diffusion. The exact solutions in a closed-form
were obtained by the Laplace transform method with an observation that the
velocity increased for aiding flows but decreased for opposing flows. Radiation
effects on unsteady free convection flow past a vertical plate with Newtonian
heating was reported by Das et al. (2012). The governing equations were solved
numerically by implicit finite difference method of Crank-Nicolson’s type. It
was observed that the velocity decreases near the plate and increases away from
the plate with increasing Prandtl number or radiation parameter. Sharidan et al.
(2014) studied the slip effects on unsteady free convective heat and mass transfer
with Newtonian heating using the Laplace transform method and observed that
the presence of the slip parameter reduces the fluid velocity.

Hussanan et al. (2014) studied unsteady boundary layer flow and heat transfer of
a Casson fluid past an oscillating vertical plate with Newtonian heating using
laplace transform technique. It was observed that velocity decreases as casson
parameters increases and the thermal boundary layer thickness increases with
increasing Newtonian heating parameter.

In the literature, it is obvious that most of the studies focused on radiation effects
on convection flows. Heat and mass transfer of unsteady hydromagnetic

convection flows with Newtonian in porous medium has not been reported. In
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this thesis, it is proposed to study the unsteady hydromagnetic convective heat
and mass transfer flow past an impulsively started infinite vertical plate with
Newtonian heating in porous medium. This is an extension of research done by
Chaudhary and Jain (2006) to include porous medium, concentration, chemical

species and transverse magnetic field.

2.4 Flows on Stretching Surfaces

Fluid flow over a stretching surface has numerous applications in many
engineering processes such as wire drawing, paper production, hot rolling, glass
fibre production, manufacturing of plastic and rubber sheets, cooling of hot metal
plates, etc. These processes require the material to be stretched and involve heat
transfer between the sheet and the fluid medium. The quality of the final product
largely depends on the rate at which the cooling and stretching occurs.
Furthermore, the mechanical properties of the final product depend on the
thermal conductivity which is assumed to vary linearly with temperature
(Chaudhary and Jain, 2006).

Sakiadis (1961) pioneered the research in the boundary layer flow over a
continuous solid surface moving with constant velocity. Crane (1970) extended
the study of Sakiadis (1961) to the flow on an elastic sheet moving in its own

plane with a velocity linear to the distance from a fixed point.
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Chiam (1998) studied the boundary layer flow of viscous fluid over a porous
stretching sheet and heat transfer with variable thermal conductivity using
shooting method and noticed that thermal conductivity enhances the temperature
of the fluid. Misra et al. (2012) extended the work of Chiam (1998) by
considering the heat flow problem in two ways. That is, Prescribed Stretching
Surface Temperature (PST) and Prescribed Stretching Heat Flux (PHF).

Chen (1998) studied the fluid flow and heat transfer on a stretching plate. Ishak
et al. (2008) extended the work of Chen (1998) to hydromagnetic flow and heat
transfer and they observed that as the magnetic field increases, the skin friction
coefficient and the Nusselt number decreased.

Dandpat and Chakraborthy (2010) studied the effects of variable fluid properties
on thin liquid film flow over an unsteady heated stretching sheet. It was observed
that the effect of variable fluid viscosity on velocity profile of the fluid flow
increases when viscosity decreases due to decrease of temperature along the
stretching surface. Hsiao (2011) studied the MHD stagnation point flow of visco-
elastic fluid on thermal forming stretching sheet with viscous dissipation effect
and observed that the rate of heat transfer decreased with the increasing magnetic
field.

Nadeem et al. (2013) discussed the fluid properties of MHD casson fluid past a
linearly stretched sheet in porous medium using Runge-Kutta-Fehlberg method.

They observed that the presence of the transverse magnetic field decreases the
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velocity of the fluid flow. Seini (2013) studied the flow over an unsteady
stretching surface with chemical reaction and non-uniform heat source using the
Runge—Kutta—Fehlberg method with the shooting techniques and observed that
heat and mass transfer rates as well as the skin friction coefficient increased as
the unsteadiness parameter increases and decreased as the space-dependent and
temperature-dependent parameters for heat source/sink increased.

Seini and Makinde (2013) studied MHD boundary layer flow due to exponential
stretching surface with radiation and chemical reaction using Runge—Kutta—
Fehlberg method with the shooting techniques. A nonlinear velocity term with
MHD was present in the temperature equation due to the presence of the
magnetic field. It was found that the rate of heat transfer at the surface decreases
with increasing values of the transverse magnetic field and the radiation
parameter.

Ali et al. (2014) studied heat transfer boundary layer flow past an inclined
stretching sheet in presence of magnetic field using Runge-Kutta fourth-fifth
(RK-45) order method along shooting technique, where the flow was generated
due to linear stretching sheet. Again, a nonlinear velocity term with MHD was
present in the temperature equation due to the magnetic effects in the flow. It
was found that velocity profile decreases due to increase of magnetic parameter,
Prandtl number and Eckert number whilst velocity increases for increasing

values of Grashof number. On the other hand the temperature profile increases
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in the presence of the magnetic parameter, angle of inclination, Prandtl number,
Eckert number and Chandrasekhar number whilst temperature decreases for
increasing Grashof number. The results have possible technological applications
in liquid-based systems involving stretchable materials

Recently, Sahoo and Biswal (2015) studied MHD visco-elastic boundary layer
flow past a stretching plate with heat transfer and concluded that higher Prandtl
number fluid causes a fall in temperature due to low thermal diffusivity.

The focus of thesis is to investigate the unsteady boundary layer flow past a
stretching plate in the presence of transverse magnetic field with heat and mass
transfer in a porous medium, which is an extension of the work done by Ali et
al. (2014) to include unsteady parameter, porous medium and chemical species

in the flow.

2.5 Hydromagnetic Flow in Porous Media

Hassanien (1989) studied oscillatory hydromagnetic flow through a porous
medium in the presence of free convection and mass transfer flow using Laplace
transform technique. It was found that the velocity increases when the
permeability of porous medium ( k) increases. Also, the velocity increases when
the concentration difference between the surface and the free stream increases

whilst the magnetic parameter (M) increases the velocity decreases.
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Kamel (2000) examined thermal-diffusion effect on rotating hydromagnetic flow
in porous media. A complete analytical solution was obtained for the
temperature, concentration and velocity fields using Laplace transformation and
the method of direct integration by means of the matrix exponential (state space
approach) in the case when the plate oscillates in its plane. The results showed
that Prandtl number (Pr) makes the temperature distribution concentrate near the
boundary layer and the flow field is greatly affected by the variation of the
rotating parameter near the plate.

Ramakrishnan and Shailendhra (2011) investigated theoretically hydromagnetic
flow through uniform channel bounded by porous media. The fluid flowing in
the channel was assumed to be homogenous, incompressible and Newtonian.
Analytical solutions were constructed for the governing equations using
Beavers- Joseph slip boundary conditions. It was observed that the axial velocity
of the fluid is reduced by porous parameter, Hartman number and slip parameter.
It was also noticed that there was a reversal of the flow near the wall due to
change in the Darcy velocity and slip velocity. Shear stress, however, shows an
increasing porous parameter and a decreasing trend with the increasing Hartman
number.

Norzieha et al. (2012) conducted a research on hydromagnetic rotating flow in a
porous medium with slip condition and hall current. The closed form solution

was obtained using Laplace transform technique. It was found that the magnetic
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field and slip parameter decreased the velocity magnitude whereas permeability
and Hall parameter increased it. The slip and magnetic field play an important
role in retarding the growth of both the primary and secondary flows, whereas
Hall parameter enhances the flow.

Chand et. al (2012) examined hydromagnetic oscillatory flow through a porous
medium bounded by two vertical porous plates with heat source and Soret effect.
The plates of the channel were subjected to constant injection and suction
velocities. Close form solutions were obtained. The results shown that the
velocity profiles increase with increasing Reynolds number (R,) which is in
confirmation with the fact that if R, is large the inertial forces will be
predominant and the effect of viscosity will confined only to the thin region
adjacent to the solid surface. Also, for heavier species, i.e. increasing Schmidt
number (Sc=0.22 for hydrogen and Sc=0.66 for oxygen), the velocity decreases.
The temperature profile increases with increasing heat source parameter and the
frequency of oscillation w and it decreases with increasing Prandtl number (Pr).
Gireesha et al. (2015) studied numerical solution for hydromagnetic boundary
layer flow and heat transfer past a stretching surface embedded in non-Darcy
porous medium with fluid particle suspension. The time—dependent equations,
governing the flow and heat transfer were reduced into a set of non-linear
ordinary differential equations with the aid of suitable similarity transformations.

The transformed equations were numerically integrated using forth- fifth order
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Runge-Kutta-Fehlbeg method. It was observed that by suspending fine dust
particles in the clean fluid reduces the thermal boundary layer thickness.
Therefore, the dusty fluids are preferable in engineering and scientific
applications involving cooling processes.

Kan et al. (2015) studied hydromagnetic flow and heat transfer over a porous
oscillating stretching surface in a visco-elastic fluid with porous medium. This
system was solved numerically using the finite difference scheme, in which a
coordinate transformation is used to transform the semi-infinite physical space
to a bounded computational domain. The study reveals that an oscillatory sheet
embedded in the saturated porous medium generates oscillatory motion in the
fluid. It was also found that the amplitude of the flow velocity increases with
increasing visco-elastic and mass suction/injection parameters but decreases
with increasing strength of the applied magnetic field. Moreover, the temperature
of the fluid is a decreasing function of visco-elastic parameter, mass

suction/injection parameter and Prandtl number.

2.6 Flow Control Strategies
Flow control strategies imply a small change of configuration serving an ideally
large engineering benefit, like drag reduction, lift increase, mixing enhancement

or noise reduction (Wikipedia, the free encyclopedia, 2017).

36



UNIVEERSITY FOR DEVELOPMENT STUDIES

=)

1_}

I
%

www.udsspace.uds.edu.gh

A new change in research in fluid dynamics is to take a step from analyzing and
predicting the flow field to actively controlling it. In fluid dynamics systems,
variations of flow parameters may be achieved by local perturbations using
devices sensing and acting on some critically chosen parts of the flow, the
process often requiring small amounts of energy. Such control devices can be
used to obtain drag reduction on bodies, heat and mass transfer reduction or
enhancement, increase propulsion efficiency, increase lift on wings, control of
generation of sound, control of combustion instabilities etc (Engineering
Archives).

In fact the ability to manipulate a flow field to effect a desired change is of
immerse practical importance. Flow control is perhaps more hotly pursued by
scientists and engineers than other areas in fluid mechanics (Gal-el-Hak, 1996).
It might be worth recalling that a mere 10% reduction in the total drag of an
aircraft translates into a saving of one billion dollars in annual fuel cost for the
commercial fleet in the United States alone ( Gal-el-Hak, 1996).

The science of flow control originated with Prandtl, who in a mere 8-page
manuscript introduced the boundary layer theory, explaining the physics of the
separation phenomena and described several experiments in which a boundary
layer was controlled. Gad-el-Hak (1996) studied modern developments in flow
control. The study concluded that the developments in chaos control, micro-

fabrication and neural networks are making it more feasible to perform reactive
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control of turbulent flows. Also, flow control is most effective when applied near
the transition or separation points or near the critical regimes where flow
instabilities magnify quickly.

Meunier (2009) studied stimulation and optimization of flow control strategies
for Novel High-lift configurations using a Kriging-based optimization algorithm.
It was found that a careful parameterization of the jet is capable of an efficient
control strategy and leads to a complete reattachment of the flap flow, with
considerable gains in lift and aerodynamic efficiency.

Mathelin et al. (2010) studied closed-loop fluid flow control using a low
dimensional model. Their main objective was to develop a control strategy to
minimize the drag of a bluff body in a 2-D flow. A reduced model was obtained
using a robust statistical reduction approach and an optimal orbit in the phase
space was determined using an open-loop control strategy. The non-linear
reduced order model was linearized around a set of points defining a series of
‘trust-regions’ along the closed trajectory and the problem was put under a linear
varying parameter form, allowing for the use of an efficient control law
synthesis.

Sipp and Schmid (2013) examined closed-loop control of fluid flow, a review of
linear approaches and tools for the stabilization of the transitional flows. Two
generic flow configurations were considered: the two-dimensional flow over an

open cavity, which is above a critical Reynolds number is globally unstable and
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the two-dimensional flow over a backward —facing step, which is globally stable
but acts as an amplifier of ambient noise sources. However, the study concluded
that Galerkin-based approached is efficient for globally unstable flows, where an
internal instability synchronizes the flow and makes it insensitive to external
noise sources. Also, a data-based model is suitable for globally stable noise-
amplifier flows.

Oruc (2017) conducted a research on strategies for the applications of flow
control downstream of a bluff body. The problem is unsteady and vortical flow
structure developing downstream of the body. The chaotic flow structure in the
wake causes serious structural deformation on the body hence the flow is
intended to be suppressed downstream of the body. It was found that suppression
of vortex shedding can be achieved adopting flow control techniques such as

passive or active control schemes which are effective tools for taming the flow.
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CHAPTER THREE

METHODOLOGY
3.0 Introduction
In this chapter, various models such as the continuity equation, momentum
equation, energy equation and concentration equation are developed. These
equations are modified in subsequent chapters to model the unsteady heat and
mass transfer through porous media. The governing partial differential equations
are developed and transformed to dimensionless equations using suitable
dimensionless parameters and variables. These dimensionless equations are
solved in exact form using Laplace transform technique. The results of these
models are presented graphically and quantitatively in subsequent chapters using

MATLAB computer software.

3.1 Assumptions Made in Models Development
In developing the appropriate mathematical models, the following assumptions
are made:
e The flow is unsteady.
e A magnetic field of uniform strength B, is applied transversely to the
plate.

e The flow is assumed to be in the x* — axis direction.
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The y* —axis is taken to be normal to the plate.

e The temperature of the plate and the ambient fluid are T, (x) and T
respectively. Initially, the plate and the fluid are at the same temperature
T, with concentration level Cg, at all points.

e The fluid physical properties such as viscosity and thermal conductivity
shall be assumed constant.

e Reynolds number and viscous dissipation are also assumed to be

negligible.

¢ Since the plate is infinite along the x* direction, all the physical

variables are the functions of y* and t* only.

Using Boussinesq approximation, neglecting the inertia terms, Soret and

Dufour effects, under these assumptions, the boundary layer equations

governing the unsteady flow process can be modeled as shown in the

following sections and subsequent chapters:

UNIVEERSITY FOR DEVELOPMENT STUDIES
[ ]

3.1.1 The Continuity Equation
The continuity equation is obtained in Cartesian coordinates as (see Appendix I,

Al.6)

ap dpu* = dpv*  Jdpw”
at* ax* ay* az*

= 0. (3.1)

Introducing the gradient operator, V, which in rectangular coordinates, is
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Vo2, 05, 2. (32)

Therefore, the non-conservation form of the continuity equation is

Dp
Dt*

+pV.U* = 0. (3.3)

A A

Where the velocity field, U™ =u" i+V" j+wk: V.U is the divergence

of the velocity and p is fluid density.

3.1.2 The Momentum Equation
The momentum equation is obtained from Navier-Stokes equations in

conservation form (see Appendix I, A1.29) as

p DU _ —Vp + pg + uviu*. (3.4)

Dt*

In component form,

Du* op ox*x* aTy*x* 0z*x*
p Dt* - dx* + ox* + ay* + 9z* + gx* (35)
Dv* _ ap aTx*y* aTy*y* az*y*
p Dt* - ay* dx* + ay* + oz* + pgy* (36)
Dw* Op | 0T,ryx | OTyrgr 0T e
= . 7
p Dt* 9z* + ox* + ay* + dz* +ng . (3 )

Where  Tosys, Tyox, Toox®, Tty Ty*y* Tzty* Tatz* Ty*z*, To#gr Qr€ Shear stress

components.
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Equations (3.5) - (3.7) are scalar equations and are also called Navier-Strokes
equations. Since the flow is taken along the vertical surface in the upward
direction, the force of gravity is crucial as it produces buoyancy effects in the
flow. The atmospheric pressure is distributed equally in all directions in a free
stream flow and hence can be considered negligible. The Navier-Stokes

equation, in that case, reduces to

ou* ou* ou'y _  dp 0%u*
p ( e Tus-tv ay*) =50 THoym TP (3.8)

The fluid flow experiences Lorenz force which impedes the fluid velocity due to
the presence of the magnetic field. As a result, the charged particles in the fluid
experienced an induced electric field, u* x B,. Using Ohm’s law and neglecting
the Hall effects, the magnitude of the current density for the weakly ionized fluid
IS given by

j =oa(—u* X By). (3.9)
In this thesis, a magnetic field of uniform strength B, is applied transversely to
the plate. Also, assuming that U* and ¢ are uniform, then

j = oByu’. (3.10)
The presence of the transverse magnetic field causes movements of a conducting
material in fluid which generates electric current, j. Each unit volume of the
liquid having j current and B, magnetic field strength experiences MHD force,

j X By called Lorenz force which reduces the motion of the fluid flow to
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j x By = oB3u". (3.11)
3.1.3 The Energy Equation
The rate of change of energy inside the fluid element for incompressible

viscous fluid flow is given (see Appendix I, A1.47) by

*

a%r*  9%r*  9%T*
(0]

D .
p Di* = pq + K (ax*z + ay*z + aZ*Z (312)

Where

o 1S the dissipation function, which, in rectangular coordinates is
ou\?  [fov\%2 | fown\? 1 our | v \? 1 out | ow*)?
@—2“[(5) +(5) +Gr) +3Getam) HGe+an) +

%(61}* + 6w*)2] _ (au* L aw*)zl (3.13)

az* | ay* ax*  ay* ' oz
Where

q is the rate of volumetric heat addition per unit mass,

e™ is the internal energy per unit mass of the moving fluid,
4 is the bulk viscosity coefficient and

u the shear viscosity coefficient.

3.1.4 The Concentration Equation

In vector form, the concentration equation (see Appendix I, A1.52) is
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ac*

pret div(D grad C"). (3.14)
B¢ _ DV2C2 . (3.15)
Dt

Where C* is the species concentration, D is the mass diffusivity and 1 is the
rate of species generation (+r) or destruction (—r) which is included due to
the chemical species in the fluid.
3.2 Dimensionless variables and parameters
The following dimensionless variables and parameters are used to transform the
problem from dimensional equations to dimensionless equations;

ux v* Upy* Uk*

vQo T*—T& t*ud
u:_yv:_) y:_fQ: 2 ) :* *lt: ’k:_2’
Uy v UgpCp Tw—Teo v v

c*—ce c B2 ——
Q= X p='“_1’orpr=3, M=UOU G=VgﬁT(w ) GC—

TCL-Ce T k puz ' T ud :
v9Be(Ci=C) | _vke ¢ _ Di(Tiy=Teo) _Qv? _av
U3 c U2’ 0 — * PR - 2 a= 2
0 0 v (Cw—Coo) kU U
_U§ __ 160a*v T3 v _ u?
A=—F=———,5=7 E =——"=
v KUZ D Cp(Tyy —T5)

(3.16)
3.3 Transformation of the Problem
The transformation process of the problem starts by substituting relevant
dimensionless variables and parameters into the governing dimensional partial

differential equations as well as the boundary conditions to obtain the
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dimensionless temperature, concentration, velocity as well as skin friction,
Nusselt number and Sherwood number.
3.4 Analytical Procedure
The non-linear differential equations governing the flow with their
corresponding boundary conditions are solved in exact form using Laplace
transform technique.
3.4.1 Laplace Transform Technique
To solve differential equations by Laplace transforms, four (4) distinct stages
are observed:
e Rewrite the equation in terms of Laplace transform with one of the
variables taken as a dummy variable.
e Apply the initial conditions.
e Rearrange the equation algebraically to give the transform of the solution
e Determine the inverse transform to obtain the general solution.

This procedure is used to solve the models in subsequent chapters.
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CHAPTER FOUR
UNSTEADY BOUNDARY LAYER FLOW PAST A VERTICAL PLATE
IN THE PRESENCE OF TRANSVERSE MAGNETIC FIELD AND

HEAT SOURCE EMBEDDED IN A POROUS MEDIUM

4.1 Introduction

An investigation into the unsteady boundary layer flow past a vertical plate in
the presence of transverse magnetic field and heat source embedded in a porous
medium is studied. The fluid under consideration is gray gas which absorbs or
emits heat. The governing differential equations are transformed using suitable
dimensionless parameters. The dimensionless equations were solved using the
Laplace transform technique and results illustrated graphically for the velocity,
temperature and concentration profiles as well as the Skin friction, Sherwood
number and Nusselt number. The study concludes by exploring the effects of
certain controlling parameters on the flow and how these can be used to control

the flow kinematics.
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4.2 Mathematical Formulation of Unsteady Boundary Layer Flow Past a
Vertical Plate

Consider the unsteady boundary layer flow past a vertical plate in the presence
of transverse magnetic field and heat source embedded in a porous medium. In
addition to the general models’ assumptions in chapter three, the flow is assumed
to be in the x* — axis direction which is taken along the vertical plate in the
upward direction. At time t* > 0, the plate is exponentially accelerated with a
velocity u* = Uye®t in its own plane and the plate temperature is raised
linearly with time t and the level of concentration near the plate is raised to C,,.

The physical system of the flow is shown in fig. 4.1.

48



UNIVEERSITY FOR DEVELOPMENT STUDIES

h;j

Y

/1
\<

www.udsspace.uds.edu.gh

*

>

velocity, thermal
and concentration
boundary layers

[RLEULRRRNN
IALRRRRRRNY

Figure 4. 1 Flow configuration and coordinate system

Under these assumptions, the boundary layer equations governing the unsteady

flow process can be modeled as shown in the following sections:

4.2.1 The Continuity Equation of Unsteady Boundary Layer Flow Past a
Vertical Plate

The continuity equation of fluid flow is derived in (3.3) as

Dp
Dt*

+pV.U* =0

Considering the substantial derivative (3.1)
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D 9 + a a a
pt*  at* = 9x* dy* = 9z*

% = 0 since the problem is two-dimensional (2D) hence (3.1) reduces to

(4.1)

A A

With corresponding 2D velocity field, U =U"i+V j and its divergence

=

o+ 0
o

V:a i+ay

For incompressible fluid, % = 0 (i.e. the density following the path of a fluid

element is constant) and by dividing through by p, (3.3) becomes V.U* = 0

Hence continuity equation given in equation (4.1) now simplifies to

ou* ov*
w Tay =0 4.2)

Since the plate is infinite along the x* — direction, all the physical variables are
functions of y* and t* only.

Hence the continuity equation in (4.2) reduces to

ov*

= 4.3)

4.2.2 The Momentum Equation of Unsteady Boundary Layer Flow Past a
Vertical Plate

From the Navier-Stokes equation in (3.8)
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ou* ou* ou* op o%u*
p( +u +v )=— +U— T P&

at* ax* ay* ax* ady
. . dap ou* ou*
one introduces the fluid pressure, — oo = U TV 3" thermal buoyancy,

g, (T *—T_*), concentration buoyancy, 95:(C*-C*,) , magnetic force,
oB3u* and porosity term, kv_*u* into the flow field (3.8) reduces to the

momentum equation

ou*  ou* oB? v
$=Vay*z + 95, (T*-T,*)+ gﬂc(C*—C*w)—TOU*—FU*- (4.4)

4.2.3 The Energy Equation of Unsteady Boundary Layer Flow Past a
Vertical Plate
The rate of change of energy inside the fluid element for incompressible viscous

fluid flow was derived in as (3.12):

De* . a%T*  9%r*  9°T*
pﬁ =pqT K(ax"2 + ay*2 + 62*2) to

In (3.12), the left hand side represents the material derivative whilst the right
hand is the rate of change of energy inside the fluid element.

Thus equation (3.12) can be expanded in 2D as

oT* oT* or* a%r*  or*
o T (u o T vay*) (6x*2 + 6y*2) to (4.5)
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Since the flow is along the x* — direction, all the physical variables are
functions of y* and t* only. Hence for the unsteady flow with magnetic field and

radiative heat flux, (4.5) is modified to become

* 2T % 0 2
T G0 L0 uguy, B (4.6)
ax T yr m, ax g, o,

4.2.4 The Concentration Equation of Unsteady Boundary Layer Flow Past
a Vertical Plate

The concentration equation was derived in (3.15) in vector form as

%€ — pv2c* + 7
ot

In components form, (3.15) is modified to become

6C*_ DGZC*
at*_ 5')/*2 N

Ke (C*-C*)) 4.7

Summary of boundary layer model of flow past a vertical plate is

NT_ ) (4.3)
ay*
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ou*  ou* oB? %
oy +08 (T*-T,%)+ gﬂc(C*—C*w)——"U*—FU* (4.4)
* 2T % 0 2
8T*:aa'l;2_ 1 q;_ Q (1o )y By @.6)
ot oy* pe, dy* g, £,
* 20 %
i’ct:* - Daayiz ~ K. (C*-C*)) (4.7)

All the physical variables are defined in the Nomenclature in page xxii.

4.2.5 Associated Boundary Conditions of Unsteady Boundary Layer Flow
Past a Vertical Plate

The associated boundary conditions for the problem are necessary to obtain a
complete solution. Under the assumptions of the problem, the boundary
conditions governing the unsteady flow process are

uw=0T"=Ts C' =Cyforaly >0,t"<0,

U =Upge®t T =Th + (T, —TE)At +, C* =C), aty*=0,t >0, (4.8)

uw -0, T ->Ty C">Cs asy x> oo, t *> 0.
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4.2.6 Dimensionless Transformation of the Problem of Unsteady Boundary
Layer Flow Past a Vertical Plate

The transformation of the problem starts by substituting the necessary dimensionless
variables and parameters into the dimensional continuity equation, momentum
equation, energy equation and the concentration equation. Thus, the dimensionless
variables and parameters in (3.16) are introduced to transform the dimensional
boundary layer equations (4.3), (4.4), (4.6) and (4.7) with boundary conditions (4.8)

to dimensionless equations.

4.2.7 Dimensionless Continuity Equation of Unsteady Boundary Layer
Flow Past a Vertical Plate

The appropriate dimensionless quantities in (3.16) for the continuity equation are

as follows:
_ v_* . av* _ Uydv ov* _ Uydv
Forv = U one has; T o and B = Ty (4.9
Upy* % "
Fory == onehas; y*=-=2 and dy* = — dy (4.10)
v Uy Uo

ov* U,0v U,0v Ué ov
= D00 o Do _ Lo % (4.11)
ay* ay* U—an v Oy

Substituting (4.11) into (4.3) gives the dimensionless continuity equation
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22

(4.12)

4.2.8 Dimensionless Momentum Equation of Unsteady Boundary Layer

Flow Past a Vertical Plate

The suitable dimensionless quantities in (3.16) for the momentum equation are

as follows:
u* ou* Uyou ou* Uyou
u=— :}u*_UOu - — = 2 —_ = 9=
Uy at* at* ay* ay*
t*ud v v
t =—2 =St'= St =it = — 0t
v U Uus
Ugy* v
y = —Oy :}y* = —y :)ay* = — ay
v UO
(4.13)
Now
qu' _ Updu _ Ugdu _ U3 du
ot*  at*  dt v ot
Us
ou* _ Uydu _ Uy,0u _ U¢ du (4.14)

oy* ay* Uioay v ay'

9%u* _ Uj 9%u
ay*2 w2 gy2’

Using (4.13) and (4.14) in equation (4.4), produces the dimensionless momentum

equation;
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Uy3 ou Ug 9%u

[ * T* % BO
=t st 9P (T —TD0 + gBe(Cy — C2)P — = ul, —

v
EuUO.
ou 0%u (Tr — T (o Oo) _ 0B 2y Uyu
=2+ vghr — =0 + vgh, ek
ot ay UO U0 p UO
v U v
__u —
ko °Ud
ou _ 0*u | vgBr(Tw—Tx) vgBc(Chy=C) 0By v?
at  ay? ud o+ U3 @ pU2 u kuou
ou 0%u
T oy + Grf + G, — Myu (4.15)

(4.15) modeled the dimensionless momentum equation.

Where M, =M +%

4.2.9 Dimensionless Energy Equation of Unsteady Boundary Layer Flow
Past a Vertical Plate

Using the Rosseland approximation gives

‘;gr— —4q* o (T2 — T*), (4.16)

where a* = Rosseland mean absorption co-efficient, ¢ = Stefan-Boltzmann
constant and g, = radiative heat flux.
Assuming that the temperature differences with the flow are sufficiently small

such that T** is expressed as a linear function of the temperature. Then by Taylor
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series expansion and neglecting the higher order terms, T** is expressed as a
linear function of the temperature in the form
T** ~ 4T}3T* — 3T} (4.17)

Substituting (4.17) into (4.16) results in

= —aa’o(Ts! — 4TST" + 3759

= —4q" G (4T — AT3T)
= —16a*c(Tet — T2T)

Z—i: = —16a*aT;3(T: — T*) (4.18)

The dimensionless quantities in (3.16) suitable for the energy equation are

differentiated as:

Zz = (T, — TOZ)% and dt* = Uigat
a7 %g(m -5 (4.19)
Similarly 27 = (1, ~ 7:) 22 and ay* = Zay
==L -
3; = Z—" (Tw — T) % (4.20)

Putting (3.16), (4.18), (4.19) and (4.20) in (4.6)
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U_g * * % UO * - *3 * * _L *
2 (T — T 5, > (Tyy oo) + 5 16a"0 T3 (T =T = 2 (T,

T)0 + ZUO,
Cp
26 o<629 16va*o T3 (TE-T*) v oB¢v  u? v
P20, e D) W og I Y gyt p=2
at v 6y2 pCpUg (Tyy—Tx) pCpU§ pCp (Tw—Tx) o«
_ 1 629 16va*o T3 (T, —Ts) Qv oB3v  u? but v = u
T Proy? pCpUE(Tyy—T5) pCpU§ pCp (Tyy—Ts) P
1 626 16v2a*o T3 v oB3v  u? uc
= - - > & ——— put P.=—E
Pr ay uCpUy pCpU; pCp (Tw—Tyx) k
1 926 oB%v u?
= o FO s HO + T
Py 0y Py pCp (Ty—Ty)
109%0 1 oB3v U
== R0+ — -’
P dy?  Pr pU§ Cp(Ty—T)
00 1 026
— F19 + ME u? where F;, = F + H (4.21)
at P, 9y>2

(4.21) modeled the dimensionless energy equation.

4.2.10 Dimensionless Concentration Equation of Unsteady Boundary

Layer Flow Past a Vertical Plate

UNIVEERSITY FOR DEVELOPMENT STUDIES
I
I
Fl-

The appropriate dimensionless quantities in (3.16) are differentiated for the

concentration equation as:

ac* " «y 00 _ v

atr (G 7 g+ T U2 ot

aoc* U0 " o9

L (RS (4.22)
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Similarly

OC* _ (e _ iy 08 P_v
5y — (Cw = Ca) 5= and dy™ = 70y

0C* _ U (e _ ey 32
= €y = €3,

ay* T v w
9%c* U} L)
=y U—Z (Cy —Cx) 37 (4.23)

Putting (3.16), (4.22) and (4.23) into (4.7)

U2 * * aQ)_ UZ * * aij * * *
TO(CW_ OO)E_D_U_Z(CW_ oo)ﬁ_kc(cw_ OO)®I

lJo} D 92%¢ v
=k 50,
ot v ay? ¢y
a9 1 9829

The dimensionless concentration equation is modeled in (4.24).

Now the boundary layer equations governing the unsteady flow past a vertical
plate in dimensionless form are;

ou 0%u .
Erialie + Gré + G, — Mju in (4.15);

2
96 _ 1976 _ P—lple + ME,u? in (4.21);

at P, 0y?
00 _ 1 0%9 .
Eriair kc® in (4.24).
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4.2.11 Associated Dimensionless Boundary conditions of Unsteady

Boundary Layer Flow Past a Vertical Plate

The corresponding dimensionless boundary conditions are now:
u=060=00=0 forall y=>0,t<0;
u=e*,0=1,0=1 at y=0,t>0; (4.25)

u—-0606-00-0 as y-ot>0.

4.3 Analytical Solution of Unsteady Boundary Layer Flow Past a Vertical
Plate

The non-linear differential equations (4.15), (4.21) and (4.24) with boundary
conditions (4.25) are solved in exact form using the Laplace transform
techniques.

4.3.1 Laplace Transform Technique of Unsteady Boundary Layer Flow
Past a Vertical Plate

The Laplace transforms of (4.15), (4.21) and (4.24) and the boundary conditions
(4.25) are given as:

In the temperature (4.21), the Laplace transform of the temperature boundary
conditions is given as;

0(y,00=0 forall y>0,t<0 6(y,0) =0;

0(0,)=1at y=0,t>0 (0, s) :g; (4.26)
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0(y,t) >0 as y—oo,t>0. 6(y,s) - 0.

Where s is a Laplace transform parameter.

Taking Laplace transform of (4.21) gives (See Appendix A2.3)
1 0%6

2oy s8(y,s) +6(y,0) = %9_(3"5) — ME_L[u?].

But u #constant, since u is a function of space and time. i.e. u(y, t).

Also from the boundary condition 8(y,0) =0 forall t < 0, implies

F -—
bk (s+ P—) g = —P.ME, L[u?(y, t)]. (4.27)
The general solution of (4.27) can be written as;
9_(}’;5) = éh()’:s) + ép()’»s)- (428)
Where 8, (y,s) is the general solution of the homogeneous problem.

ép (y, s) is any particular solution of the non-homogeneous problem.

Considering the homogeneous problem of the LHS of (4.27), the general solution

(see Appendix A3.5) is
0,(y,s) =A(s)e INPrstFr 4 B(s)eIVFPrsth (4.29)
Using method of undetermined coefficients, guessing the form of the particular

solution in (4.27) to be
0,(y,s) = 4;
6,(y,s) = 0;

6, (v,s) = 0; substituting into (4.27) gives
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0— (P.s+ F))A=—P.ME, L[u?(y,t)]

A =22 12y, 0). (4.30)

T Prs+F

Adding the particular solution (4.30) to (4.29) gives the general solution

0(y,s)==A(s)e NPrstFi 4 B(s)eyVPrsti 4 BMEe j1 20y 1y, (4.31)

Pps+F;
Since 8(y,t) > 0as y > 0,t >0 = 6(y,s) =0and B(s) = 0in (4.31).

Now (4.31) reduces to

H_(y, S):A(S)e—yx/PrS+F1 + %L[uz (y’ t)] (432)
rS+Fy
00,6) =1 at y=10,t>0 8(0,5) ==

From (4.32), i = A(s) + %L[uz(% t)]

Thus, 6(y, S):(l _ %L[uz(y, t)]) e—VPrstFLy +%L[u2(y, )]

s Prs+F;

1 1

PrS+F1 PTS+F1

e~VPrstiY) (4.33)

Equation (4.33) is the general solution of the temperature model in Laplace
domain whose inverse will be determined later when the velocity function

u?(y, t) is known.

Now considering the dimensionless concentration equation (4.24) which is

2
W_13% o4
ot Scoy
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Subjected to the boundary conditions in Laplace domain:

?(y,00=0 forall y>0,t<0 @(y,0) =;

1

90,t)=1at y=0,t >0 0(0,s) = < (4.34)

B(y,t) >0 as y—->oo,t>0 ?(y,s) - 0.

Taking Laplace of (4.24) (See Appendix (A2.4)) gives

L0 _$B(y,5) + B(y,0)= KB 4.35
S_CW_S s + (y' — Dc¥. ( )
But @(y,0) =0

929 —=

557 ~Sc(s + K)@=0. (4.36)

Equation (4.36) is linear homogenous second order ordinary differential
equation.

The general solution of the homogeneous problem in (4.36) (see Appendix
A3.6) is

B(y,s) = A(s)e IVSes+ScKe | B(s)e¥VSestScKe (4.37)
Since @(y,t) > 0as y—ooo,t>0 @(y,s) =0andB(s) = 0in (4.37).

Then (4.37) reduces to

B(y,5) = A(s)e IV estseke, (4.38)
But 3(0,t) =1 at y=0,t >0 8(0,5) ==

From equation (4.38), % =A(s)
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6(% S): %e— Scs+ScKe y. (439)

Standard inverse Laplace transform of (4.39) is taken from tables in Appendix Il
as well as the use of convolution theorem in Appendix IV. Hence the general

solution of (4.39) (see convolution theorem in Appendix 1V, (A4.3)) becomes

Where erf is the error function; erfc is the complementary error function.

erfc(x) =1—erf(x), erfc(0) =1,erfc(wo) =0, erf(0) =0,

z2

erf(o) = 1, erf(z) = \/iE [Femtde, 2 erf(z) = ine_

oz Vi

Equation (4.40) is general solution for the concentration profile at t > 0.

From the dimensionless momentum equation (4.15) i.e

ou 0%u
Fyie ﬁ-l_ Gr6+GC®—M1u

Subject to the boundary conditions in Laplace domain as:

u(y,00=0 forall y=>20,t<0 u(y0)=0;
u(0,t) =e at y=0,t>0 1(0,s) = —; (4.41)

u(y,t) -0 as y—-oo,t>0 u(y,s) = 0.
Taking Laplace transform of (4.15) results in (see Appendix A2.5)

255 _ —
27‘2‘ — st +u(y,0) = —G,8 — G.B + M, 1.
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But u(y,0) =0

0%u — o = _

37 SU= -G, 0 — G0 + Mju. (4.42)
I8 (s+M)i=—Gd—G.D 4.43
a—yz—(S"‘ D = —G6 — G0 (4.43)

Equation (4.43) is linear non-homogenous second order ordinary differential
equation.

Considering the homogeneous problem of the LHS of (4.43) the general solution
IS (see Appendix A3.7)

Ty (y,5) = A(s)e VsM1Y 4 B(s5)eVs+Miy, (4.44)
Using method of undetermined coefficients, guessing the form of the particular
solution in (4.43) to be

up(y,s) = 4;

up(y,s) = 0;

i, (y,s) = 0; substituting in (4.43) gives

0—(s+M)A==-G.0—G.0
Gr = G =
= m@. (4.45)
Adding the particular solution ((4.45)to (4.44) yields
U(y,s) = A(s)e™VSHMy 4 B(s)eVstMhyy S gy % @ (4.46)

S+Mq S+Mq '

Since u(y,t) > 0as y—-oo,t>0 u(y,s)=0
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From (4.46), B(s) = 0. Now (4.46) reduces to

iy, $) = AT Z0 8+ 00 @.47)

Since u(0,t) =e* at y=0,t>0 = u(0,s) = ﬁ

1 G ~ . Go =
E_A(S) +s+M19 +s+M1®
ﬂ( S):(L_ Gr 9__ Ge 6)6—}1 S+M1+GT 9_+ G @

Y, s—a  s+M; s+M; s+M, s+M,
= 1 -y /fstm (L __ 1 -y[stM Y
uy,s) = s—a® t+G0 (S+M1 s+M, € ' ) + G (s+M1
e ), (4.48)
S+M;

Taking inverse Laplace transform from tables in Appendix Il and the use of
convolution theorem in Appendix IV, the general solution of the velocity

equation (4.48) (see convolution theorem in Appendix 1V, (A4.6) and (A4.8)) is

u(y, ) = = 2@ A erfe (2T ) o

%eatﬂw a+M1€T'fC (Zt—\'az-:/_l\:lﬂ,) + (G’re(y’ t) + G(;(D(y, t)) (e—M1t —

—-M;t J
e "Mterfc (zﬁ))' (4.49)
Equation (4.49) is the general solution for the velocity profile at t > 0.

Where M; = M +%
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d(y,t) =% [e‘ymerfc (%) + eVSeKeer f (%)]

0 (y, t) is yet to be determined.

Now, knowing the general solution of the velocity model, the general solution of
the temperature model can be obtained as;

From the temperature equation in (4.33) which is

0(y,5)=3e VY 4 L[u?(y, O1AME, (o — o e VY,

Pr+Fy  PrtFy
In finding the Laplace transform of the velocity function u?(y, t), the following
properties of Laplace transform are used;
o Lu*(y, 0] # Llu(y, 0] x Llu(y, )] # #*(y, s).
e Ifthe L[u?(y,t)] = L[u(y,t) X u(y,t)] = u%(y, s), then
a2y, s) 1= v, 0).

0(y,s)= %e‘yv”r”‘”1 + %ﬁz(y, s) (1 — e YWPrsth ) (4.50)

Fy
Taking inverse Laplace transform from tables in Appendix Il and the use of
convolution theorem in Appendix 1V.
The general solution of the temperature model (4.50) (see convolution theorem

in Appendix 1V, (A4.11) and (A4.15)) is
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2t F—l—yJP—T 2t F—1+y\/P—r
9(y,t)=% —e‘NF—lerfc \/:ZTT +ey\/F—1€rfc \/:ZTT +

u?(y,t)ME, <e_£rt e Pr erfc (y‘/—>> (4.51)In

In substituting u?(y, t) (see Appendix IV (A4.17)) in the temperature equation (4.51), the
non-linear term 82 (y, t) is considered negligible since an early assumption was made in the
udy when determining the dimensionless temperature model that the temperature
ifferences in the flow are sufficiently small. i.e. if 8(y, t) is small then 82(y, t) becomes
wuch smaller. This conforms in practice because, in engineering practice the emphasis is on
1e effect of sufficiently small change in physical quantities. Hence the general solution of

1e temperature model at t > 0 is

0(y,t) = [1 - MEce_%t (1 —erfc (yJ_)) [ZG G.B(y, t)e 2Mt <1

et (2 e ) o -

emterfe(s f)) (_eat_y,rmler fe <%) N

F1
2t |zL-y /Py
2tya+M,+
edttyyatMigrfe ( . y ] l -e Y\/F—leTfC ZT—\/E +

+7y/Pr _F1
—ey\/F_lerfc \FT + ME_e Prt<1—
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1) e e 5

2Vt

(eT'fC (2\/_)>2> 2aterfc (%) erfc (WZT%)*_

60(y,t) (e7¢ = e Mterfe (2 f))< ot g o (L) o

2
%62(at+%/er) <erfc (H—WD + GZ9*(y, t)e Mt <1 — 2erfc (ZL\/E) +

ettatther fe (—ZTY))] . (4.52)

Where

(D(y,t):H ymerfc (Zt Ky SC)+ey\/merf <2t\/E+y\/S—C>].

F1 F1
2t [5-v\/Pr 2t [21+y. /Py
0(y, t) = byt —%e‘y\/ﬁerfc \/P_;T +%ey\/p—lerfc JP_ZTT

MECe_I%t (1 erfc( J\;)) [1 2(at-y\/a+M;) <erf (%)) +

2
1 y2(at+y @) <erfc (w)) N
4 24/t

2 ) 2
o240t 8 oo o (PE2E) 1 (g o (I (l .
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2erfc (Zy ) (erfc (2\/_))2> 2at g f e (M) erfc (%) n

[ YMerfc (Zt Ky SC) +eyx/Eerfc (Zt‘/K—;}y‘/S—Cﬂ( -Mit _

e Miterfc (ZL\/E)) (‘eat_y‘/merfc (Zt C;"\‘/I_:ll_y) n

T aH My gy £ (%))] _ (4.53)

Where,

b0=1 MEePT 1-—

erfc (y\/_)> [Gche_ZMlt [e‘y\/Rerfc (2t KZC\/—y Sc)

eVVSeKeerfc (%)] (1 — 2erfc (zy ) (erfc (2\/_))2> + G, <e‘M1t -

_ _ 2t\Ja+M,-y
e Miterfc (ZL\/E)) (_eat watMigr fe (Ttl) +

ety atMigy£o (Zt at;wﬁy))l.

Equation (4.53) is the general solution of the temperature profile for t > 0.

However, there is other possible solution if 82(y,t) # 0 but the presence of the
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discriminant, b2 — 4ac in the solution of the resulting quadratic equation makes

6(y, t) not defined for higher physical values of the controlling parameters.

4.4 Dimensionless Fluxes of Unsteady Boundary Layer Flow Past a
Vertical Plate

4.4.1 The Rate of Heat Transfer Coefficient of Unsteady Boundary Layer
Flow Past a Vertical Plate

Having obtained the temperature field, the rate of heat transfer coefficient at
the vertical plate characterised by the Nusselt number can be studied. The effects
of t,,M,F,H,E. and B. on Nusselt number will be considered. In dimensionless

form, the Nusselt number is given by

Flt

a0 1Ec —2M;t— t\Ke
Nu:_ayﬂ) :bOZ[Z\/S_HG ! (\/_(8M1t+12))erfc< o )—

e at

M
% GZe™*tKe=2Mit 4 [ K GZe~*Miterfc (—2”’(7> A

2Vt Vnt
ScKeeMiterfe (ZtJ—)l- (4.54)

4.4.2 The Rate of Mass Transfer Coefficient of Unsteady Boundary Layer
Flow Past a Vertical Plate

Knowing the concentration field, the rate of mass transfer coefficient at the
vertical plate described by the Sherwood number can be studied. The effects of
t,S. and K. on Sherwood number will be examined. In dimensionless form, the

Sherwood number is given by
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= (2 __ VS ,-atk, 2tyKe
sh = (ay) =—1%e +‘/SCKC< L ) (4.55)

y=0

4.4.3 The Skin Friction Coefficient of Unsteady Boundary Layer Flow Past
a Vertical Plate

Also, having obtained the velocity field, it is significant to study changes in the
skin friction due to the effects of the physical parameters t, F, H, M, P, K. and k.
In dimensionless form, the skin friction is given by

Fi

w1 M 2t Py 1 My 2tk
T——5|y=0——ﬁe 4 €TfC 2—\/? +ﬁ€ 4 erfc(z—ﬁ)+

1 oMyt
—=e @ (GO0, 1) + Gy, D). (4.56)

4.5 Results and Discussion

In order to understand the physical dynamics of the problem, the effects of the
controlling parameters on the Temperature (8), Concentration(®) and Velocity
(u) profiles are illustrated graphically using MATLAB.

4.5.1 Graphical Results

4.5.1.1 Temperature Profiles

Fig. 4.2 illustrates the effects of Prandtl number (B.) on the temperature profiles.

Although, smaller value of P. means increasing the thermal conductivities which
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enable diffusion of more heat (Rout & Pattanayak, 2013), the presence of the
magnetic field delay the convection motion of the fluid. Therefore, it is observed
that decreasing B. decreases the temperature of the fluid. Fig. 4.3, 4.4, 4.5 and
4.6 exhibit the effects of Heat absorption parameter (H), Radiation Parameter
(F), Magnetic parameter (M) and Eckert number (E.) on the temperature
profiles. It is observed that increase in either H or F increases the temperature of
the fluid flow. This is true because, in practice the job of thermal radiation is to
increase the thermal boundary layer thickness of a fluid. However, increase in M
or E. decreases the temperature of the flow. This is as a result of the presence of
magnetic field in the flow which produces Lorentz force which decays the

thermal boundary layer thickness.

1.0

P, =2.0,1.5,1.0,0.71

0.8

0.6 —

0.2+

73 y
Figure 4. 2 Effects of P,. on the temperature profiles when G,. = 5,G,. = 5,
t=02k=1K,=15,=2.01,a=0.2E.=2M=2F=2 andH = 2.
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Figure 4. 3 Effects of H on the temperature profiles when G, = 5,G, = 5,
t=02k=1K,=1S5.=201,a=0.2E,=2M=2F=2 andP, =0.71.

Figure 4. 4 Effects of F on the temperature profiles when G, = 5,G,. = 5,
t=0.2k=1K.=15.=2.01,a=0.2,E,.=2,M=2,P.,=0.71 andH = 2
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Figure 4. 5 Effects of M on the temperature profiles when G,. = 5,G. = 5,
t=02k=1K,=15.=2.01,a=0.2,E,=2,P,=0.71,F=2 and H = 2

Figure 4. 6 Effects of E. on the temperature profiles when G, = 5,G,. = 5,

t=02k=1K.=15.=2.01,a=0.2,P,=0.71,M=2,F=2and H = 2
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4.5.1.2 Concentration Profiles

Fig. 4.7 and 4.8 show the effects of Chemical reaction parameter (K.) and
Schmidt number (S.) respectively on the concentration profiles. It is observed
that an increase in the chemical reaction parameter, K. decreases the
concentration boundary layer thickness. Also, it is observed that the
concentration distribution increases at all points of the flow field with increasing

values of S..

0.98 K.=05,1,15,20

0.84
0.70
0.56
042 |
0.28

0.14

Figure 4. 7 Effects of K. parameter on the concentration profiles when
t=0.2and S, = 2.01.
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S, =1,5,10,15

Fig. 4.8 Effects of S, on the concentration profiles when

K.=1andt=0.2.

4.5.1.3 Velocity Profiles

Fig. 4.9 — Fig. 4.14 illustrate the effects of K., S., G., P.,M and G, on the
velocity profiles respectively. It is observed that an increase in either K., M or
G, leads to decrease in the velocity of the fluid flow whilst an increase in G,., B-

or S, leads to increase in the velocity of the flow as depicted in the diagrams.
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4 K.=0.5,1.0,15,2.0

0.5

1
y

Figure 4. 9 Effects of K. on the velocity profiles when G, = 5,6, =5, E,. = 2

t=0.2k=1S5.=2.01,a=0.2P,.=0.71,M=2,F=2andH =2

Figure 4. 10 Effects of M on the velocity profiles when G,. = 5,G,. = 5,
t=0.2k=1K.=15.=2.01,a=0.2,P.,=0.7,E.=2,F=2andH =2



@ UNIVEERSITY FOR DEVELOPMENT STUDIES

www.udsspace.uds.edu.gh

Gr=5, 10, 15, 25

Figure 4. 11 Effects of G,. on the velocity profileswhen M = 2,G,. = 5,
t=02k=1K.=15.=2.01,a=0.2,P,=0.71,E,=2,F=2and H = 2

Ge=5, 10, 15, 25

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Figure 4. 12 Effects of G, on the velocity profileswhen M = 2,G,. = 5,
t=02k=1K.=15.=2.01,a=0.2,P,=0.71,E.=2,F=2andH =2
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P, =0.71,1.0,1.5,2.0

Figure 4.13 Effects of P,. of on the velocity profiles when M = 2,G,. = 5,
t=02k=1K.=15.=2.01,a=0.2,6G.,=5E.=2,F=2andH =2

S¢ =1,10,15,20

Fig. 4.14 Effects of S, on the velocity profileswhen M = 2,G,. = 5,

t=02k=1K,=1P,=0.71,a=0.2,6,=5E, =2, F=2and H =2
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4.5.1.4 Nusselt Number Profiles

Fig. 4.15, 4.16, 4.17, 4.18 and 4.19 show the effects of Prandtl number (2.),
Magnetic parameter (M), Eckert number (E.), Radiation parameter (F) and Heat
absorption parameter (H) on the Nusselt number profiles respectively. It is
observed that increase in M or E,. leads to decrease in the Nusselt number whilst

increase in either B. or F or H leads to increase in the Nusselt number.

2 T T T T

. P=20,15,1.0,0.71
141

121

Nu

0.2 [

UNIVEERSITY FOR DEVELOPMENT STUDIES
I

Figure 4. 15 The effects of P,. on the Nusselt number profiles when M = 2,
t=0.2k=1,K. =1, G,=5E.=2F=2andH =2
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0.2 _
0 62 64 66 68 ‘l 1‘2 1‘4 1‘6 1‘8 2

t
Figure 4.16 The effects of M on the Nusselt number profiles when P,. = 0.71,
t=02k=1K,=1, G.=5E,=2F=2andH =2
1.2 [ 1
Nu

Figure 4. 17 The effects of Ec on the Nusselt number profiles when P,. = 0.71,
t=02k=1K. =1, 6G.=5 M=2F=2andH =2
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1.2
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0.8
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0.4

0.2

F=2,46,8

Figure 4.18 The effects of F on the Nusselt number profiles when P,. = 0.71,

t=0.2k=1K, =1, G, =5E,=2F=2andH =2
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0.6

0.4

0.2

Figure 4. 19 The effects of H on the Nusselt number profiles when P,. = 0.71,

t=02k=1K,=1 6.=5E,=2F=2and M = 2.
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45.1.5 Sherwood Number Profiles

Fig. 4.20 and 4.21 show the effects of Schmidt number (Sc) and Chemical
reaction parameter (Kc) on the Sherwood number profiles respectively. It is
observed that an increase in Sc results in increase in the Sherwood Number whilst

increase in Kc decreases the Sherwood number profile.

Sh

S.=1,5,10,15

1
t

Figure 4. 20 Effects of on the Sherwood number profiles when t = 0.2 and K, = 1.
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Kc=0.5,1,1.5,2.0

Figure 4. 21 Effects of Kc on the Sherwood number profiles when ¢t = 0.2 and 5, = 2.01.

45.1.6 Skin Friction Profiles

Fig. 4.22 and 4.23 show the effects of permeability of porous medium (k) and
Magnetic parameter (M) on the Skin Friction coefficient respectively. It is
noticed that an increase in M results in decrease in the Skin Friction coefficient

whilst increase in k results in increase in the Skin Friction coefficient.
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k=0.5,1.0,152.0

Figure 4. 22 Effects of k on the Skin Friction coefficient when

t=02 K.=1,H=2, F=2P.=0.71and M = 2.

Figure 4.23 Effects of M on the Skin Friction coefficient profiles when

t=02 K,=1,H=2, F=2,P,=0.71and k = 1.
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4.5.2 Numerical Results

Table 4.1-4.3 show the behaviour of skin friction coefficient, —u'(0),
Sherwood number, —@'(0) and Nusselt number, - 8’(0) for various values
of time (t), magnetic parameter (M), dimensionless chemical reaction parameter
(K.), Eckert number (E.), Eckert number (E.), Schmidt number (S,.), Prandtl
number (PB.), radiation parameter (F), dimensionless permeability of porous
medium and heat absorption coefficient (H). From Table 4.1, it is noted that the
skin friction coefficient, —u'(0) decreases for increasing values of t, M, B. and
k. but increases with increasing values of k, F and H. From Table 4.2, Sherwood
number, —@’(0) decreases with increasing values of t and k. but increases with
increasing values of S.. From Table 4.3, Nusselt number , - 8'(0) decreases
with increasing values of t, M, E. but increases with increasing values of and
Pr,F,G.,, K.and S,.

In order to measure the accuracy of the results obtained, comparison of the
present study is made with results of Chamkha et al. (2016) which shown a good

agreement in Table 4.4.
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Table 4. 1:The Skin friction coefficient, -u' (0) at the wall, for various values
oft, M,k,F,H,P, and K.

g UNIVEERSITY FOR DEVELOPMENT STUDIES

t M k F H P, K. —u'(0)
0.2 1.0 1.0 1.0 1.0 1.0 1.0 0.1194
0.4 1.0 1.0 1.0 1.0 1.0 1.0 0.0894
0.6 1.0 1.0 1.0 1.0 1.0 1.0 0.0671
0.2 1.5 1.0 1.0 1.0 1.0 1.0 0.1053
0.2 2.0 1.0 1.0 1.0 1.0 1.0 0.0930
0.2 2.5 1.0 1.0 1.0 1.0 1.0 0.0820
0.2 1.0 |2 1.0 1.0 1.0 1.0 0.1353
0.2 10 |4 1.0 1.0 1.0 1.0 0.1440
0.2 1.0 |6 1.0 1.0 1.0 1.0 0.1469
0.2 1.0 1.0 2 1.0 1.0 1.0 0.1942
0.2 1.0 1.0 2.5 1.0 1.0 1.0 0.2222
0.2 1.0 1.0 3 1.0 1.0 1.0 0.2458
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0.2 1.0 1.0 1.0 2 1.0 1.0 0.1942
0.2 1.0 1.0 1.0 2.5 1.0 1.0 0.2222
0.2 1.0 1.0 1.0 3 1.0 1.0 0.2458
0.2 1.0 1.0 1.0 1.0 0.71 1.0 0.1826
0.2 1.0 1.0 1.0 1.0 1.0 1.0 0.1194
0.2 1.0 1.0 1.0 1.0 1.5 1.0 0.0473
0.2 1.0 1.0 1.0 1.0 1.0 0.2 0.3108
0.2 1.0 1.0 1.0 1.0 1.0 0.4 0.2434
0.2 1.0 1.0 1.0 1.0 1.0 0.6 0.1937
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and K.
t S, K, —0'(0)
0.2 1.0 1.0 1.0141
04 1.0 1.0 0.8126
0.6 1.0 1.0 0.8047
0.2 0.2 1.0 0.4535
0.2 0.4 1.0 0.6414
0.2 0.6 1.0 0.7855
0.2 1.0 0.2 1.1645
0.2 1.0 0.4 1.0950
0.2 1.0 0.6 1.0490
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Table 4. 3:The Local Nusselt number, -0' (0) at the wall, for various values

oft M,E.,G.,F,P,, K., S, whenk=1andH =1

@ UNIVEERSITY FOR DEVELOPMENT STUDIES

t M E, G, F P, K, S, -6'(0)
0.2 1 1 1 1 1 1 1 1.7623
0.4 1 1 1 1 1 1 1 0.6154
0.6 1 1 1 1 1 1 1 0.2877
0.2 2 1 1 1 1 1 1 0.6075
0.2 4 1 1 1 1 1 1 0.0482
0.2 6 1 1 1 1 1 1 0.0037
0.2 1 0.2 1 1 1 1 1 1.0574
0.2 1 0.4 1 1 1 1 1 0.7049
0.2 1 0.6 1 1 1 1 1 0.3525
0.2 1 1 5 1 1 1 1 0.6611
0.2 1 1 7 1 1 1 1 0.6943
0.2 1 1 9 1 1 1 1 1.3111
0.2 1 1 1 2 1 1 1 0.000052
0.2 1 1 1 4 1 1 1 0.0056
0.2 1 1 1 6 1 1 1 0.6075
0.2 1 1 1 1 0.71 1 1 0.0898
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0.2 1 1 1 1.0 1 1 0.6075
0.2 1 1 1 1.2 1 1 0.3251
0.2 1 1 1 1 0.2 1 0.0458
0.2 1 1 1 1 0.4 1 0.1192
0.2 1 1 1 1 0.6 1 0.2338
0.2 1 1 1 1 1 2 0.3372
0.2 1 1 1 1 1 3 0.4107
0.2 1 1 1 1 1 4 0.4778

g UNIVEERSITY FOR DEVELOPMENT STUDIES

Table 4. 4:Comparison of results for a reduced Nusselt number (-0(0)) when

M=E,=0.
Pr Chamkha et al.(2012) Present study
0.71 0.5694 0.5689
1.0 0.6295 0.6294
3.0 0.6727 0.6718
10 0.9978 0.9967
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4.6 Conclusion

The MHD unsteady boundary layer flow in the presence heat generation in
porous medium has been investigated. The non-linear partial differential
equations have been modeled and transformed to dimensionless differential
equations using the dimensionless variables. The Laplace transform techniques
were employed to solve the resulting dimensionless differential equations
directly and results illustrated graphically. From the results obtained, the
following conclusions can be drawn:

The thermal boundary layer thickness diminishes with the magnetic parameter
(M) or Eckert number (Ec) but increases with the Prandtl number (Pr) or the heat
absorption parameter (H) or the radiation parameter (F).

The concentration boundary layer thickness increases with the Schmidt number
(S.) whilst the chemical reaction parameter (K) causes a reduction in the species
concentration in the fluid.

The velocity of flow decreases with increase in either Chemical reaction
parameter (K.) or Magnetic parameter (M) or Mass Grashof number (Gc) but
increases with an increase in Grashof number (Gr) or Schmidt number (Sc).
The Nusselt number decreases in either Magnetic parameter (M) or Eckert
number (Ec) but increases with increase in the Prandtl number (Pr) or Radiation

parameter (F) or Heat absorption parameter (H).
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The Sherwood number decreases with time (t) or the chemical reaction
parameter (Kc) but increases with the Schmidt number (Sc).

The Skin Friction coefficient decreases with increase in time (t), Magnetic
parameter (M), Prandtl number (Pr), Chemical reaction parameter (Kc) but
increases with increase in Permeability of porous medium (k), Radiation

parameter (F) and Heat absorption parameter (H).
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CHAPTER FIVE
UNSTEADY HYDROMAGNETIC CONVECTIVE HEAT AND MASS
TRANSFER PAST AN IMPULSIVELY STARTED INFINITE
VERTICAL SURFACE WITH NEWTONIAN HEATING IN A POROUS
MEDIUM

5.1 Introduction

In this chapter, unsteady hydromagnetic convective heat and mass transfer past
an impulsively started infinite vertical surface with Newtonian heating in a
porous medium is studied. Three (3) fluids are considered in this study namely
air, electrolyte solution and water. These fluids physical Prandtl numbers ( air
(Pr =0.71), electrolyte solution (Pr = 1.0) and water ( Pr = 7.0)) in practice are
used for the analysis. The governing differential equations are transformed using
suitable dimensionless parameters. The dimensionless equations are solved using
the Laplace transform techniques and results are illustrated graphically for the
velocity, temperature and concentration profiles. Numerical results are also

provided for the Nusselt number, Skin friction and Sherwood number.
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5.2 Mathematical Formulation of Unsteady Hydromagnetic Convective
Heat and Mass Transfer

Consider the unsteady hydromagnetic convective heat and mass transfer past an
impulsively started infinite vertical surface with Newtonian heating. In addition
to the models’ assumptions, the flow is assumed to be in the x* — axis direction
which is taken along the plate in the vertical upward direction. At time t* > 0,
the plate is subjected to an impulsive motion in vertically upward direction with
a uniform velocity U, and at a temperature T, and the concentration level near

the plate is raised to C,, . The physical system of the flow is shown in Fig. 5.1.

* i

d

X

velocity, thermal and

AN
NN
|

concentration boundary

-

VN

Tw T* 7+ layers

Cw Cc* c
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\
\

-

Impulsively started

L J

W
\\

Figure 5. 1 Flow configuration and coordinate system
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The boundary layer equations governing the unsteady flow process can be

modeled as shown in the following sections:

5.2.1 The Continuity Equation of Unsteady Hydromagnetic Convective
Heat and Mass Transfer
Since the plate is infinitely along the x* — direction, all the physical variables

are functions of y* and t* only aand hence the continuity equation was derived

in (4.3) as
ov*
3y 0

5.2.2 The Momentum Equation of Unsteady Hydromagnetic Convective
Heat and Mass Transfer
The momentum equation was derived in (3.8) as

ou* ou* ou®y _ 0p 0%u*
p(Grtust+vis)=—E+uss+og

: . 2 out | ou
Introducing the fluid pressure, _a_:*:ua_;"'va_;*’ thermal buoyancy,

g/, (T *—T.*), concentration buoyancy, 9. (C*~C*,) and magnetic force,
oB2u* into the flow field in (3.8) reduces to the momentum equation

ou*  ou* B, .
F=VW+gﬁT(I'*—Tw*)+g,BC(C*—C*w)— ©-u (5.1)
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5.2.3 The Energy Equation of Unsteady Hydromagnetic Convective Heat
and Mass Transfer

In (3.12), the energy equation was derived as

oT* aT* oT* oT* a%T* = 9%T* = 9%T*
v T o ( )
o T (u o T Vo T az*) oxz T2t oz) T o

Since the flow is along the x* — direction, all the physical variables are the
functions of y* and t* only. Hence for the unsteady flow with magnetic field and

radiative heat flux, (3.12) is modified to become

oT* | ofT* 0 .
PCoon K oyw ™ aﬁinéu 2 (52)
5.2.4 The Concentration Equation of Unsteady Hydromagnetic Convective

Heat and Mass Transfer

The concentration equation was derived in vector form in (3.15) as

%€ — pveCct 47
at

In component form, (3.15) is modified to become

* 20 % .
aaft:* - D%—KC(C*—C*W) (asin (4.7)).

Now the boundary layer equations governing the unsteady flow process modeled

in dimensional form are

ov* .
3y 0 (asin(4.3)).
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au*  plu* oB,” .
F:VW_FgIBT(T*_Tw*)+gﬁC(C*_C*oo)_ U (5.1)

* 2r+ O
pcpg* = kgyzz - ;; +oBgu™, (5.2)

oc*_ oc*
8t*_ ay*Z

~Kc(C*—C*,)-

5.2.5 Associated Boundary Conditions of Unsteady Hydromagnetic
Convective Heat and Mass Transfer

Under the assumptions of the problem, the boundary conditions governing the
unsteady flow process are

u'=0 T =Ty C"=Cs forall y">0, t*<0;

u'=U0,T" =T, C"=C, at y"=0, t*>0; (5.3)

uw—-0T" ->Ty, C°>C; as y* = oo, t" > 0.

5.2.6 Dimensionless Transformation of Unsteady Hydromagnetic
Convective Heat and Mass Transfer

The dimensionless temperature, concentration, velocity as well as skin friction,
Nusselt number and Sherwood number are obtained using the following

dimensionless parameters.

99



UNIVEERSITY FOR DEVELOPMENT STUDIES

www.udsspace.uds.edu.gh

5.2.7 The Dimensionless Variables of Unsteady Hydromagnetic Convective
Heat and Mass Transfer

The dimensionless equalities in (3.16) similar to dimensionless parameters used
by Narahari et al. (2011), Sharidan et al. (2014), Chaudhary et al. (2006) are

introduced.

5.2.8 Dimensionless Continuity Equation of Unsteady Hydromagnetic
Convective Heat and Mass Transfer

The dimensionless continuity equation was derived in (4.12) as

oo
oy

5.2.9 The Dimensionless Momentum Equation of Unsteady Hydromagnetic
Convective Heat and Mass Transfer
Substituting the partial derivatives of the dimensionless quantities for the

momentum equation in (4.9), (4.13) and (4.14) into (5.1) give

U03 ou Ug 92u % % * * O-BOZ
ou 0%u (T 0By%v Uyu

_ % - T%) (= Coo) &
ot ay? + vgPBr ug 0+ vgB. e 0) P v3’

ou 92%u vgBr(T—TE) vgB(Cl— C) 0By%v
=2¥ 9BT V: ) 0 + 9Bc w3 ) Q) _ o2
at dy? Ug Uy pUS
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ou 0%u
Fyie 92 + Gro + G.0 — Mu. (5.4)

5.2.10 The Dimensionless Energy Equation of Unsteady Hydromagnetic
Convective Heat and Mass Transfer
Using Rosseland approximation in (4.18) and by substituting the partial

derivatives of the dimensionless quantities for the energy equation (4.19) and

wh (4.20) into (5.2) gives
=
5 U (- T) 28 = 28 (7 )—+—16 Tos (T, — T)+ u*Us
E v VW ©/ 9t~ ppv? «© a’o 0,
L]
— ‘3
'z, 96 _ 1 6 6 16va* 0Ty (Too—T) + U2U2 #
E at  P,ay? pCpUE(Tyy—Tds) pcp 0 y2(Ty-T%)
y
(] _ 10%  1e6va’ OTE3 (T —T) GBO u? . _u
- =t om0 oo WU Gy Since v=1
-
E‘l 10%0  16v*a’oTy oB2, Ug w2,
o Py 9y? HCpUG pU§ Cp(Tyy Ty
2
: _ 10%  16v’a’oTy
E = b ay? —PrkUO 0 + ME, u?
=
00
i =126 _ 5 FO + MEu?
= P, 0y?2
2
926
=L (6—2 - Fe) + ME 2. (5.5)
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5.2.11 The Dimensionless Concentration Equation of Unsteady
Convective Heat and Mass Transfer

Since the concentration boundary layer equation is the same as in (4.7), by
substituting the partial derivatives of the dimensionless quantities for the

concentration equation in (4.22) and (4.23) into (4.7) resulted in

0 _ 10%

5 = s0ay7 k:® (see (4.24)).

Now the boundary layer equations governing the unsteady flow process modeled

in dimensionless form are (5.4), (5.5) and (4.24).

5.2.12 Associated Dimensionless Boundary Conditions of Unsteady
Hydromagnetic Convective Heat and Mass Transfer

The corresponding boundary conditions in dimensionless form are

u=0 6=0 @=0forally>0,t<0;

u=1 6=0 ¢=1 forally=0,t>0; (5.6)

u->0 6-0 @0->0asy—-oo,t>0.
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5.3 Analytical Solution of Unsteady Hydromagnetic Convective Heat and
Mass Transfer

The non-linear differential equations (5.4), (5.5) and (4.24) with boundary
conditions (5.6) are solved in exact form using Laplace transform technique as

shown below.

5.3.1 Laplace Transform Technique of Unsteady Hydromagnetic
Convective Heat and Mass Transfer
In the energy model (5.5) subject to the boundary conditions in (5.6)

In Laplace domain, the boundary conditions can be written as:

0(y,0)=0 forall y>0,t<0 6(y,0) = 0;
6(0,t) =0 at y=0,t>0 6(0,s) = 0; (5.7)
0(y,t) >0 as y—>oo,t>0 6(y,s) - 0.

Taking Laplace transform of (5.5) results in

1 920 = F = 2
P—ra—ﬂ—se(y,s)+0(y,0) =P—r9(y,s)—MECL[u ]. (5.8)
Also from the boundary condition 8(y,0) =0 forall t <0, implies
bk (s + Pi) g = —P.ME, L[u?(y, t)]. (5.9)
Considering the homogeneous problem of the LHS of (5.9), the general solution
IS
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0,(y,s) =A(s)e YVPrstF 4 B(s)eYVPrstF (5.10)
Using method of undetermined coefficients, guessing the form of the particular

solution in (5.9) to be

6,(,5) = 4;

6, (y,s) = 0;

6, (v,s) = 0; substituting in (5.9) gives
0— (Ps+F)A=—P.ME, Llu?(y,t)]

A =M 2y, 0)]. (5.11)

T Pps+F

Adding the particular solution (5.11) to (5.10) gives the general solution

0(y,s)==A(s)e WPrstF 4 B(s)eVPrstF 4 IMEe 20y, 1], (5.12)

Prs+F
Since 8(y,t) > 0as y >0, t >0 = O(y,s) =0and B(s) = 0in (5.12).

Now (5.12) reduces to

0(y,s)=A(s)e IVPrstF 4 %L[uz(y, )]. (5.13)
0(0,t)=0 at y=0,t>0 6(0,s) =0

From (5.13), 0 = A(s) + %L[u2 (v, t)]

-y Prs+F 1

6(y,s)=—L[u*(y,t)|P-ME, - Pys+F LI, D17 ME, Prs+F’ (5.14)
_ _ 1 1
0(y,s) =u*(y,s)P.ME, (m ~oerr € YN Prs+F ) (5.15)

Equation (5.15) is the solution of the temperature model in Laplace domain.
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Again, the velocity term is coupled in the temperature equation, the general
solution of the velocity equation is obtained upon which the general solution of

the temperature equation can be determined.

Now considering the dimensionless concentration equation (4.24) which is

%:iﬁ_}(c¢
ot Scoy? '

Subjected to the boundary conditions in Laplace domain:

@(y,0)=0 forall y,t<0 3(y,0) = 0;
0(0,t) =1 at y=0,t>0 6(&5):%;
d(y,t) >0 as y->oo,t>0 ?(y,s) = 0.

Also, since the concentration boundary conditions is the same as in (4.34), the

general solution of the concentration profile at t > 0 (see (4.40)) is

@y, t) =§ [e‘ymerfc (%) + ey\/merfc (%&y\/sﬁ)]

Similarly, in momentum model (5.4) subject to the boundary conditions in (5.6).

In Laplace domain, the momentum boundary conditions can be written as:

u(y,0)=0 forall y=0,t<0 u(y0)=0;
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u(0,t) =1at y=0,t>0 1(0,s) == (5.16)

u(y,t) -0 as y—-o,t>0 u(y,s) = 0.

Taking Laplace transform of (5.4) results in

o2u  _ ~ — _

a—ylzl —su+u(y,0) =—-G.0 —G.0 + Mu.
But u(y,0) =0
0N _ s =G0 — G,B + Mi 17
3z Su= —-G,0 — G0 + Mu. (5.17)
a%u _ = —
37 (s+M)u=—-G,0—G.9. (5.18)

Equation (5.18) is linear non-homogenous second order ordinary differential
equation.

Considering the homogeneous problem of the LHS of (5.18) the general solution
is

i, (y,s) = A(s)e ™ VVstM 4 B(s5)eYVs+M (5.19)
Using method of undetermined coefficients, guessing the form of the particular
solution in (5.18) to be

up(y,s) = 4;

up(y,s) = 0;

i, (y,s) = 0; substituting in (5.18) gives

0—(s+MA==-G6-G.0
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Gr A~ Ge
S+M S+M

A= Q. (5.20)

Adding the particular solution (5.20) to (5.19) yields

u(y,s) = A(s)e ™ VVStM 4 B(s)eYVstM + L & g+ e 3. (5.21)

s+M s+M
Sinceu(y,t) »0as y—-oo,t>0 u(y,s)=0

From (5.21), B(s) = 0. Now (2.21) reduces to

—yVs+M G 3
u(y,s) = A(s)e +-5 o 0+ -y . (5.22)
Sinceu(0,t) =1 at y=0,t>0 = 1u(0,s) =1
Ge
1= S+M 0

2y 5) = (1= — 5§ ) e-V5FH 4 5 g 4 G
u(y,s)—(l -2 ) e+ gy 2

s+M Ss+M s+M
\f 1 — v/
W(y,s) = e 4 6,0 (5~ e ) + 6B (5 -
1 _yVsFM
S+—Me Vs ) (523)

Taking inverse Laplace transform of (5.23), the general solution (see convolution

theorem in Appendix IV, (A4.4) and (A4.8)) is

2

u(y,t) = z_y_\/_t +G B(y,t)( t_e~ erfc(zv_)>+

Gc(b(y,t)(e‘m—e erfc(\/_))
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2

u(y,t) = yez_:\/%m + (G003, ) + G.B(y,1)) (e‘m — e Mterfc (2\/_)> (5.24)

Equation (5.24) is the general solution for the velocity profile at t > 0.
Now, knowing the general solution of the velocity model, the general solution of
the temperature model can be obtained as;

From the temperature equation in (5.15) which is

0(y,s) = u*(y,s)BME, ( L v PTS+F)_

Prs+F Prs+F
Taking inverse Laplace transform of (5.15) from tables in Appendix Il and the
use of convolution theorem in Appendix IV, the general solution (see,

convolution theorem in Appendix 1V, (A4.12) and (A4.15)) is

0(y,6) = u2(y, )ME, (e_:rt e Prlerfc (”_ )) (5.25)

In substituting u?(y, t) (see Appendix IV, (A4.19)) in the temperature equation
(5.25), the non-linear term 82(y, t) is considered negligible since the temperature
differences in the flow are sufficiently small. Hence, the general solution of the

temperature model is
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2

F —tM
0(y,t) =|1— ME.e Pr (1 —erfc (;«/?)) ye\/% G, (e‘Mt —

-1

e” erfc( f)) + 2G,G.B(y, t)e Mt (1 —erfc (ZL\/E))Z] MECe_Pirt <1 —

2 2
—2tM Y tM
erfc (y“/_)> [ 6423 + ye\/% G.D(y,t) (e‘Mt —e Merfc (zf)) +

2
Ge0% 0 De (1 -erfe (ZL\/E» ] | (5.26)
But B(y, t) == |e VSeKeer fc (M) + eSeKeorfe (M)]
2 | 2\/? Zﬁ
| —at pr— ze—g—zm
6(y,t) = a;' [ME.e Pr <1 — erfC<2\/?r)> 4 e

2
X G e e (B2 4 iRy o (e ) (oo

e erfc( \/_))+ GZe ‘ZMt[ yVSCKCerfc<2t Ky SC>+

eY\/Eerfc (%\;‘%}/\/S—c)] (1 —erfc (%))2] : (5.27)
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Where

i v/ Pr ye_%_tM _Mt
apg=1—ME_.e Pr ( erfc( ﬁ>> Npes G, (e -
e- erfc( \/_)) +G,G e—ZMt[ “ySKeer fc <2t K=y Sc> n

o Tarye (M| 1 ()|

Equation (5.27) is the general solution of the temperature profile for t > 0.

Other possible solution exist for 82(y,t) # 0 but limited in application in
practice due to the presence of the discriminant in the solution of the resulting
quadratic equation which makes 6(y, t) not defined for higher values of the

controlling parameters.

Knowing the temperature model, other possible solutions exist for the velocity

model in (5.24) as follows.

5.3.2 Other Possible Solutions for velocity model

Since Prandtl number is ratio of momentum diffusivity to thermal diffusivity of
the fluid, B- = 1 refers to those fluids whose momentum and thermal boundary
layer thickness are of magnitude of the same order, and the temperature 6(y, t)
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solution in (5.26) is valid for all values of B. except B. = 0, which is not
practically possible. Other possible solutions of the velocity model are:
Case 1. WhenPB. =1and S, =1

ye 4—t
2Vmt3

[
u(y,t) = +|l1 ME, e‘Ft 1-—

2
Y2 _m

erfc (2\/_)> %Gr (e‘Mt —e Mterfc (2%/?)) +

G,G.e™?Mt [e‘y\/zerfc (—Zt‘és—”{y) + eymerfc (—Ztﬁ”)] (1 -

-1

2 y yze—g—ZtM
erfc (2\/_)> ME_ e~ Ft (1—erfc (2\/_)> —0t

ye;{% [ ~WWKeerfe (Zt‘/— y) + e?VKeerfc (Zt‘/—+y)] (e

e erfc(\/,)).k%GCZe—zm[ yJ—eTfC<2t Kc- y>+

m.
=
=
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=
g
A
o
z
A
v
Qo
iy
by
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o
£
K
-

ey\/K_cerf (Zt\/—”)]( erfc(i;_))z +- [ ymerf (Zt‘/— y>+

|
eY\/—erfc Zt‘/rﬁy ]Jl — e Mterfc (2%/?)) (5.28)

Case 2. When P, =1and S, # 1
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yo
ye M

[
u(y,t) = == +|[ 1— ME.eFt (1 —

XM

() [, (- evere(2)

G.G.e 2Mt[ WSKegrfe (Zt Kc—y Sc) + eVSeKeer fc (zr@\;ﬂsﬁ)](

Y _atm

erfc (2\/_))2] ME_ e Ft (1 _erfc (ZL\/E)) [% +

2

_y-
ye 4t e~ YVScKe 2t /K~ Y\/S—C) yJScKe <2t\/K—C+y\/S—c) ( Mt
= erfc( +e ‘/_erfc i e

e Merfc (2\/_)) + %Gcze—zm[ ~SKegrfe (Zt\/— yJS—c)

S () 1-r )

%[e_ymerfc (@\/‘?yﬁc) + enSeKegrfe (ZtC}NS—C)] (

e Merfc (2\/_)) (5.29)
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5.3.3 Dimensionless Fluxes of Unsteady Hydromagnetic Convective Heat
and Mass Transfer

5.3.3.1 The Rate of Heat Transfer Coefficient of Unsteady Hydromagnetic
Convective Heat and Mass Transfer

Having obtained the temperature field, the rate of heat transfer coefficient at
the impulsively started infinite vertical plate in terms of the Nusselt number can

be studied. In dimensionless form, the Nusselt number is given by

__9¢ —q-2 | MEe_ G.e ZMt_g_ierfc 2t /K. _EGze—thKC—ZMt_'_
u avly_o 0 |2vr3e? 2 N

2t _2tKc+Mt 2t/K,
JSK.G%e™ erfc( ‘/t—)+\/Jn:e ac 4 SCKCeMterfc(zLﬁ—)l.

(5.30)

5.3.3.2 The Rate of Mass Transfer Coefficient of Unsteady Hydromagnetic
Convective Heat and Mass Transfer

Knowing the concentration field, the rate of mass transfer coefficient at the
impulsively started infinite vertical plate in terms of the Sherwood number can
be studied. In dimensionless form, the Sherwood number is given by

=)

e sk 4 5K, (205 (5.31)

3/=0
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5.3.3.3 The Skin Friction Coefficient of Unsteady Hydromagnetic
Convective Heat and Mass Transfer

Also, having obtained the velocity field, it is significant to study changes in the
skin friction due to the effects of the physical parameters t,K. and M. In

dimensionless form, the skin friction is given by

ou 1 -1 e~Mt 2t K¢ 1 M
T = _5 - = Zﬁeth —Z—Werfc( VT ) +ﬁe‘”2 (Gre(yrt) +
GD(y,1)). (5.32)

5.4 Results and Discussion

In order to determine the effects of the physical parameters such as
t,BP.,S. G, G:, M, E. and K. on the hydromagnetic convection flow, the numeric
values of the temperature field, concentration field and velocity field were
computed and shown in the figures. Three (3) fluids were considered in this study
namely air, electrolyte solution and water. The values of the Prandtl number
(B.) are taken as 0.71 (for air), 1.0 (for electrolyte solution) and 7.0 (for water)
and the values of the Schmidt number (S.) are taken as 0.24 (air), 0.67
(electrolyte solution) and 0.62 (water), which are the physical values of B. and
S, of these fluids. However, the value Sc = 0.67 (electrolyte solution) is used in

the analysis since in electrolyte solutions the Sc is usually large.
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5.4.1 Graphical Results

5.4.1.1 Temperature Profiles

Fig. 5.2a shows the effect of the Prandtl number on the temperature profile for
electrolyte solution (Pr=1.0), air (Pr=0.71) and water (Pr=7.0). Although, smaller
Prandtl numbers give greater thermal boundary layer thickness (Chaudhary, et
al. (2006) and Narahari et al. (2011), however, the present of the magnetic field
delay the convection motion. Since the molecules of water are closer to each
other than air, they get heated or charged up faster than air in the presence of
magnetic field hence the reverse process occurred. Therefore, it is observed that
the thermal boundary layer thickness is greater for water (Pr = 7.0) as compared
to air (Pr =0.71) and electrolyte solution (Pr = 1.0). Thus, the temperature falls
more rapidly for air than water and electrolyte solution. Also, the thermal

boundary layer thickness decreases with increase in time.
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Figure 5. 2a (Present study in the presence of magnetic field). Temperature profile for
electrolyte solution (P,=1.0), air (P,.=0.71) and water (P,=7.0) when G,. = 5,G, =
5K.=1,5.,=2.01,E,=2M=2andF = 2.
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Figure 5. 2b:Chaudhary et al. (2006). Temperature profile (In the absence of
Magnetic field)
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Fig. 5.3, 5.4 and 5.5 represent the effect of Eckert number Ec on the temperature
profile for electrolyte solution (Pr =1.0), air (Pr = 0.71) and water (Pr = 7.0)
respectively. It is observed that as the time passes, the temperature falls for the

positive values of Ec whilst for the negative values of Ec the reverse occurred.

w 17 ke t
=
E 4 0.2
W
— 4 0.4
8

2 0.2
A
E o 2 04
= -4 0.2
A
o -0.6 | -4 0.4
I 0.8 | ] 0.2
by
H -1 I I I | | | L L L |
= 0 0204 06 08 1 12 141& * * -2 04

y

i
- Figure 5. 3 Temperature profile of the effect of E. on the electrolyte solution (Pr=1.0)
% whenG, =5,6.=5K,=1,S.=2.01,M=2andF = 2.

117



_@ UNIVEERSITY FOR DEVELOPMENT STUDIES

www.udsspace.uds.edu.gh

-0.6 -

-0.8

_1 Il Il Il Il Il Il Il Il Il
0 02 04 06 08 1 12 14 16 18

y

Figure 5. 4 Temperature profile of the effect of E, on air (Pr=0.71) when G, =5,G, =

5K,=1S.=2.01,M=2andF = 2.
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Figure 5. 5 Temperature profile of the effect of E,. on water (Pr=7.0) when G, =
5G.=5K.=1,S.=2.01,M=2and F = 2.
Fig. 5.6 illustrates the effect of the magnetic parameter M on the temperature
profile for electrolyte solution (Pr =1.0), air (Pr = 0.71) and water (Pr =7.0). It
is noticed that the thermal boundary layer thickness is greater for water (Pr =7.0)
than electrolyte solution (Pr =1.0) and air (Pr = 0.71) as the magnetic parameter

M increases.
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Figure 5. 6 Temperature profile of the effect of M on electrolyte solution (Pr=1.0), air
(Pr=0.71) and water (Pr=7.0) when G, =5,6.=5K,.=1,5.=2.01, E,

2,andt =0.2.

5.4.1.2 Concentration Profiles

Fig. 5.7 shows the effect of the Schmidt number Sc on the concentration profile
for electrolyte solution (Sc = 0.67), air (Sc = 0.24) and water (Sc = 0.62). It is
realized that concentration is high for electrolyte solution (Sc = 0.67) as
compared to water (Sc = 0.62) and air (Sc = 0.24). However, the concentration
decreases faster for electrolyte solution (Sc = 0.67) as compared to water (Sc =

0.62) and air (Sc = 0.24) as time passes.
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Figure 5. 7 Concentration profile for air (Sc = 0.24), electrolyte solution (Sc = 0.67)
and water (Sc = 0.62) when Kc = 1.

In fig. 5.8, the effect of rate of chemical reaction Kc on air (Sc = 0.24), electrolyte
solution (Sc = 0.67) and water (Sc = 0.62) is considered. Again, concentration is
high for electrolyte solution (Sc = 0.67) as compared to water (Sc = 0.62) and air

(Sc =0.24). Also, as time goes on, concentration decreases faster for electrolyte
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solution (' Sc =0.67) as compared to water (Sc = 0.62) and air (Sc = 0.24).
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Figure 5. 8 Concentration profile of the effect of Rate of Chemical reaction (Kc) on
air (Sc = 0.21), electrolyte solution (Sc = 0.67) and water (Sc = 0.62) when t=0.2.

5.4.1.3 Velocity Profiles

Fig. 5.9 illustrates velocity profile for air (Pr = 0.71), electrolyte solution (Pr =
1.0) and water (Pr = 7.0). It is noticed that increase in velocity is greater for
water (Pr = 7.0) as compared to electrolyte solution (Pr = 1.0) and air (Pr =

0.71). The velocity however, decreases for all the three (3) fluids as time passes.
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Figure 5. 9 Velocity profile for air (Pr=0.71), electrolyte solution (Pr=1.0) and
water (Pr=7.0) when G, = 5,6, =5 K.=1,5.,=2.01,E,.=2,M=2andF =

2.

Fig. 5.10a, 5.11a and 5.12a represent the effect of Grashof number Gr on the
velocity profile for electrolyte solution (Pr = 1.0), air (Pr = 0.71) and water (Pr
= 7.0) respectively. Though, the effect of an increase in Grashof number is to
raise the velocity values. Due to the presence of the magnetic field, it is observed
that as time goes on, the velocity decreases for positive values of Gr but increases
for negative values of Gr. However, the velocity remains positive for G, > 0 and

negative for G, < 0.
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Figure 5. 10a Velocity profile of the effect of Grashof number Gr on electrolyte solution
(Pr=1.0) in the present of magnetic field when 6, =5,K., =1,5,=2.01, E,=2,M =
2 and F = 2. [Present study].
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Fig. 5.10b Chaudhary et al. (2006). Velocity profile for electrolyte

solution Pr=1.0 (In the absence of Magnetic field)
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Figure 5. 11a Velocity profile of the effect of Gr on air (Pr = 0.71) in the
present of magnetic field when G, =5,K,=1,5§.=2.01, E,=2,M =
2 and F = 2. [Present study].
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Fig. 5.11b Chaudhary et al. (2006). Velocity profile for air Pr=0.71
(In the absence of Magnetic field).
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Figure 5. 12a (Present study). Velocity profile of the effect of Gr on
water (Pr = 7.0) in the present of magnetic field when G, = 5,K, =
1,5.=2.01, E,=2,M=2andF = 2.
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Fig. 5.12b Chaudhary et al. (2006). Velocity profile for water

Pr =7.0 (In the absence of Magnetic field)
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Fig. 5.13, 5.14 and 5.15 show the effect of mass Grashof number Gc on the
velocity profile for electrolyte solution (Pr=1.0), air (Pr=0.71) and water (Pr=7.0)
respectively. It is noticed that the velocity decreases as time goes on. However,

the velocity increases for G, < 0 and decreases for G, > 0.

.

G, t
6 [

% 10 0.2

=

& 10 0.4

n 5 02

= u

E 5 04

P

Ay -10 0.2

o

4 | = 10 0.4

s

(] —

m | | | | | | | | | | 5 0.2

e o 02 04 06 08 1 12 14 16 18 2 — 5 0.4

Q y

iy

by

B

E Figure 5. 13 Velocity profile of the effect of Gc on electrolyte solution

n| (Pr=1.0)when G, =5,K,=1,5,=2.01, E,=2,M =2andF = 2.

=
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Figure 5. 14 Velocity pyrofile of the effect of Gc on air (Pr=0.71) .
when G, =5K.=1,5.=2.01, E,=2,M=2andF = 2,
G, t
r 10 0.2
ol —— 10 0.4
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Figure 5. 15 Velocity profile of the effect of Gc on water
(Pr=7.0) when G, =5K,=1,5.=2.01, E,.=2,M =
2and F = 2.
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In Fig. 5.16, the effect of the magnetic parameter, M on the velocity profile for
electrolyte solution (Pr = 1.0), air (Pr = 0.71) and water (Pr = 7.0) is considered.
It revealed that the velocity increases for all the three (3) fluids as the magnetic
parameter M increases. However, the increase in velocity of water (Pr = 7.0) is

greater as compared to air (Pr = 0.71) and electrolyte solution (Pr = 1.0).

0.71
0.71

1.0

A N OB

1.0

7.0

N

7.0

Figure 5. 16 Velocity profile of the effect M on electrolyte
solution (Pr = 1.0), air (Pr = 0.71) and water (Pr = 7.0) when
G.=5K.=1,5.=2.01, E.=2, G, =2and F = 2.

Fig. 5.17 illustrates the effect of the Eckert number on the velocity profile for
electrolyte solution (Pr=1.0), air (Pr=0.71) and water (Pr=7.0). The velocity
increases with increase in Eckert number for all the fluids. However, the velocity
increased is greater for water (Pr=7.0) than air (Pr=0.71) and electrolyte solution

(Pr=1.0).
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Figure 5. 17 Velocity profile of the effect of E. on electrolyte
solution (Pr = 1.0), air (Pr = 0.71) and water (Pr = 7.0) when
G.=5K.=1,5.=2.01, M=2, G.=2andF = 2.

In Fig. 5.18, the effect of the rate of chemical reaction Kc on the velocity profile
for electrolyte solution (Pr = 1.0), air (Pr = 0.71) and water (Pr = 7.0) is
determined. It is noticed that the velocity decreases with increase in the rate of

chemical reaction, Kc.
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Figure 5. 18 Velocity profile of the effect of Kc on air (Pr =0.71),
electrolyte solution (Pr = 1.0) and water (Pr =7.0) when G. = 5,E,. = 2,
$,=2.01, M=2, G, =2andF = 2.

5.4.2 Numerical Results

5.4.2 Numerical Results

Table 5.1-5.3 show the behaviour of skin friction coefficient, —u’(0),
Sherwood number, —@’(0) and Nusselt number, - 8’(0) for various values
of time (t), magnetic parameter (M), Eckert number (E.), dimensionless
chemical reaction parameter (K.), Schmidt number (S.), radiation parameter (F),
thermal Grashof number (G.) and mass Grashof number ( G.). From Table 5.1,
it is noted that the skin friction coefficient, —u'(0) decreases for increasing
values of t and M but increases for increasing values of k.. From Table 5.2,

Sherwood number, —@’(0) decreases with increasing values of t or k. but
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increases for increase values of S.. From Table 5.3, Nusselt number , - 8(0)
dereases with increasing values of t, M, E. but increases with increasing values

G.F,P,K.and S,.

Table 5. 1: The Skin friction coefficient, -u’ (0) at the wall, for various values of
t,Mand K.

t M K. —u'(0)
0.2 1.0 1.0 2.0352
0.4 1.0 1.0 0.8428
0.6 1.0 1.0 0.4923
0.2 0.2 1.0 1.5786
0.2 0.4 1.0 1.1371
0.2 0.6 1.0 0.3417
0.2 1.0 0.2 1.9060
0.2 1.0 0.4 1.9515
0.2 1.0 0.6 1.9851
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and K.
t S, K. —0'(0)
0.2 1.0 1.0 1.0141
04 1.0 1.0 0.8126
0.6 1.0 1.0 0.8047
0.2 0.2 1.0 0.4535
0.2 0.4 1.0 0.6414
0.2 0.6 1.0 0.7855
0.2 1.0 0.2 1.1645
0.2 1.0 0.4 1.0950
0.2 1.0 0.6 1.0490
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Table 5. 3:The Local Nusselt number, -0' (0) at the wall, for various values

oft, M(E.,G. F,P.,K.and S..

@ UNIVEERSITY FOR DEVELOPMENT STUDIES

t M E, G, P, K, S, —6'(0)
0.2 1 1 1 1 1 1 2.8484
0.4 1 1 1 1 1 1 2.0236
0.6 1 1 1 1 1 1 0.2977
0.2 15 1 1 1 1 1 0.6260
0.2 2 1 1 1 1 1 0.5888
0.2 25 1 1 1 1 1 0.5280
0.2 1 15 1 1 1 1 1.071

0.2 1 2 1 1 1 1 0.8570
0.2 1 25 1 1 1 1 0.6427
0.2 1 1 5 1 1 1 1.6648
0.2 1 1 7 1 1 1 1.6652
0.2 1 1 9 1 1 1 1.8120
0.2 1 1 1 1 1 1 0.2529
0.2 1 1 1 1 1 1 0.3123
0.2 1 1 1 1 1 1 0.3856
0.2 1 1 1 0.71 1 1 0.4096
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0.2 1 1 1 1 1 1 1 0.4285
0.2 1 1 1 1 7 1 1 0.4690
0.2 1 1 1 1 1 0.2 1 0.2816
0.2 1 1 1 1 1 0.4 1 0.3412
0.2 1 1 1 1 1 0.6 1 0.3814
0.2 1 1 1 1 1 1 2 0.6593
0.2 1 1 1 1 1 1 3 0.9176
0.2 1 1 1 1 1 1 4 1.2131

5.5 Conclusion

Unsteady hydromagnetic convective heat and mass transfer with Newtonian
heating in a porous medium has been investigated. The governing non-linear
partial differential equations have been derived and transformed into
dimensionless differential equations using the dimensionless variables. Laplace
transform technique was used to solve the dimensionless differential equations
and results shown graphically. The following conclusions can be drawn from the

results obtained:
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In the presence of magnetic field, the thermal boundary layer thickness is greater
for water (Pr = 7.0) as compared to air (Pr =0.71) and electrolyte solution (Pr =
1.0) but diminishes with increase in time.

. Concentration is high for electrolyte solution (Sc=0.67) as compared to water
(Sc=0.62) and air (0.24) but diminishes faster for electrolyte solution (Sc=0.67)
as compared to water (Sc=0.62) and air (0.24) as time passes.

The velocity increases with increase in Eckert number (Ec), Magnetic parameter
(M) but decreases with increase in rate of chemical reaction (Kc) for all the three
(3) fluids.

. Though, the effect of an increase in Grashof number is to raise the velocity
values. Due to the presence of the magnetic field, it is observed that as time goes
on, the velocity decreases for positive values of Gr but increases for negative
values of Gr. However, the velocity remains positive for G, > 0 and negative for

G, < 0.
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CHAPTER SIX
UNSTEADY HYDROMAGNETIC BOUNDARY LAYER FLOW OVER
AN EXPONENTIALLY STRETCHING FLAT SURFACE IN A

CHEMICALLY REACTIVE POROUS MEDIUM

6.1 Introduction

Unsteady boundary layer flow past a stretching surface in the presence of
magnetic field with heat and mass transfer in a porous medium is studied. The
fluid under consideration is quiescent viscous incompressible fluid. The
boundary layer equations are transformed into dimensionless equations. The
dimensionless equations are solved in exact form using the Laplace transform
techniques and results are shown graphically for the velocity, thermal boundary
layer thicknesses and concentration boundary layer thicknesses. Also, numerical
values are obtained for the skin friction coefficient, Sherwood number as well as
the Nusselt number.

6.2 Mathematical Formulation of Unsteady Hydromagnetic Boundary
Layer Flow over a Flat Surface

Consider an unsteady boundary layer flow past a stretching surface with heat and
mass transfer in a porous medium, where x* —axis is along the stretching plate.

In addition to the models’ assumptions, at time t* > 0, the surface is moving
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continuously with the velocity u* = U, (x) = Uy(1 — e~ %) in the positive
x* —direction and the plate temperature is raised linearly with t* and the level of
concentration near the plate is raised to C,,. The physical system of the flow is

shown in fig. 6.1.

y'e velocity, thermal and
concentration boundary layers

Ty Cw

0 //// T S

I s, S LSS

Uw(x) >

Figure 6. 1 Flow configuration and coordinate system

Under these assumptions, the governing boundary layer equations are:

6.2.1 The Continuity Equation of Unsteady Hydromagnetic Boundary
Layer Flow over a Flat Surface

The continuity equation was derived in (4.2) as

ou* av*

=0
ax*  oy*
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6.2.2 The Momentum Equation of Unsteady Hydromagnetic Boundary
Layer Flow over a Flat Surface

The momentum equation was derived in (3.8) as

ou* ou* ou* _ 0p o%u*
p(at*+u6x*+v6y*)_ ax*+“ay*2+pg
. . ap ou*
Introducing the fluid pressure, — o = Uoo Tt V3 thermal buoyancy,

gf, (T*-T,*), concentration buoyancy, gp.(c*—-c=_), magnetic force,

14

*

oB3u* and the porosity term, * into the flow field in (3.8) reduces to the

momentum equation

ou* . ou*  o%u* oB?
pre -V oy =Vay*2 +98, (T*-T,*)+gp. (C*—C*,)——

Lu*

u*—

(6.1)
6.2.3 The Energy Equation of Unsteady Hydromagnetic Boundary Layer
Flow over a Flat Surface

The energy was derived in (3.12) as

oT* aT* or* oT* a%r*  9%r*  9%T*
=
o T (u o TV TW az*) (ax*z Tzt 62*2) to

aT*
= 0.
ax*

Since temperature field varies with regard to y*only, so

Hence for the unsteady flow with magnetic field and radiative heat flux, (3.12)

is modified to become
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* * 2T * *\2 2 0
T aT*_ 0 T2+l(au*J +[ v, o8 Ju*2+ 190, Q qugw,
ot* y* oy * c

» L0y ke, pe, P, Y pey
(6.2)
6.2.4 The Concentration Equation of Unsteady Hydromagnetic Boundary

Layer Flow over a Flat Surface

The concentration equation was derived in (3.15) in vector form as

ac”
at*

= DV3C* + 7
In components form, (3.15) is modified to become

* * 2~ x
66(t:* —V 25* - D ‘Zyiz K. (C*-C*.) (6.3)

6.2.5 Associated Boundary Conditions of Unsteady Hydromagnetic
Boundary Layer Flow over a Flat Surface

The associated boundary conditions are

y*=>0,t" <0: u* =0, vi=10 T"=Tg, C"=Cq,

y*=0,t">0: u=U,(x)=U,(1—e™%), T*=T;, C*=C,, (6.4)

m.
=
=
wn
=
g
A
o
z
A
v
Qo
iy
by
B
o
£
K
-

y'—=00,t" >0 u -0, T ->Ty C"—Cs.
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6.2.6 Transformation of Unsteady Hydromagnetic Boundary Layer Flow
over a Flat Surface

6.2.6.1 The Dimensionless Variables of Unsteady Hydromagnetic
Boundary Layer Flow over a Flat Surface

The following dimensionless variables and parameters similar to (3.16) are

introduced:
* " *\/ 2 oB2 o cr_c*
u:u_!y:yv,t:tv 'M: O;J'Gr:UgﬂT(rv\gl ao)’GC:UgIBC( v; 00),
V L 1) pV \Vj vV
T*_T C*_C* 2 * V U
PI’:E,@: " Di' = < f’Da:\%!EC:+,SC:—,ﬂ:—O'
a T, T, C,-C, v c, (T, -T.) D vV

vQ 1600 LT
=V e T e
pcp 0
(6.5)

All the physical variables are defined in the Nomenclature

6.2.6.2 Dimensionless Continuity Equation of Unsteady Hydromagnetic
Boundary Layer Flow over a Flat Surface
The suitable dimensionless quantities in (6.5) for the continuity equation in (4.2)

are differentiated as:

u* " ou* u
u=— >u = Vv = =
1% dx* dx*

ou' ou
ay* ay*
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ou' _ ,0u

at* ot
v* av* v

v=— =S>v" = Vv = =
%4 at* at*
o' v
ay* - ay*
= vy~ —=y* = z =)a * = v a

y== y =2y y =50y
Vx* " v " v

X =— =x"=-x =0x* =- 0x
v 174 %4
t*v? v v

t= =t =—t =0t" = — 0t
v V2 vz

(6.6)
Now
W _ o _ Vo
ay* - ay* Ty dy
u _ you _ V2 ou
ax* 8x* v dx
(6.7)
Substituting (6.7) in continuity equation (4.2) gives
ou  dv
oy 0 (6.8)

(6.8) models the dimensionless continuity equation.
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6.2.6.3 The Dimensionless Momentum Equation of Unsteady

Hydromagnetic Boundary Layer Flow over a Flat Surface

Similarly,
du* . ou _ viou
at* ~ at* v ot
ou* ., 0u _ VZou
ay* - ay* Ty dy

9%u* _ v3oiu

37— 723y (6.9)
Substituting (6.5) and (6.9) in the momentum model (6.1) give
V3 du VZ ou V3 0%u N N N N oB2
Tt Vv oy = Vi oy T 9P (T = To)0 + gBe(C, = €5)8 — —FuV —
v
Luv
du du _ 9%u (Tyy—T&) (Cw=C3%) oB3v _i
ot dy  ay? vgbr 0+ vghe—"0 @ vz T Y
ou ou 2%u
a — 6_y = 9y2 + GTH + GC(D — Mlu (610)

where M; = M +%

Equation (6.10) models the dimensionless momentum equation.
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6.2.6.4 The Dimensionless Energy Equation of Unsteady Hydromagnetic
Boundary Layer Flow over a Flat Surface
The appropriate dimensionless quantities in (6.5) for the energy equation are

differentiated as:

aT*
at*

a0
at*

= (T}, — T2) — and 6t*=%6t

AT* _ V% (s 00
= - v(TW °°)at

aT*
ay*

* * 26 *
= (Ty — Ts) 3y and dy* = -0y

=

OT" _ Vs sy 90
E)y*_v(TW T°°)6y

o%T*  v?% . . «~ 0°0
oy — (T - Too)a_yz

(6.11)
Substituting (6.5), (6.11) and Roseland approximation (4.18) in (6.2)

2
vz o .y 00 Vo w00 vV . 020 v(Vzau)
v (TW °°) ot Vv (TW °°) ay - P, v2 (TW °°) ay?2 + Cp \v dy +

4

vau? + 288 y2y2 4 L 160" 0T (Th — T*) — -2 (T, — Ti)6
C pCp o U pCp w o)

m.
=
=
wn
=
g
A
o
z
A
v
Qo
iy
by
B
o
£
K
-

k*Cp pCp
Butv =%

p
90 98 1 9%6 V2 u\2 p2 2 2
Py sl ——Vu‘ +
ot 9y Proy?  Cp(Ty-T) \dy k*CpV2(Tyy—Te)

oBZ, v? 5 1

—_— *0,2 *3 * ok _ Qv
pv? Cp(T\;/_TJo)u + 1CpV2(Tyy—Teo ) 16a"v 0Ty (Tw )0 0

pCpV?
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uCyp
K*

But P. =

20 90 _ 1026 , 1
E—a P_rW-I_E (y) + E.-Mju —P—TFH—HG

00 00 1 0260 u 2 1
=i b (BY) + EMt — 2 R0 (6.12)

where F;, =F+ H

The dimensionless energy equatiOn is modeled in (6.12)

6.2.6.5 The Dimensionless Concentration Equation of Unsteady
Hydromagnetic Boundary Layer Flow over a Flat Surface
The suitable dimensionless quantities in (6.5) for the concentration equation are

differentiated as

ac*
ot*

a9
at*

= (C, —C%) and ot* at

ac* V2

7 * % a_®
= (G =€) at

o9

ac* * * _v

ac*
ay*

_U(CW Coo)ay

aCc*?
oy*2?

=G - 22 (6.13)

Putting (6.5) and (6.13) in (6.3)
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V2 " £ 00 14 * £ 00 V2 * «y 020 * [k *
T(CW—COO)E—V;(CW—COO)E=DV—Z(CW—Coo)a—yz—kc(Cw—Coo)Q)

W _20_Do%_.v

at 8y wvay? cv

99 99 _ 109%°9
5_5 = Ea_yz kC(Z) (614)

Equation (6.14) models the dimensionless concentration.

6.2.6.6 Associated Dimensionless Boundary Conditions of Unsteady
Hydromagnetic Boundary Layer Flow over a Flat Surface

The dimensionless momentum, energy and concentration equations in (6.10),
(6.12) and (6.14) respectively are subjected to the boundary conditions in
dimensionless form as

u=0, =0, ¢=0, for y>0,t<0

u=A(l-e™), =1 ¢=1 for all y=0, t>0

u—>0,60—-50¢—>0 as y—ow, t>0

m.
=
=
wn
=
g
A
o
z
A
v
Qo
iy
by
B
o
£
K
-

(6.15)
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6.3Analytical Solution of Unsteady Hydromagnetic Boundary Layer Flow
over a Flat Surface

The coupled differential equations (6.10), (6.12) and (6.14) with boundary
conditions (6.15) are solve in exact form using Laplace transform technique as
shown below.

6.3.1 Laplace Transform Technique of Unsteady Hydromagnetic
Boundary Layer Flow over a Flat Surface

In energy model (6.12) subject to the boundary conditions in (6.15).

In Laplace domain, the boundary conditions for the energy equation can be

written as:

0(y,00=0 forall y>0,t<0 6(y,0) = 0;

8(0,t) =1 at y=0,t>0 8(0,s) = 1 (6.16)
0(y,t) >0 as y—ooo,t>0 6(y,s) - 0.

Taking Laplace transform of both sides of (6.12) results in

0%

a0 Fi\ = ou(y,0)\ 2 _
R Z B+ D) = —BEL [(%) ] _ PME2(y,s).  (6.17)

Considering the homogeneous problem in the LHS of (6.17) the general solution

IS (see Appendix IV (A3.11)).

—Pp— /P$+4(Prs+F1) —Py+ |P2+4(Prs+Fq)

H_h(y, s)=A(s)e 2 Y+ B(s)e 2 y (6.18)
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Guessing the form of the particular solution to be
0,(y,s) = 4;
8, (y,s) = 0;

8," (y,s) = 0; substituting all in (6.17) gives

2
0+0=(Ps+F)A=—PE.L [("’“(i'”) ] — P.MyE,@2(y,5)

5]

du(y.t)\?
PrE.L|(—== 2
A _ r=c [( ay ) ]+PrM1ECu (y,S) (6.19)
Prs+F; Prs+F;

Adding the particular solution (6.19) to (6.18) gives

—Pp— ’P,2.+4-(Prs+F1) —Pr+ fP%+4(PrS+F1)

9_(3" S) = A(s)e 2 " B(S)e 2 Y 4

p,E 1| (222 ’ =2
rfc ay 4 P.M E.u ,s)

P,s+Fq P,s+Fq

(6.20)

Since 8(y,t) > 0, as y > oo,t >0, O(y,s) =0 an B(s) = 0. Now (6.20)

reduces to

m.
=
=
wn
=
g
A
o
z
A
v
Qo
iy
by
B
o
£
K
-

9_(31, s) = A(s)e 2 7+ P.E.L

_pr—m 1 [(6H(Y:t))2]
+
c

P.s+Fq dy

1

—2
P.M E 21
oo PeM (9, s) (6.21)
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From the boundary conditions 8(0,t) =1 at y=o0, t>0 6(0,5s) =§ put

in (6.21) gives

du.0)?
PyEcL =2
L1=A(s) + [( o) ]+ Prih Bl (v:5) (6.22)
S PTS+F1 PTS+F1

Put (6.22) in (6.21).

2
6u(y,t) >
1 PrEcL[( 3y )] PTMlECﬂZ(y,S) _Pr—\/Pr+4(Prs+F1)y
- e

o _
w 0(ys) =|-- : +
E s P.s+Fq P.s+Fq
: ()
i u(y,s)
7 PrEcL[ 2y ] PerEcﬂz(y,s)

: 6.23
E P.s+Fq + P,s+Fq ( )
o
:
o
: TORPE e N () P
5 ’ s ay rc P.s+Fq
[y
b
E 1 —Pp—/ P2+4(P s+Fq) 5 1

2 y u P.M E —
5 P,s+F; ¢ T (y S) TOLTE\ PstFy
-
% 1 —Pp—f PE+4(PpstF1)
y
Pt : ' (29
r 1

In the concentration model (6.14) subject to the boundary conditions in (6.15),
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in Laplace domain, the boundary conditions for the dimensionless concentration

can be written as

0(y,00=0 forall t<0 ?(y,0)=0;
00,)=1 at y=0,t>0 9(0,5) == ; (6.25)
O(y,t) >0 as y->oo,t>0 ?(y,s) - 0.

Taking Laplace transform of both sides of (6.14) gives

19%0 — a9 =

55 —sB(,5) + 0(5,0) + 5= KB (v,5) (6.26)
But @(y,0) = 0.

) 20 =

557 TSc 5, = Sc(s + K)@=0. (6.27)

Equation (6.27) is linear second order homogeneous differential equation.
Considering the homogeneous problem of (6.27) the general solution (see

Appendix 11, (A3.15)) is

—Sc— /s% +4(Scs+ScK¢) —Sc+ /s% +4(Scs+ScKe)

B(y,s)=A(s)e 2 Y+ B(s)e 2 Y. (6.28)

Since @(y,t) > 0as y—>oo,t>0 = @(y,s)=0,in(6.28),B(s) =0

Now (6.28) reduces to

—Sc— / S2+4(S¢cs+ScKe)

B(y,5)=A(s)e 2 Y (6.29)

@0,t)=1 at y=0,t>0 — 6(0,5) = =

S
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In (6.29), —=A(s)

-Sc— / S2+4(Scs+ScKc)

8(y.s) = ~e : y (6.30)

Taking inverse Laplace Transform, from tables in Appendix Il and the use of
convolution theorem in Appendix IV, the general solution of the concentration

equation (6.30) at t > 0 (see convolution theorem in Appendix IV, (A4.23)) is

~ySc-y [SE+4ScKc
- N - t\Sc+4K:.—Y./S,
(D(y' t) - 216 : —erfc( C+2\/£t - C> +

2
PSSR (L) | (6.31)

24t

Similarly, in the momentum model (6.10) subject to the boundary conditions in
(6.15).

In Laplace domain, the boundary conditions for the dimensionless momentum
equation can be written as:

u(y,00=0 forallt<0 u(y,0) = 0;

u0,6) = A(1—-e™)at y=0,t>0 ﬁ(o,s)=%‘ L

(6.32)

s+m’
u(y,t) -0 as y—-oo,t>0 u(y,s) = 0.

Taking Laplace transform of (6.10) gives
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ot _ ou T

a—; — st +u(y,0) + a—t; = —G,.0 — G0+ M. (6.33)
But u(y,0) =0

62ﬁ+6ﬁ_ +MVi=—-G0— GO 6.34

a7 oy T MIE= 6O = Ged (&%

Considering the homogeneous problem in the LHS of (6.34) the general solution

is
—1-/1+4(s+M7) —1+/1+4(s+ M)
uy(y,5) = A(s)e 2 Y+B(s)er =z V. (6.35)

Guessing the form of the particular solution to be

u,(y,s) = 4;

i, (y,5) = 0;

i," (y,s) = 0; substituting all in (6.34) gives

0+0—(s+ M)A =—G,0 — G.0. (6.36)

Adding the particular solution (6.36) to (6.35) gives the general solution

—1-/1+4(s+M1) —1+/T+4(s+M1) 6B 6B
u(y,s) =A(s)e” 2 Y+B(s)e 2 T +——+—<—  (6.37)
s+M; Ss+M;

m.
=
=
wn
=
g
A
o
z
A
v
Qo
iy
by
B
o
£
K
-

Since u(y,t) » 0 as y > o0,t >0 = u(y,s) =oand B(s) =0in (6.37)

Now (6.37) reduces to

—1-/T+a(s+M7) yo 3
_ _ — 2y Gr9 Gc®
W) = A b Y2l (6:38)
Butu(0,t) = A(1—-e™)at y=0,t>0 u(0,s)= %_sfm
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A(s) =i A 68 6B

s s+m  s+M; s+M;

(6.39)

Puttting (6.39) in (6.38) gives

—1-/T+4(s+M7) _ —1-/1+4(s+M7q)
009) = (2 ) )
N s+m S+M, S+Mq
_ 1 1 -1- 1+4—M1y
G.0 <5+M1 —e ) (6.40)

Taking inverse Laplace Transform, from tables in Appendix Il and the use of
convolution theorem in Appendix 1V, the general solution of the velocity model
(6.40) at t > 0 (see convolution theorem in Appendix 1V, (A4.25), (A4.29) and

(A4.32)) is

—y-y/1+4Mq — [1+aM.
u(y,t) = %e 2 [—erfc (%) +

eV /1+4Mlerfc (Y+t1/1+4-M1)] _
2Vt

A YA O [—erfc (—y+t\/m) +

—e
2 2Vt

eyW/—4(m+M1)+1erfC <y+t\/—42(31f+M1)+1)] +(G.0(3,) + G.0(y, 1)) [e—Mlt n
1, -Mye- Y\ _ 1 Myt t+y
Se Yerfc (zﬁ) e erfc (zﬁ)]' (6.41)

Where
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-ySc—y [SE+4ScKc
i R —— t\/Sc+4Ko—Yy+/S
Oy, t) = e 2 —erfc (%) +

24t

2
ey /SCMSCKCerfC (t 5C+4Kc+st—C> .
Equation (6.41) is the general solution for the velocity profile at t > 0.

Now, knowing the general solution of the velocity model, the general solution of
the temperature model can be obtained as;

From the temperature equation in (6.24) which is

—Py— /P$+4(Prs+F1)

7 =1 y 4 (uw))? 1
0(y,s) =te +(222) P\ s

—Py— /P2+4(P s+F1)
1 TN 1

2 T+ WG ORME | s -

PrS+F1

L —Pp— /P$+4(PTS+F1)

2 Y.

e
PrS+F1

- . . (au(,t))? .
In finding the Laplace transform of the velocity function (T) , the following

properties of Laplace transform are used;
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|ftheL[("’%§'”)2] (2429)" then 1- [au(yS)) ]z(a%it))z

Taking inverse Laplace transform of the temperature equation (6.24) from tables
in Appendix Il and the use of convolution theorem in Appendix 1V, the general
solution (see, convolution theorem in Appendix IV, (A4.12), (A4.35) and

(A4.38)) is

—Pr —+P y,/Pr
4F; +P? T
H(y, t) — 1 -y 1+ T +

2

—Pr , 152 t —+P +y\/P_ —F1t
1 —+y [Fi+=P, r r Ou( t)
~e 2 “Terfc >} P.E, ePr +

—Fq -F
Lo Prerfe (t Pr—y Pr) L P rfe (t\/P—r+Y\/P—r)]

2P, 2 2Vt
1 Bty Hyp, tyPr—y+/Py
u?(y, t)P.E.M, [P—Te Pr + PTG Pr Y Terfc (2—\/3_;) —
1 “Flyoyp, tPr+y /Py
Lo e (W) (6.42)

Where u?(y,t) and ( (z t)) are shown in (Appendix 1V, (A4.39) and (A4.41)

respectively).
2
In substituting u2(y,t) and (M) (see Appendix IV, (A4.39) and

ay

(A4.41)) in the temperature equation (6.24), the non-linear term 82(y,t) is
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considered negligible due to the temperature differences in the flow being
sufficiently small. Therefore, the general solution of the temperature model for

t>0is

=Pr_ [4r +p2 t/ﬂm ~y/Pr
0(y,t) =bit|—2ez N eppe[ A " )4

24t

—Pr 1,2 t —+P +y./P, —-Fqt
1 —+y |[Fi+=-P T r L
—e 2 N'aTerfc| 2L —— |+ b,PE, mefr +

2 2Vt

—Fq -F
LT Prerfe (t Pr—y Pr) L P rfe (t\/P—rﬂ/\/P—r)]

iy
=
:
iy
-
i
ra 2P. 2 \/_
Ay T
:

“ht o ch tJPr—y./Py
E[j b3PEM1<—ePT+ f( 2\/{ >_
Q
M F
2 LBt 2Propfe (”P_””P_T)) . (6.43)
by 2 24t
=
7y
ﬁ Where
e,

1 =ty ZPiyp, t/Pr—y/Pr

% b1=1—PTEC[P—rePr +oerr rfc( My )—

-Fy —M1t—(t-y)?
1 —142yP t\/Pr+y./P, 1
—ePr VTerf ‘/—T y‘/_r wy  ——erfc (t y)e‘Mlt‘y +
2 2\/_ 3

A
_T(_l_

1 —Mqt—(t-y)? 4 A Y-y 1+4My (—31+t1/4M1+1)2
—e 4t-y ——e 2 4t
2vmt 2Vt
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-y-y1+4Mq

2 4t

- _ -y+yJ1+aM; (y+t/aM +1)2
M, + 1)eferfc( A 4M1“> S 1 4

S S e

—2mt-y

e
2Vt 2Vt

Tytyy1+aMy y+t 4M1+
2 erf ( 1-

J1—4(m+ M,)e

A —2mt-y-yJ/1-4(m+M;) (—y+t1/1—4(m+M1))2
2 at

2

-yJ1-4(m+Mq) _ —
erfc( y+it/1 4(m+M1)> n

2Vt

—¢€
2vmt

+

A —2mt-y+y/1-4(m+Mq) (y+tt\/1—4(m+M1))2

2

—e
2wt

4t —%(—1+

J1—4(m+ M,)e

—2mt-y+y,/1-4(m+M;) y+t/1-4(m+M;)
2 erfc (—) -

24t

-yt -Fy _
2B E MG, G0, 1) [ 4 LT rerge (M)

eP
2Vt

2Vt

1 Foyp rerfe (tJPTﬂ«/PT)] __i(_ze—Mlt _ e—Mlt—y)z( erfc(

-y-yJ1+4M1 [ _ 144M
erfe t+y l_e A N e,,fc<L J+4-1>+

2Vt

-y
24t

)+

eI+ Mgy (th)] [Ze_Mlt_e_Mlt_y ( erfe ( \/—) +erfc (zf) ey)]

24t

—e

/1 —2mt-y-y,/—4(m+Mq)+1 [
2
2

2

—erfc( —y+t/—4(m+My)+1 )

2Vt

N AT gpef <y+t\/7—4<m+w+1)] [ze-Mlt—e‘M“‘y (—erfe (52

erfe(72)e)]

2Vt 2
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The terms b,and b are shown (see Appendix V).

There exist other possible solution for 82(y,t) # 0 but limited in application in
practice due to the presence of the discriminant in the solution of the resulting
quadratic equation which makes 6(y, t) not defined for higher values of the

controlling parameters.

6.3.2 Dimensionless Fluxes of Unsteady Hydromagnetic Boundary Layer

Flow over a Flat Surface

6.3.2.1 The Rate of Heat Transfer Coefficient of Unsteady Hydromagnetic

Boundary Layer Flow over a Flat Surface

Having obtained the temperature field, the rate of heat transfer coefficient at
the flat surface in terms of the Nusselt number can be studied. The effects of ¢,
M,F,H, E. and B. on Nusselt number will be considered. In dimensionless form,

the Nusselt number is given by

a0
ay y:O

u
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Ll . t “Pﬂwr L t /%+Pr
= b; ZP 4F, + P?erfc i —Eerfc BN
_ t (4m+4Mq—1)2 2
—M(B(;MTA:;) De 41 P E.A? (W —1efrc (4M1t+t)
5 _(aMyt-t)?
e | (6.43)

6.3.2.2 The Rate of Mass Transfer Coefficient of Unsteady Hydromagnetic

Boundary Layer Flow over a Flat Surface

Knowing the concentration field, the rate of mass transfer coefficient at the flat
surface in terms of the Sherwood number can be studied. The effects of t, S,
and K. on Sherwood number will be examined. In dimensionless form, the

Sherwood number is given by
—_(%
sh = (ay)

= —(S + /S (4K, + S.) )erfc (t 4KC+SC) —8%€_t2(4KC+SC) +
(=3 (=Sc + /S +50) +/Sc(AK. + 52) ) erfc (t 4KC+SC>—%(§+

—t2(4Kc+S¢)

YAKS, +SE)e w0 (6.44)

y=0
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6.3.2.3 Skin Friction Coefficient of Unsteady Hydromagnetic Boundary Layer

Flow over a Flat Surface

Also, having obtained the velocity field, it is significant to study changes in the
skin friction due to the effects of the physical parameters t, M, H, E., P., K, G,

and G.. In dimensionless form, the skin friction is given by

0 (4M1+1)
T:—%y <(1+‘/4Ml)erf (4M1+)—\/%e at > (( 1—

(4M1+1)

JAM, + 1) + \[AM; + 1) erfc (V‘“Vyf“) — e o +

2 t2(1-4(m+Mq))

_Fa-4miMy)) 3 t/1—-4(m+My)
PN at + Z(_l —J4(m+M,) + Z)erfc <#) —

2Vt
('11 (—1 — J4(m+My) + 2) +1—4(m+ Ml)) erfc (—W) +

1 t2(1—4(m+Mq))

=e 47t(— - mt) +(G0(y,t) + G.0(y,1)) [(——e_Tt -

+(6,° —+ G, ay) e~Mit, (6.45)

6.4 Results and Discussion
To understand the physical dynamics of the problem, the effects of the
controlling parameters on the Temperature (8), Concentration(®) and Velocity

(u) profiles are illustrated graphically using MATLAB.
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6.4.1 Graphical Results

6.4.1.1  Temperature Profiles

Fig. 6.2 illustrates the effects of time (t)on the temperature profiles. It is
observed as time passes, the temperature of the fluid decreases. Fig. 6.3, 6.4 and
6.5 exhibit the effects of Prandtl number (Pr), Magnetic parameter (M) and
Eckert number (Ec), respectively on the temperature profiles. It is also observed
that increase in either Magnetic parameter (M) or Eckert number (Ec) decreases

the temperature of the fluid whilst decrease in Pr decreases the temperature.

09l
08 t =0.75,1.0,1.5,1.75
o7}
06
05
04l

03

02|

0 0.5 1 15 2 25 3

y
Figure 6. 2 Temperature field for different instance of time t when M=2,

Ec=2 Pr=0.71, H=2, F=1 k=1, m=1, Gr=5, Gc¢=5 Kc=1, Sc=2.01 and x=1

161



@ UNIVEERSITY FOR DEVELOPMENT STUDIES

www.udsspace.uds.edu.gh

Figure 6. 3 Temperature field for different values of Prandtl number Pr when
M=2, Ec=2, t=0.2, H=2, F=1, k=1, m=1, Kc=1, Gc¢=5, Gr=5, Sc=2.01 and x=1

0.9

0.8

M =15.2.25.3

0.7

0.6

0.5

0.4

03[

0.2

0 0.5 1 15 2 25 3

Figure 6.4 Temperature field for different values of magnetic parameters, M when
t=0.2, Pr=0.71, Ec=2, H=2, F=1, Gc¢=5, Gr=5, Kc=1, Sc=2.01, k=1, m=1 and x=1
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E, =15,2,25,3

03

02

Figure 6. 5 Temperature field for different values of Eckert number Ec when M=2,
Pr=0.7,t=0.2, H=2, F=1, k=1, m=1, Gr=5, G¢=5, Kc=1, Sc=2.01 and x=1.

Fig.6.6 and Fig. 6.7 show the effects of Radiation parameter and Heat (F)
absorption parameter (H) on the temperature profile respectively. It is noticed
that increase in either F or H increases the thermal boundary thickness of the

fluid.
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Figure 6. 6 Temperature field for different values of Radiation parameter F when
M=2, Pr=0.71, t=0.2, M=2, Ec=2, H=2 , Gr=5, Gc=5, Kc=1, Sc=2.01, m=1 and x=1
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06 H=15,2,25,3
sk
04t
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Figure 6.7 Temperature field for different values of Heat absorption parameter H when
M=2, Pr=0.71, t=0.2, M=2, Ec=2, F=1, Gr=5, Gc¢=5, m=1, Sc=2.01, Kc=1and »=1
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6.4.1.2Concentration Profiles

In Fig. 6.8, 6.9 and 6.10, the effects of t, Sc and Kc on the concentration profiles
respectively are considered. It is observed that as time passes, the concentration
of the fluid decreases hence reduction in permeability of the porous medium.
However, increase in either Sc or Kc increases the concentration of the flow,
however at the twist of the flow the concentration decreases for further increase
in values of Sc due to the unsteadiness in the flow. Also, in the case of
concentration field for the different values of Kc, the fluid converged at

termination point as depicted in the diagram.

Figure 6.8 Concentration field for different values of time t when Sc=2.01, Kc=1.5.
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Figure 6.10 Concentration field for different values of Kc when Sc=2.01 and t=0.2
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6.4.1.3 Velocity Profiles

Fig. 6.11 — Fig. 6.13 illustrate the effects of Gr, Gc and M on the velocity profiles
respectively. Though with an increase in the of values of Gr, the flow is
accelerated due to the intensity in the buoyancy force influencing the velocity
within the boundary layer to increase however, in fig. 6.11, the velocity of the
fluid decreases with increase in Grashof number Gr due to the presence of the
magnetic field which delays the convection motion of the fluid. Similarly, in fig.
6.12, an increased in Gc led to decrease in the velocity of the flow but both fluids
converged at termination point as depicted in the diagrams. This is in good
agreement with Ali et al. (2014). Also, in Fig. 6.13, an increase in M decreases
the velocity of the flow. This true in practice because magnetic field retards a

free convective flow.

55

45—

3.5+

1/
250~ /

Gr=5

Gr=10

Gr=15

Gr=20

|
0 0.2 0.4 0.6 0.8 1 12 1.4 16

y
Figure 6.11:Velocity field for different values of Thermal Grashof

number Gr when t=0.75, M=2, Ec=2, k=1, Kc=1.5, Gc¢=5, Pr=0.

Ec=2, Sc=2.01, F=1, H=2, m=1 and x=1
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Ge=5 _

Ge=10 _

Ge=15 _

Gc=20

Figure 6.12:Velocity field for different values of Mass Grashof number Gc when t=0.75,

M=2, Ec=2, k=1, Kc=1.5, Gr=5, Pr=0.71, Ec=2, Sc=2.01, F=1, H=2, m=1 and x=1

0.5 1 15 2 25
y

Figure 6.13:Velocity field for different values of Magnetic parameter M when t=0.75,
Ec=2, k=1, Kc=1.5,Gr=5, Gc=5, Pr=0.71, Ec=2, Sc=2.01, F=1, H=2, m=1 and x=1
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6.5 Numerical Results

Table 6.1-6.3 show the behaviour of skin friction coefficient, —u’(0),
Sherwood number, —@'(0) and Nusselt number, - 8'(0) for various values
of time (t), magnetic parameter (M), Eckert number (Ec), dimensionless
chemical reaction parameter (kc), Schmidt number (Sc), prandtl number (Pr),
dimensionless permeability coefficient of the porous medium (k), Heat
absorption parameter (H), radiation parameter (F), thermal Grashof number
(Gr), Mass Grashof number (Gc) . From Table 6.1, it is noted that the skin
friction coefficient, —u'(0) decreases for increasing values of t,M,E., P,
G, and G, but increases for increasing values of H,F, S, k., k and F. From
Table 6.2, Sherwood number, —@'(0) decreases with increasing values of ¢t but
increases for increase values of S, and k. .From Table 6.3, Nusselt number ,
- 6'(0) decreases with increasing values of t, M, E., Gr, Gc and B. but increases
with increase values of H, k, Kc, Sc and F. Also in Table 6.4, order to measure
the accuracy of the results obtained, a comparison is made with Misra et al.

(2012) which shown a good agreement.
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Table 6. 1: The Skin friction coefficient, -u’ (0) at the wall, for various of t, M,
H, Ec, Pr, Kc, Gr, k, F, Gc when m =1 and 4=1.

g UNIVEERSITY FOR DEVELOPMENT STUDIES

t |M| H| E. | P, | G | G. | S. | k. F | —u'(0)
02 [10]10 [10 [10 [120 [10 [120 |10 [10 1.0 1.5561
04 1010 [1.0 |10 |10 [10 |10 [10 [10 1.0 0.5533
02 (1510 [10 [10 |10 [10 |10 [10 [1.0 1.0 1.5511
02 [20]10 |10 [10 |10 [10 |10 [10 |10 1.0 1.5458
02 [10[02 |10 [10 |10 [10 [1.0 [1.0 [1.0 1.0 | 1.3038
02 [10[04 |10 [10 |10 [10 [1.0 [1.0 [1.0 1.0 1.3669
02 (1010 [15 |10 |10 [10 |10 [10 [1.0 1.0 1.5458
02 (1010 [20 |10 |10 [10 |10 [10 |10 1.0 1.5354
02 [10[10 [1.0 [071 [10 [10 [1.0 [1.0 [1.0 10 |1.6276

02 [10[10 [1.0 [10 |10 [10 [1.0 [1.0 [1.0 1.0 |1.5561

02 (1010 [10 [10 |05 [10 |10 [10 [1.0 1.0 2.0188
02 [10]10 [10 [10 |15 [10 |10 [10 |10 1.0 1.0934
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02 |10]10 |10 1.0 1.0 |05 10 |10 |10 1.0 1.8715
02 |10]10 |10 1.0 1.0 1.5 10 |10 |10 1.0 1.2408
02 |{10|10 |10 1.0 10 |10 |20 [1.0 |10 1.0 1.8174
02 |10(10 |10 1.0 10 |10 |25 |10 |10 1.0 1.9227
02 |10]10 |10 1.0 1.0 |10 10 |01 |10 1.0 1.2723
02 |10]10 |10 1.0 1.0 |10 10 (02 |10 1.0 1.3038

02 |10|10 |10 1.0 10 |10 1.0 |10 |02 1.0 1.5147

02 |10|10 |10 1.0 10 |10 1.0 |10 |04 1.0 1.5406
02 |10]10 |10 1.0 1.0 |10 1.0 |10 |02 0.2 1.3038

02 |10|10 |10 1.0 10 |10 1.0 |10 |04 0.4 1.3669

g UNIVEERSITY FOR DEVELOPMENT STUDIES
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Table 6. 2: Sherwood number, -@' (0) at the wall, for various values of
t, Sc and Kc.

t S¢ K, —0'(0)
0.2 0.5 0.5 0.3345
0.4 0.5 0.5 0.1183
0.2 0.24 0.5 0.2318
0.2 0.62 0.5 0.3725
0.2 0.5 0.4 0.3122
0.2 0.5 0.6 0.3568

g UNIVEERSITY FOR DEVELOPMENT STUDIES
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H, Ec, Pr, Kc, Gr, k, F, Gcwhen, m=1and A= 1.

g UNIVEERSITY FOR DEVELOPMENT STUDIES

t [ M| H|]E | P, [ G | G | S, ]k F [-0'(0)
02 [10]10 [1.0 [10 |10 [10 [10 |10 |10 1.0 0.9254
04 [10]10 [1.0 |10 |10 [10 [10 |10 |10 1.0 0.3103
02 [15]10 [1.0 [1.0 [1.0 |10 |10 |10 |10 1.0 0.9233
02 |[20]10 [1.0 |10 |10 [10 [10 |10 |10 1.0 0.9150
02 [1.0]02 [1.0 |10 |10 |10 [10 |10 |10 1.0 0.6731
02 [1.0]04 [1.0 |10 [1.0 |10 [1.0 |10 |10 1.0 0.7362
02 [1.0]10 [15 |10 [1.0 |10 [10 |10 |10 1.0 0.9212
02 [1.0]10 [20 |10 |10 [10 |10 |10 |10 1.0 0.9047
02 [1.0]10 [1.0 071 [1.0 |10 |10 [1.0 |10 10 | 0.9254
02 |[1.0]10 [1.0 |10 |10 [10 [1.0 |10 |10 1.0 | 1.0004
02 [1.0]10 [1.0 |10 |05 |10 [1.0 |10 |10 1.0 | 0.7362
02 [1.0]10 [1.0 |10 |15 |10 [10 |10 |10 10 | 06731
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02 |10]10 |10 1.0 1.0 |05 10 |10 |10 1.0 0.9308
02 |10]10 |10 1.0 1.0 1.5 10 |10 |10 1.0 |0.9284
02 |{10|10 |10 1.0 10 |10 |20 [1.0 |10 1.0 |0.6342
02 |10(10 |10 1.0 10 |10 |25 |10 |10 1.0 |0.8421
02 |10]10 |10 1.0 1.0 |10 10 |01 |10 1.0 |0.8463
02 |10]10 |10 1.0 1.0 |10 10 (02 |10 1.0 |0.9120
02 |10|10 |10 1.0 10 |10 1.0 |10 |02 1.0 |0.5924
02 |10|10 |10 1.0 10 |10 1.0 |10 |04 1.0 |0.7801
02 |10]10 |10 1.0 1.0 |10 1.0 |10 |02 0.2 10.8332
02 |10|10 |10 1.0 10 |10 1.0 |10 |04 0.4 10.9036

g UNIVEERSITY FOR DEVELOPMENT STUDIES
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Table 6. 4:Comparison of wall temperature gradient, -0' (0) for different
values of Pr when M=0 and Ec=0.

Pr Misra et al. (2012) Present study
0.71 0.2754 0.2746

1.0 0.2811 0.2803

2.0 0.3173 0.3171

3.0 0.3492 0.3490

6.6 Conclusion

A hydromagnetic unsteady boundary layer flow past an exponentially stretching
surface in a chemically reactive porous medium has been investigated. The non-
linear partial differential equations have been modeled and transformed to
dimensionless differential equations using the dimensionless variables. The
Laplace transform techniques are employed to solve the resulting dimensionless
differential equations directly and results illustrated graphically. From the results
obtained, the following conclusions can be drawn:

1. The thermal boundary layer thickness diminishes with time, magnetic parameter
and Eckert number but increases with the Prandtl number, radiation parameter
and the heat absorption parameter.

2. The concentration boundary layer thickness decreases along with time whilst
increasing with the Schmidt number and the rate of chemical reaction in the fluid.
However, at the twist of the flow, the Schmidt number causes a reduction in the
species concentration in the fluid.

3. The velocity decreases with increasing values of the thermal Grashof number, the

mass Grashof number and the magnetic parameter.
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CHAPTER SEVEN
SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

7.1 Summary

Unsteady MHD heat and mass transfer through porous media has been
investigated. There are several heat and mass transfer problems already tackled
in the literature. However, there are many areas in which research is continuing
especially with respect to unsteady flow conditions as it is the most common
flow situation in many industrial and manufacturing processes. The aim of the
study was to investigate theoretically some nonlinear problems arising from
unsteady boundary layer flow in porous media. The specific objectives of the
study were to develop a:

e non-linear mathematical model for unsteady boundary layer flow past an
exponentially accelerated vertical plate in the presence of heat source and
transverse magnetic field embedded in a porous medium.

e non-linear mathematical model for unsteady hydromagnetic convective heat
and mass transfer past an impulsively started infinite vertical surface with
Newtonian heating in porous medium.

e non-linear mathematical model for unsteady hydromagnetic boundary layer
flow over an exponentially stretching flat surface in a porous chemically

reactive medium.
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The non-linear partial differential equations had been modelled and transformed
to dimensionless differential equations using the dimensionless variables. The
Laplace transform techniques were employed to solve the resulting
dimensionless differential equations directly and results illustrated graphically

using MATLAB.

7.2 Conclusions
Base on the results obtained, the following conclusions can be drawn:

* A theoretical framework has been developed and used to predict the
influence of various controlling parameters on the velocity, thermal and
concentration boundary layers.

» The magnetic field parameter is effective in reducing the flow as it
introduces an induced force known as the Lorenz force which tends to
attract charged particles.

» For an exponentially stretching surface, the magnetic field parameter
leads to decreasing thermal boundary layer thickness whilst the effect of
increasing the radiation parameter leads to increasing thermal boundary
layer thickness.

» Although, low Prandtl numbers give greater thermal boundary layer

thickness, the presence of the magnetic field delay the convection motion.
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Hence the thermal boundary layer thickness is greater for large Prandtl
numbers such as water (Pr = 7.0) as compared to air (Pr = 0.71) and
electrolyte solution (Pr = 1.0) but decreases with time.

Concentration is high for large values of Schmidt numbers such as
electrolyte solution (Sc = 0.67) compared to water (Sc = 0.62) and air (
Sc = 0.24) but diminished faster for electrolyte solution of high Schmidt
number with time. This relates well with physical situation because
Schmidt number physically relates to the relative thickness of

hydrodynamic layer and mass-transfer boundary layer.

7.4 Contribution to Knowledge and Recommendations

The study made the following novel contributions:

Water, air and electrolytes cool objects differently. Hence a choice of
fluid will determine the level of cooling to achieve.

Magnetic field strengths can be used to influence the kinematics of flow.
Heat transfer in porous media can be controlled with system parameters

to achieve a desired product.

Future research can be considered in the following areas:

Unsteady boundary layer flow interaction with heat and mass transfer in

a circular conduits.
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Chemically reactive unsteady flow in a nuclear reactor

Unsteady MHD boundary layer flow on curved surfaces as is encountered

in aircraft wing design and other industrial machinery.

The research is also recommended for

practical applications in unsteady processes in the areas such as
mechanical, electrical, automobile, mining, manufacturing, chemical
engineering etc since most of these industrial processes are time
dependent.

information on the nature of unsteady boundary layer developed on

heated porous plate in the presence of chemical contaminants.
engineering systems or devices that require magnetic systems.

Serve as reference material for future works in the areas of nuclear studies,
manufacturing, mining, petro-chemical, aerospace and automotive
sectors.

More importantly, the exact solutions obtained in the study will serve as

accuracy standards for approximate methods.

179



UNIVEERSITY FOR DEVELOPMENT STUDIES

=)

1_}

I
%

www.udsspace.uds.edu.gh

REFERENCES

Adelman M. A. (1991). User cost in oil production, Resources and Energy,
13(3), 217-240.

Ali M. (2007). The effect of variable viscosity on mixed convection heat transfer
along a vertical moving surface, Int. J. of thermal sciences, vol.45, 60-69.
Ali M., Abdul -Alim M.D. and Alam M. S. (2014). Heat transfer boundary layer
flow past an inclined stretching sheet in the presence of magnetic field, Int. J.

of Advancements in Reseach & Technology, vol 3 (5), 34-40.

Ambhalhel G. A. and Furmanski P. (1997). Problems of Modeling Flow and heat
transfer in porous media, Institute of Heat Engineering Nr 85, 1-34.

Anderson J. D. (2009). Governing equations of fluid dynamics, Computational
Fluid Dynamics, 3"ed., Springer-Verlag Berlin Heidelbeg.

Arthur E. M., Ayando T. and Seini Y. | (2015). MHD convective boundary layer
flow towards a vertical surface in a porous medium with radiation, chemical
reaction and internal heat generation, Frontiers in Heat and Mass
Transfer(FHMT),6,21,1-10.

Aziz A., Siddigque J. I. and Aziz T., (2014). Steady boundary layer slip flow
along with heat and Mass transfer over a flat porous plate embedded in a
porous medium, PLos ONE (12): e1145444 http://doi.org/10.1371/journal.

0114544,

180



UNIVEERSITY FOR DEVELOPMENT STUDIES

=)

1_}

I
%

www.udsspace.uds.edu.gh

Bala P.A.R., Bhaskar N.R. and Suneetha S. (2012). Effects on MHD flow past
an exponentially accelerated isothermal vertical plate embedded in porous
medium in the presence of heat source and chemical reaction, Journal of
Applied Fluid Mechanics, 5(3) 119-126.

Bhaskar B. S. and Chaudhary S. K. (2016). Review of fluid flow and heat
transfer through porous media heat exchangers, International Journal of New
Innovations in Engineering and Technology, 6(2), 28-42.

Barik, R.N. (2016). Heat and mass transfer on unsteady MHD flow through an
accelerated isothermal vertical plate embedded in porous medium in the
presence of heat source and chemical reaction, European Journal  of
advances in Engineering and Technology 3(1):56-61.

Barman P. C., Das A. and Islam M. R. (2017). Heat transfer through porous
media 4(2), 3642-3645.

Bhattacharyya K. (2012). Slip effects on boundary layer flow and mass transfer
with chemical reaction over a permeable flat plate in a porous medium,
Frontiers in heat and mass transfer, 3, 043006, Doi: 10.5098/ hmt.v3.4.

Chamkha, A.J., Raju, M.C., Sudhakar, R.T. and Varma S.V.K. (2016). Unsteady
MHD free convection flow past an exponentially accelerated vertical plate
with mass transfer, chemical and thermal radiation. Int. J. of Microscale and

Nanoscale thermal 5(1), 57-75.

181



-

J

A

\E

UNIVEERSITY FOR DEVELOPMENT STUDIES

www.udsspace.uds.edu.gh

Chand K., Kumar R. and Sharma S. (2012). Hydromagnetic oscillatory flow
through a porous medium bounded by two vertical porous plates with heat
source and soret effect, Advances in Applied Science Research, 3(4), 2169-
2178.

Chaudhary, R. C. and Jain, P. (2006). Unsteady free convection boundary layer
flow past an impulsively started vertical surface with Newtonian heating,
Rom. Joun. Phys., vol.51, Nos. 9-10, pp.911-925

Chen C. H. (1998) Laminar mixed convection adjacent to vertical, continuously
stretching sheets. J. of Heat and Mass transfer, 33, pp.471-476

Chiam T. C. (1998) Heat transfer in a fluid with variable thermal conductivity
over a linearly stretching sheet. Acta Mechanica 129, 63-72.

Chiem K. S. and Zhao Y. (2004), Numerical study of steady/unsteady flow and
heat transfer in porous media, International Journal of Heat and Fluid Flow,
25(6), 1015-1033.

Chin E. K., Naza R., Arifin N. and Pop 1. (2007). Effect of variable viscosity on
mixed convection boundary layer flow over a vertical surface embedded in a
porous medium, Int. communication in heat and mass transfer, vol.34, 464-
473.

Crane L. J. (1970) Flow past a stretching plate. Journal of Applied Mathematics

and Physics (ZAMP) 21:645-647, doi: 10.1007/BF01587695.

182



UNIVEERSITY FOR DEVELOPMENT STUDIES

=)

1_}

I
%

www.udsspace.uds.edu.gh

Dandpat, B. S. and Chakraborthy, S. (2010) Effects of variable fluid properties
on unsteady thin film flow over a non-linear stretching sheet. Int. J. of Heat
and Mass transfer, 53, pp.5757-5763.

Darby M. R. (1982), The price of oil and world inflation and recession, The
American Economic Review, 72(4), 738-751.

Das S., Mandal C. and Jana R. N (2012), Radiation effects on unsteady free
convection flow past a vertical plate with Newtonian heating, Int. J. of
Computer Applications, vol. 41-No.13, p.36-41.

Etwire, C. J., Seini, Y. I, and Azure D. A. (2015). MHD Thermal Boundary
Layer Flow over a Flat Plate with Internal Heat Generation, Viscous
Dissipation and Convective Surface Boundary Conditions. International
Journal of Emerging Technology and Advanced Engineering 5(5), 335-342 .

Gad-el- Hak M. (1996) Modern developments in flow control, Applied
Mechanics Reviews, vol. 49, 365-379.

Gireesha B.J, Mahanthesh B., Manjunatha P. T. and Gorla R. S. R. (2015)
Numerical solution for hydromagnetic boundary layer flow and heat transfer
past a stretching surface embedded in non-Darcy porous medium, Journal of
the Nigerian Mathematical Society, 34, 267-285.

Gupta, A.S, Pop, I. and Soundalgekar, V.G. (1979). Free convection flow past a
linearly accelerated vertical plate on the presence of viscous dissipation heat.

Rev. Roum. sci. Techn. Mec Apl. 24, 561-568.
183



UNIVEERSITY FOR DEVELOPMENT STUDIES

;9

Y

/1
\<

www.udsspace.uds.edu.gh

Hassanien 1. A. (1989), Oscillatory hydromagnetic flow through a porous
medium in the presence of free convection and mass transfer flow,
Astrophysics and Space Science, Kluwer Academic publishers, 151, 73-80.

Hsiao K. L. (2011) MHD stagnation point visco-elastic fluid flow and heat
transfer on a thermal forming stretching sheet with viscous dissipation,
Canadian Journal of Chemical Engineering 89, 1228-1235.

Hussanan, A., Salleh, M.Z., Khan, I. and Tahar R.M (2014). Unsteady boundary
layer flow and heat transfer of a Casson fluid past an oscillating vertical plate
with Newtonian heating. Plos One,9(10),e108763.

Hussanan, A., Salleh, M.Z., Khan, I. and Tahar R.M (2016). Heat and mass
transfer in a micropolar fluid with Newtonian heating: an exact analysis.
Neural Computing and Applications. DOI110.1007/s00521-016-2516-0.

Intaglietta M. (2017), Heat and Diffusion equation in space and time,

http://www.isn.ucsd.edu/courses/beng221/lectures.

Ishak A., Nazar R. and Pop I. (2008) Hydromagnetic flow and heat transfer
adjacent to a stretching vertical sheet, Journal of Heat and Mass, 44, pp.921-
927.

Kafousias, N.G and Raptis, A.A. (1981). Mass transfer effects subject to variable

suction or injection. Rev. Roum. Sci. Techn. Mec. Apl. 26, 11-22.

184



UNIVEERSITY FOR DEVELOPMENT STUDIES

=)

1_}

I
%

www.udsspace.uds.edu.gh

Kamel M. H. (2000) Thermal-diffusion effect on rotating hydromagnetic flow in
porous media, Mechanics and Mechanical Engineering International Journal,
4(2), 150-164.

Kan S. U., Ali N. and Abbas Z. (2015) Hydromagnetic flow and heat transfer
over a porous oscillating stretching surface in a viscoelastic fluid with porous
medium, PLoS ONE 10(12), 1-18.

Kathyayani G., Sambasivudu P. and Badu D. M. P. (2016) Effects of heat and
mass transfer on unsteady MHD flow of fluid in porous media, International
Journal of Science and Research, 5(9), 112-118.

Magyari E. and Keller B. (1999), Heat and mass transfer in the boundary layers
on an exponentially stretching continuous surface, J. Phys. D: Appl. Phys. 32,
577-585.

Martynenko O. G., Berezovsky A. A. and Sakovishin, Y. A. (1984) Laminar free
convection from a vertical plate. Int. J. of Heat and Mass Transfer, vol. 27,
pp. 869-881.

Marthie R., Nakamura H. and Markides (2012), Augmentation in unsteady
conjugate heat transfer part-1l , International Journal of Heat and Mass
transfer, vol 56, 819-833.

Mathelin L., Turki M. A., Pastur L. and Kandil H. A (2010) Closed-loop fluid
flow control using a low dimensional model, Mathematical and Computer

modelling 52(2010), 1161-1168.
185



UNIVEERSITY FOR DEVELOPMENT STUDIES

=)

1_}

I
%

www.udsspace.uds.edu.gh

Megahed A. A., Afify A. A. and Mosbah A. (2011) Similarly solution for Steady
MHD Falkner — Skan heat and mass transfer flow over a wedge in porous
media considering Thermal-diffusion and Diffusion-thermo effects with
variable viscosity and thermal conductivity, Int. J. of Applied Math. and
Phys. 3(1), 119-129.

Meunier M. (2009) Stimulation and optimization of flow control strategies for
Novel  High-lift  configurations, AIAA  Journal, 47(5), 1-8,
Do0i:10.2514/1.38245.

Misra M., Ahmad N. and Siddiqui Z. U. (2012) ,Unsteady boundary layer flow
past a stretching plate and heat transfer with variable thermal conductivity,
World Journal of Mechanics, Scientific Research, vol.2, 35-41.

Mishra S. R., Mohanty B. and Pattanayak H. B. (2015), Numerical investigation
on unsteady heat and mass transfer effect of micropolar fluid over a stretching
sheet through porous media, Alexandria Engineering Journal, 54, 223-232.

Nadeem S., Haq R., Akbar N.S. and Khan N. H. (2013) MHD three-
dimensional Casson fluid flow past a porous linearly stretching sheet,
Alexendra Engineering Journal 52, 577-582.

Narahari, M. and Nayan, M. (2011), Free convection flow past an impulsively
started infinite vertical plate with Newtonian heating in the presence of

thermal radiation and mass diffusion, Turkish J. of Eng. And Env. Sci., 35.

186



J

A

\E

UNIVEERSITY FOR DEVELOPMENT STUDIES

e S

www.udsspace.uds.edu.gh

Norzieha M., Farhad A., Sharidan S., Khan 1. and Samiulhaq (2012),
Hydromagnetic rotating flow in a porous medium with slip condition and hall
current, International Journal of Physical Sciences 7(10), 1540-1548.

Oruc V. (2017) Strategies for the applications of flow control downstream of a
bluff body, Flow Measurement and Instrumentation, volume 53, part B, 215-
220.

Ramakrishnan K. and Shailendhra K. (2011). Hydromagnetic flow through
uniform channel bounded by porous media, Appl. Math. Mech. —Engl.
Ed.,32(7), 837-846.

Rout B. R. and Pattanayak (2013). Chemical reaction and radiation effect on
MHD flow past an exponentially accelerated vertical plate in presence of heat
source with variable temperatre embedded in a porous medium,
Mathematical theoy and Modeling, 3(8), 18-26.

Saad, T. (2009) Derivative of the continuity equation in Cartesian coordinates:

http://pleasemakeanote.blogspot.com/2009/02/derivation-continuity-

equation-in-html.

Sahoo A. C., Biswal T. (2015) MHD Visco-elastic boundary layer flow past a
stretching plate with heat transfer. JETMAS vol. 3(9), 11-18.
Sakiadis B. C. (1961) Boundary layer behaviour on continuous solid surfaces,

AIChJ, 26-28.

187



UNIVEERSITY FOR DEVELOPMENT STUDIES

=)

1_}

I
%

www.udsspace.uds.edu.gh

Samiulhag, Constantin F., llyas k., Fard A. and Sharidan S., (2012) Radiation
and Porosity Effects on the Magnetohydrodynamic Flow Past an Oscillating
Vertical Plate with Uniform Heat Flux, Z. Naturforsch. 67a, 572 — 580 (2012)
/ DOI: 10.5560/ZNA.2012-0070.

Seini Y. 1. (2013). Flow over unsteady stretching surface with chemical reaction
and non-uniform heat source. J. Eng. Manuf. Technol. 1 (2013) 24-35

Seini Y. I. and Makinde O. D. (2013). MHD Boundary Layer Flow due to
Exponential Stretching Surface with Radiation and Chemical Reaction,
Mathematical Problems in Engineering Volume 2013, Article ID 163614, 1-
7 pages.

Sharidan S., Abid H., Khan I. and Salleh M.Z (2014), Slip effects on unsteady
free convective heat and mass transfer flow with Newtonian heating,
Thermal science 142-143.

Siegel, R. (1958), Transient free convection from a vertical flat plate,
Transactions of the American Societies of Mechanical Engineers, vol.80, pp.
347-359 .

Sipp D. and Schmid P. (2013) Closed-loop control of fluid flow, a review of
linear approaches and tools for the stabilization of transitional flows, Onera

Journal, Aerospacelab, issue 6, 1-11.

188



_@ UNIVEERSITY FOR DEVELOPMENT STUDIES

www.udsspace.uds.edu.gh

Uddin M. J., Ali M. D., Uddin M. N. and Zahed N. M. (2015) Similarly solutions
of unsteady convective boundary layer flow along isothermal vertical plate

with porous medium, Open Journal of Fluid Dynamics, vol. pp. 391-406.

189



@ UNIVEERSITY FOR DEVELOPMENT STUDIES

www.udsspace.uds.edu.gh

APPENDIX |
MODELS’ DERIVATIONS
DERIVATION OF CONTINUITY EQUATION
The continuity equation is an expression of a fundamental mass conservation.
All fluid particles that flow into any fluid region must flow out. Consider a
cubical control volume inside a fluid in figure A1.1. All fluid that is accumulated
inside the control volume + all fluid that is flowing into the control volume must
be equal to the amount of fluid flowing out of the control volume. Thus

Accumulation + Flow In = Flow Out

o

I T
+ &z

PUSYSZ | I —T [pu+%.u§x Sydz

s />\
e o

PWEXSY

Figure Al1.1 Mass flux through each of the six faces of a control volume of
fluid (Saad, 2009)

Introducing “*’ on the variables in figure Al.1 for uniqueness of variables and
parameters already used in the study. The mass of the control volume at some
time t* is
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M = pSx*8y*6z* (A1.1)

The time rate of change of mass in the control volume is

aag 6x*8y*6z* (A1.2)
Now we can compute the net flow through the control volume faces. Starting

with the x direction, the net flow is
(pu* + zp—ng*) Sy*6z* — pu*bdy*6z* = zp—gcﬁx*Sy*(Yz* (A1.3)

Similarly, the net flow through the y and z faces are respectively

dpv*

L 5x" 0y 87" (AL.4)
Y 5x°8y" 67" (AL5)

Mass conservation requires that the net flow through the control volume is zero.
By adding up the resulting net flow and dividing by the volume of the fluid
element (&dx*8y*6z*), the continuity equation is obtained in Cartesian

coordinates as

*

ap dpu*  dpv* = dpw
at* ax* ay* az*

=0 (Al.6)
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DERIVATION OF MOMENTUM EQUATION

The derivation of the momentum equation relies heavily on the Newton’s 2"

Law of motion. Consider a moving fluid element in figure A1.2 below

a7, )
’ /(I;"‘+Ely dy |dx dz

Velocity

g
components : f ap
] +
. 7, dr dy /(p ax dx)dydz
dvds - i f (r ar“dx)dydz
paya; 44— ot
: dx. }‘*“*/ ox
Tudy dz =———| I NG -
sd
dZ// — ¢ 3 ¥
-— T
yd T dx 02 (fzwaz“ dZ) dx dy
s

Figure Al. 2 Infinitesimally small moving fluid element showing only the
forces in the x direction (Anderson, 2009)

Introducing ‘*’ on the variables in figure A1.2 for uniqueness of variables and
parameters already used in the study. The Newton’s 2" law, when applied to the
moving fluid element says that the net force on the fluid element equals its mass
times the acceleration of the element. This is a vector relation, and hence can be
split into three scalar relations along the x*, y*, and z*-axes.

Consider the x* —component of Newton’s 2" law
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This means that a moving fluid experiences forces whose magnitude depends on
the acceleration in its direction of motion. These forces are made up of body
forces and surface forces.

Denoting the body force per unit mass acting on the fluid by g and its
x* —component by g,.+, the volume of the fluid element is (dx*dy*dz") hence

{Body force on the fluid element

acting in the x* — direction } = pgx(dx"dy"dz’) (A1.8)

On the face abcd, the only force due to shear stress t,-~dx*dz" acts in the
negative x*direction whilst the shear force [z, + (87, /0y*)dy*]|dx*dz"
acts in the positive x* —direction on the face ef gh which is at a distance of dy
above the face abcd. Similarly, on the face dcgh, t,+,+dx*dy™ acts in the
negative x* — direction whereas on the face abfe , [T, + (0T x+/
0z*)dz*]dx*dy * acts in the positive x* —direction. On the face adhe, which is
perpendicular to the x* —aixs, the forces in the x* —direction are the pressure
force pdx*dz* which acts in the direction into the fluid element and
T, +dx*dy”™ which is in the negative x* —direction. In contrast, on the face
bcgf, the pressure force [p + (dp/dx*)dx*|dy*dz* presses inward on the fluid
element in the negative x* —direction and there is a suction due to the viscous
normal stress which tries to pull the element to the right in the positive
x* —direction with a force equal to [T,+,+ + (0T,+,+/0x*)dx*|dy*dz*. Hence

for the moving fluid element
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{irl\l]iitl:?;ffcdié(:::icoen} - [p B (p + %ax*)] dy*dz* + [(Tx*x* +

agx%ax*) - Tx*x*] dy*dz* + [(Ty*x* + a?;:f* 6y*) - ry*x*] dx*dz* +
[(Tz*x* + %62*) — rz*x*] dx*dy* (A1.9)

Where 7+, and 7,+,+ are the shear stress components. 7+~ is the normal
stress in the x* — direction.
The total force in the x* —direction ( F+ ) is the sum of (A1.8) and (A1.9).

Simplifying terms give

3 BT, rpr | OTyrpr 0Ty w3 % kg% 3k
px=(_6;’*+ Sy L O )dx dy*dz* + pg-(dx*dy*dz*) (A1.10)

Now considering the RHS of (A1.7), the mass of the fluid element is fixed and
is given by

m = pdx*dy*dz" (A1.11)
Also, the acceleration of the fluid element is the time rate of change of its

velocity and is given by the substantial derivative

__ Dbu*

@ = or (A1.12)
Substituting all terms into (A1.7) result in
D_'Ll,*_ _a_p a‘L'x*x* a‘L'y*x* aTZ*_x*
Por™ "o T ax T oy T o, TPEX (AL.13)
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Equation (A1.13) is the x*-component form of the momentum equation for a

viscous flow. Similarly, the y* and z* components can be obtained respectively

as
Dv* _ ap 6rx*y* a‘[y*y* a‘[z*y*
o = oy t— T 3y +—, T Pgy (Al.14)
DW' _ Op | BT, | 0Ty BT
Dt* - 9z* + ox* + ay* + dz* + ng* (A1'15)

WNEre Ty, Tyrxr Tooxt, Tuty®s Ty'y®s Tory®s Tat g% Ty*zt, To7p+ @F€ Shear stress
components.

Since the fluid element is moving with the flow, equations (A1.13) - (A1.15) are
in non-conservation form. They are scalar equations, and are called the Navier-
Stokes equations in honour of the two men, the Frenchman M. Navier and the
Englishman G. Stokes, who independently obtained the equations in the first half
of the nineteenth century (source en.Wikipedia.org).

The Navier-Stokes equations can be obtained in conservation form in terms of

the substantial derivative as

pz—ing—i+pU*.Vu* (A1.16)

Expanding the following derivative

d(pu”) ou’ « 0p ou* _ d(pu") « 0p
— —_— —_— z - = 7 - .
at* at* R at* at* at* LFre (AL.17)

The vector identity for the divergence of the product of scalar times a vector is

U*. (pu*U*) = u*V.(pU") + (pU*).Vu*
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pU*.Vu* = U*. (pu*U*)—u'V.(pU") (A1.18)
Substituting gives

bu* _ d(pu*) . "
= —u o —wV. (pU") + U (pu'U”)
bu* _ 3(pu) (
Dt*  at*

2+ V. (pU* )) + U, (pu*U") (A1.19)

The term + V. (pU™) is the continuity equation in (3.3), hence it is zero.

Thus, (A1.19) reduces to

Du*
Dt*

=2 4 U (pu'U") (A1.20)

This yield for the x* direction

+ U (puU”) = — 22 4 Ty ayf*+agzz*f*+pgx* (AL.21)

d(pu”)
ot

Similarly, for the y* and z* directions,

a kK
a(apti)*‘U* (pv*U") = — a;*-l_ ;J;y + ay:v + aziv +rgy (AL22)

Equations (Al1.21) — (A1.23) are the Navier-Stokes equations in conservation
form. In the late seventeenth century, Sir Isaac Newton observed that the shear
stress, 7, in a fluid was proportional to the time rate of strain, i.e. velocity
gradients. Such fluids are called Newtonian fluids. In virtually all practical
aerodynamics problems, the fluid can be assumed to be Newtonian. For such

fluids, Stokes (1845) obtained:
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* ou”, _ X av*
Tx*x* = /1V.U + 2#%, Ty*y* = /1V.U + 2# ay*
. ow* ov*  ou*
TZ*Z* = j,v- U + 2/1, a_Z* ; Tx*y* = Ty*x* = l’l’ (ax* _I_ a),*)

ou* ow* ow* av*

Tyxzr = Ty = U (az* + ax*); Tyrzr = Ty = U (a_y* + az*) (Al.24)

Where ; = 2, (A1.25)
3

The complete Navier- Stokes equations in conservation form is thus obtained as

a(pu) | (pu?) | alpuwv?)  d(pu'w?) _ dp | 3 « ou*
at* dx* ay* + az*  ax* +ax*(’W'U +2u ax*) +
i) av* ou* a ou* ow*
ay* [‘u (6x* + ay*)] + az* [‘u (62* + dx* )] t P8y
(A1.26)
a(pv*) . d(pu*v®) 6(pv*2) o(pv'w*) _ ap 0 ov* ou*
at* + dx* ay* + dz*  dy* = ox* [ (ax* + 6y*)]
3} " av* d ow*  ov*
T ay* (ﬂv' U”+ 2# 6y*) T az* [‘u (6y* T az*)] + ng*
(A1.27)
at* Ax* ay* az* 9z  ox* dz* = ax*
d ow*  ov* 3} " ow*
o [u ( o az*)] + -2 (2v.U0" +2u5%) + pg.- (A1.28)
In general, Navier- Stokes equation in conservation form is
2L = _Vp + pg + uviU* (A1.29)

Dt*
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DERIVATION OF ENERGY EQUATION

y

dlur,)
) /[uq,*« —ay—yidy] dx dz

g
[y
| dlup)
dy: vz, dx dy up+ ax dx | dydz
- i
dydz : o [ 0ty ]d d
up dydz ——» UTyy* x| ayaz
: dx. |_"/ ax
Ut dy dz —=— 47 b—————— N
. Zd q
Go Oy 07 el |, T (q'x aaf dx)dydz
d -—
i uTydx dz [ dlury) ]
. b ut g dz |dx dy

Z

Figure Al. 3 Energy fluxes associated with infinitesimally small moving
fluid element showing only fluxes in the x*- direction (Anderson, 2009).
The energy equation is derived from the first law of thermodynamics, which,

when applied to moving fluid element in figure A1.3 becomes:

energy inside the ; ={ heat into ;+ <the element due to body

Rate of change of { Net flux of } Rate of work done on
fluid element the element ( and surface forces

Let A, B and C denote the respective terms above.

= A=B+C (A1.30)
Introducing “*’ on the variables in figure A1.3 for uniqueness of variables and
parameters. Evaluate C, i.e. the rate of work done on the moving fluid element
due to body and surface forces. The rate of work done by the body force acting
on the fluid element is equal to the product of the force and the component of

velocity in the direction of the force. Thus,
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pg. U*(dx*dy*dz") (A1.31)
To obtain the net rate of work done on the fluid element by the surface forces,
the forces in the positive x*- direction are considered to do positive work and the
forces in the negative x*- direction do negative work. Hence, comparing the
pressure forces on face adhe and bcgf, the net rate of work done by pressure in

the x*- direction is

[wp - (wp+ 52ox")|dy*dz” = - % Pax'dy'dz”  (AL32)

Similarly, the net rate of work done by the shear stresses in the x*- direction on

faces abcd and ef gh is

[(u*ry*x* + a(%;:x*)ay*) - u*ry*x*l dx*dz* = a(%yy:x*)dx*dy*dz*

(A1.33)
For all the surface forces in the x*- direction, the net rate of work done on the

moving fluid element is

— d(u"p) a(u*Tx*x*) a(u*ry*X*) a(u*rz*x*) * * *
[ pyor + Py + 3y + py dx*dy*dz (A1.34)

Similar expressions can be obtained for surface forces in the y* and z* -
directions. Hence the net rate of work done on the moving fluid element due to
body and surface forces is given as

C = {sum of the suface forces } + {sum of the body forces}
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_ o(u*p) ., a(w'p) . a(w*p) a(urr, ) (u 2% *) a(u T, )
_ [—( Pt )+ I = L
0(vrey) | 0(vryry) 00 y) | dwine,s) | AWy
ax*y + 6;*y + 6z*y + ox* + ay{ +
Ml dx*dy*dz" + pg.Urdx*dy*dz" (AL35)

In (A1.30), B is the net flux of heat into the element. This heat flux is due to two
factors namely:

the volumetric heating such as absorption or emission of radiation and

heat transfer across the surface due to temperature gradients, i.e. thermal
conduction.

Defining g as the rate of volumetric heat addition per unit mass, noting that the
mass of the moving fluid element is pdx*dy*dz* gives

{Volumetric heating
of the element

} = pgpdx*dy*dz* (A1.36)
The heat transferred by thermal conduction into the moving fluid element across
the face adhe is q,-dy*dz"*. The heat transferred out of the element across face

becgf s[4y + (04, /0x™)dx*]dy*dz". Therefore the net heat transferred in

the x*- direction into the fluid element by thermal conduction is
Ge = (dae + 22 0x") | dy*dz* = -2 dxdy*dz (A1.37)
Similar equations can be obtained for heat transfer in y* and z* directions across

other faces. Hence
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Heating of the Ny die 9
fluid element by = — (;ﬁ + ayy* + aqzz* ) dx*dy*dz* (A1.38)
thermal conduction

Thus,

B =|pqg—(Zx+ ‘Zvy + 22 dxdy*dz’ (A1.39)

But heat transferred by thermal conduction is proportional to the local

temperature gradient

. oT* . * . *
Qy = _Kﬁ; qy* = —K—* ;g = —K—* (A140)

Thus,

B=[pg+-=(K5o)+ a‘; (x 35) + -2 (KkD)| dxdy*dz”  (ALAY).
The time rate of change of energy of the fluid element was denoted by A. The
total energy of the moving fluid per unit mass is the sum of its internal energy
per unit mass, e*, and its kinetic energy per unit mass, V*2/2. The total energy

is (e* + V*2/2) and the mass of the fluid is pdx*dy*dz*. The time rate of

change of energy per unit mass is given by
a=p (e +)dxdydz (A1.42)

Hence the final form of the energy equation is obtained to be
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4N b} oT* b} or* d aT*\ _ ou'p)
Poe (e + ) - dx* (K 6x*) ay* (K ay*) tor (K az*) ax*

0wy _ awp) | Auwree) | AW Tyw) | o(wre) A Tey) | (ny)
ay* az* ax* ay* az* ax* ay*

+

6(v T,* *) a(w T, ) (W T+ *) a(w T, )
e St + pgyr (A1.43)

This is the non-conservation form of the energy equation in terms of the total
energy. In terms of internal energy, e*, the energy equation is obtained as:

De* . a oT* a aT* a aT* ou*  dv*  ow*
p Dt* ax* (K ax*) ay* (K 6y*) az* (K Oz*) —-bp (6x* ay* + 62*) +

a* a 3 3 3 61.7*

6 * 6w* ow*
Tz 5 T Tyez 3y PR P ey (A1.44)

Equation (Al1.44) can be expressed totally in terms of the flow field variables

by replacing the viscous stress terms -+, T,,+ €tc. with their equivalent

EXPIESSIONS SAY Tyryr = Tyryr, Tytzt = Tpoxr Tyrgr = Tpoy+ FESUNtING N

De* . 0 oT* 0 oT* 0 oT* ou* ov* ow*
Poe = x* (K ax*) + ay* (K ay*) + az* (K az*) p (6x* + ay* T az*) +
ou* av* ow* ou ov* ou* ow*
Txxa*+Tyya*+TZZa*+T3’x(a_+ )+TZ (@ 6x*)+
av* ow*
Ty (g + ay*) (A1.45)

Substituting (Al1.44) into (A1.45) gives
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De* . ad oT* ad oT* 0 oT* ou* ov* ow*
P =i+ (Kon) + o (K55) + 5 (K 55) —p G+ 5+ 55) +
au* vt awn\2 aur\? av*\2 aw*\ 2 aur  avt\?
A (ax* + ay* + az*) TH [2 (6x*) +2 (ay*) +2 (az*) t (ay* t ax*) +

(B +22) (G 22) ] (AL46)

Equation (A1.46) is a form of the energy equation completely in terms of the
flow field variables.
Hence the rate of change of energy inside the fluid element for incompressible

viscous fluid flow is

De* . aZT* azT* azT*
pD_i* =pqt K (ax*z + ay*2 + 32*2) to (A147)
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DERIVATION OF CONCENTRATION EQUATION

" — B g

X A mm mm e = - ox

X x+dx

Figure Al.4 Flux balance along the x-direction in a region of space
described in Cartesian (Intaglietta, 2017)

The concentration equation of a fluid is derived on the principles of species
conservation in a mixture as well as Fick’s Law.

The Fick’s Law

Consider figure Al.4 above, introducing ‘*’ on the variables for uniqueness of
variables and parameters already used in the study. Fick’s law states that the
flux of the diffusing material F,~ in x*- direction is proportional to the negative

gradient of the mass concentration C* in the same direction:
ac*
Feo==D— (AL1.47)

where D is the mass diffusion coefficient. This coefficient may be constant or
a function of time, location and concentration.

In figure Al.4, assuming fluxes occur only in the x*- direction, then
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. the flux .
the fl terial
e flux of materia through the rate at which

through the face of ; — b ={ the concentration
element of volume x* the face changes in the volume

x* +dx*
OF .« «\_ oc” OF ,x
= Fx* B (Fx* + dx* dx )_ﬁ - ox*
(A1.48)
Now considering the fluxes in all directions yield
BC* an* aFy* an* _
o T T ™ +-5=0 (A1.49)
ac* _ d ac ] ac ] ac*
at*  oax* (D ax*) + ay* (D ay*) tor (D az*) (A1.50)
In vector form, (A1.50) is expressed as
ac* . *
Pyt div(D grad C*) (Al1.51)
bC _ pvrc2.y (A1.52)

Dt*
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APPENDIX 1l
LAPLACE TRANSFORMS

Considering the energy model in (4.21);

a6 1 920
E_P_TE__Fle-*_ME 'LL

The Laplace transform is

[Z;Z] L[5 ]=7F1 — ME,L[u?]

Taking L [ ] using the definition of Laplace transform

—St at

Taking L[lae] 00169

P, 0y? P 6y2
—P ay f 0(y, t)e st at

But fOOOH(y, t)e Stat = 6(y, s).

1 0%601_1 9%0

m.
=
=
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=
g
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>y P ay? (A2.1)
Also, taking L[ ] Leta =0,:(y,t)
L2 = 1(6:(,0)) = e~ 0(y, 0I5 +5 J, 6(y, e ot
=s6(y,s) — 0(y,0). (A2.2)
Gathering the bits together
= Plrg —50(y,s) +6(y,0) = PirFlé_?(y, s) — ME.L[u?(y, t]. (A2.3)
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Similarly, the other models can be expressed in Laplace transforms as:

In the dimensionless concentration model (4.24), the Laplace transform is

2 —5B(,5) + 003, 0)=KB(, ). (A2.4)

1
Sec

Also, in the dimensionless momentum model (4.15), the Laplace transform is

Zzyf — G+ u(y,0) = —G.0 — G, + M, (A2.5)
%)
=
&)
E Table of Laplace Transforms
r_| ~
E f(®)fort=>0 f=L(f®)
= o
= = f e St f(t)dt
E 0
- 1 1
I'_-L'I —_—
m S
% ot 1
[—“ s—a
E tn n'
E o) n=01,..)
B ta r(a+1)
E W(a > 0)
sin bt b
s2 + b2
cos bt S
s2 + b2
sinh bt b
52 — b2
cosh bt S
52 — b2
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f'®
@

t"f(t)

e f(t)

0 t<
u(t_a)z{l t>;

u(t—a)f(t—a)
u(t —a)g(t)
5(t—1)
(f *9)(®)

= [ re-ng@ar
0

sL(f) — f(0)
s?L(f) — sf(0)
- f'(0)

d"F

D" == ()

L(f)(s—a)

e—as

S

e"“L(f)(s)
e‘“SL(g(t + a))(s)

e—as

L(f *g) = L(f)L(g)

_@ UNIVEERSITY FOR DEVELOPMENT STUDIES
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Table of Special Laplace Transforms

ffort=0 f=LU®)
= Jooe‘“f(t)dt
0

e—a%/(4t) e—aVs
Vmt Vs
ae_az/(‘l‘t) e_a\/E
2Vmt3
erf(t) es/terfe(s/2)
s
a —avs
erfc|l— e
f (zﬁ) -
; e—a\/E
— p—a?/(4t)
zj; e ;
trre(57)
—ajerfc|—
24/t
eb2t+ab {efT'C (b\/E-FL\/_)} e—a\/E
2Vt Vs(Vs +b)

@ UNIVEERSITY FOR DEVELOPMENT STUDIES

209




UNIVEERSITY FOR DEVELOPMENT STUDIES

www.udsspace.uds.edu.gh

APPENDIX 111
SOLUTIONS OF HOMOGENOUS PROBLEMS
In (4.21), considering the homogeneous problem of the LHS, i.e

920

yz ~ Prs0(.5) —F10(y,5) =0 (A3.2)

az0 -
- (Bs+F)I=0. (A3.2)

The characteristic equation of the ODE is determined from the ansatz

0 =e”andis
r2—(Ps+F)=0 (A3.3)
> r=+/Ps+F, (A3.4)
The general solution of the homogenous problem is
9_(31, s) = A(s)e VErstiy 4 p(s)eVPrtfay, (A3.5)
Where A(s) and B(s) are constants.
19%9

Similarly, in (4.36), -5 —s@(y, s)=K,.0(y, s), the general solution of the

homogenous problem is

6(3}, s) = A(s)e VSstKey o p(s)eVSestickey, (A3.6)

25 — —
In (A2.5), 27‘21 —su = —G,0 — G.9 + M, u, the general solution of the

homogenous problem is
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U(y,s) = A(s)e?Vst 4 p(s5)e?Vst (A3.7)
1020 - 1 ) :
In (5.10), oy sO(y,s) = P—rFH(Y, s) — ME.L(u?), the general solution of

the homogenous problem is

9_(3/, s) = A(s)e™?VPrHE 4 p(s)e? VPt (A3.8)
In (5.24), Ziyf — sti = —G,.0 — G.® + Mii, homogenous problem is

U(y,s) = A(s)e™Vs™ 4 B(s)e?VstM (A3.9)

In (6.17), taking the homogeneous problem as

920

i+h g — (P.s+F)O = 0. (A3.10)

The characteristics equation is determined from the ansatz & = e™” which is

r>2+Pr—(P.s+F;)=0 comparetoar?+ br+c =0
a=1b=PF, c=—(Ps+F) r= >

The general solution of the homogeneous problem

y

—Pp— /P$+4(PTS+F1) —Pr+ /P% +4(Pys+Fq)

is O(y,s)=A(s)e 2 Y+ B(s)e 2 Y. (A3.11)
o%u _  ou = — _

In (6.34), 5y~ SU + Ty -G08 — G, + M,u , the homogeneous problem

. 92w | du _

is ay"z + 6—1; —(s+M)u=0. (A3.12)

211



www.udsspace.uds.edu.gh

The characteristic equation is determined from the ansatz
u =e"™ whichis
r>+r—(s+M;)=0 comparetoar?+ br+c =0

a=1,b=1 c=—(s+M,;) = —11\/21—4_5
The general solution of the homogeneous problem is

_ -1—/1+4(s+M1) -1+/1+4(s+M7)
U(y, s)=A(s)e 2 Y+ B(s)e 2 Y, (A3.13)

In the homogeneous problem in (6.27) which is

) a0 =
6_yz+Sca_y_Sc(5+Kc)® =0

The characteristic equation is determined from the ansatz
@ = e™ whichis

r2+Sr—S.(s+K,) =0 comparetoar?+ br+c =0

—Sct_|Sc2+4S.(s+KL)
a=1b=S, c=-S.(s+K_.) r=

I

The general solution of the homogeneous problem is

—Sc—[Sc2+4Sc(s+K ) —Sc+| c2+aSc(s+Ke)

6(31, s)=A(s)e 2 Y+ B(s)e 2 Y, (A3.14)
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APPENDIX IV
CONVOLUTION THEOREM

If L7 (x)] = f(¢t) andL™[g(x)] = g(t) then by convolution theorem;

(F-Deo = Jy F(E = 0)g()dx (A4.1)
In the concentration equation in (4.39), using the convolution theorem;

f(t) =Lt Ee—ym]

- e

=1+ (ny’; e ‘Kc). (A4.2)

F(O) = [£1 5 250 T e gy

2

JSe rt —Scy”

— y cf 1 e ax chdx
2vm Y0 Vx3

_y Sc —y./ScKe (Zx K-y SC)
E e (525

eVVScKeerfc <2x\/76+3’\/5_c)]0]
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—p~V\/ScKc —Zt Ke=y+/Sc V+/ScK¢ Zt\/K—C+y\/S—c
e N erfc( G + eYVocteerfc —x I

(A4.3)
In the momentum equation in (4.48), applying convolution theorem;
f@©) = L7 [ e/ |
-1 [L « 1 [e—y,/s+M1]
S—a
= e x Le_4_yt2_“\/11 (A4.4)
2Vmt3 '
t _4—372—le
— (t-x) Ye **
f@©) = [, e ———dx (A4.5)

2
Y ff 1 eat—(a+M1)x—Z—x

=7 [\/— [ e~ yJatMy <erf (Zx a:r/yl y>>+

eyVa+M; (erfc (Zx\/c;+—\/g11+y)>l t]
0
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at [_e—ym (erfc (%)) + /et <erfc (@»l

(A4.6)

s+M;

Also, f(t) =

- g o)

S+M1

2
e,y 2

Lt (A4.7)

=e

52
—xMq

Ft) = [f ety

2Vmx3

M1te‘r‘f( \/})lt
0

2\/_l y

= e Mtlerfc (2%/?) (A4.8)

Considering the temperature equation in (4.50), using the convolution theorem;
f(O) =L [ ~y\[Prs+Fy y]

— L—l [l] * L—l [e—y Prs+F; y]
s
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Pr —Flt_Pry
w2 e (A4.9)
—F1x_Pry?
= ”P_T f e dx (A4.10)

Fi
2t y/Py 2t [St+y /Py
ZE —eWh erfc ‘/:T +erVh erfc \/:ZTT (A4.11)

(O = 17 [ e VP HF]

Prs+F;

Using convolution theorem;

F() =L~ [Pr +F1] « L1 [e—y PrS+F1]. (A4.12)
_ e}% o2 - (A4.13)
=2 |-e “rerf (w— )] (A4.15)
= ie f’lrterfc( J—) (A4.16)

The velocity term (u?) in the temperature model in (4.51) is expanded as
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2
u? = lez(at—y1/a+M1) <€T'fC (2t1/a+M1>> n
4 2\/f

2
%ez(at+yw/a+M1) (erfc (Zt 2?/;M1)> + ((GO(y,t))? + 2G,0(y, t)G.B(y, t) +

(G.D(y, £))?)e2Mat [1 — 2erfe(3) + (erfc( f))zl +

1 2tya+Mi-y 2t /a+M +y
2| —=e%er N1 Ter ke "l SLICAR) I
PE fe 2Vt erfc 2Vt

2t./a+M;—y

%eat—y‘/a””lerfc (2—\/?_) (Grg(y, t) + G.0(y, t)) (e—Mlt -

e erfc( i]/_)) + = ea”y‘/r"”lerf (@) (G0(y,0) +
GOy, 1)) (e‘Mlt — e Miterfc (2\/_))] (A4.17)

Similarly, the velocity term (u?) in the temperature model in (5.25) is expanded

as
v2 v,
2 —5-—2tM
wr =P v (G000 + 6.00,0) (e

e” erfc( W)) + (G20%(y, ) + 2G,0(y,£)G,.B(y, ) +

G202 (y, t))e 2Mt (1 erfe (2 yf))z (A4.19)
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Considering the concentration equation in (6.30), using the convolution

theorem
|1 —Sc— [s%+4sc(s+kc)
fO) =L7"|<e 2 Y
1 —Sc— /S%+4Sg(s+kc)
=13 L e 2 y (A4.20)
y[S3  -Scy® Sct Scy
=1=x* 25\/\/;e at s o Kt (A4.21)
v [se -Scy? Scx_Scy
= Z;C/\/;fot 1 %e ax a2 KXy (A4.22)

-ySc-y [SZ+aScKc
1 eNRerRere t/Sc+aK—y4/S
==—e 2 —erfc (—C = C>+

2 24t
2
NS HASeKe (—W 5”‘;’5;*”5—6) . (A4.23)

In the velocity equation in (6.40), using the convolution theorem;
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—1—/1+4(s+M
a J 2(s 1>yl

f(©) = L1 [Te (A4.24)

A DYy iraM _
== 2 [—erfc (”t;/#) + ey‘/merfc (y-l-t\é@)]

(A4.25)

1 /’L _1_‘/1+4(S+M1)y
Also, f(t) =Lt |—e 2z
s+1

—1—/T+4(s+Mq)
— -1 Lfml % 71 le — yl (A4.26)
e,y
= Ade *Zme 4t 4 2 (A4.27)
—v2 x
= 22 [ Lo My (A4.28)
f@©
A Ty-yJ1+4(m+Mi)+1 -y+ty—4(m+M;) +1
=" ¢ R —erfc( y+ = 1) )
2 2+t
+t/—4(m+M;) +1
+eY\/—4(m+M1)+1erfC (y ‘/ (2\/f 1) > . (A4.29)

e

= czn s
Also, f(t) = L — 2 7|

s+Mq
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2

(A4.30)

S+M1

—-1-/1+4(s+M1)
— L—l [ 1 ] * L—l le—1YI

= [t emmten L e 3z M gy (A4.31)

f) = %e‘Mlt‘y [—erfc (t _ y)

+ eYerfc (t;l\-/fy)] (A4.32)

In the temperature equation in (6.24), using the convolution theorem;

) —Pyr— /P$+4(PTS+F1)‘
fO)=L"|<e 2 Y

L —Pp— /P$+4(PTS+F1)
— L—l [_] * L—1 e > y
S

—Pry Fqt Pyt Pyry

=1 % Zy\/np%e at Py 4 2 (A4.33)
-Pry?> Fix Pyx_ Pry
_NPT ke s d (A4.34)
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4Fq
1 Ty /4F1+P2 t [y tPryVPr
= —ze’ erfc| ———— |+

2Vt

=Pr o [p +1p2 t /ﬁ+Pr+y,/Pr
1 +y |Fi+2P
se’ YT "erfc| —— |. (A4.35)

24/t

L —Py— /P,Z,+4(Prs+F1)
Also, L1 ——— 2 y (A4.36)
T 1
fPr +4(PTS+F1)
[P s+ Fl
—Fit —P.y? Fit P.t Py
=lep—r1*J’_\/Fre 4t Plr 4 2
b. 2Vmt3
yJPy Flt(t X) —P,«y2 Fi1x Pyx Pry
f(t)=2PT\/_ Prooxose w Pro4 2 dx (A4.37)

—F1 —F1

1 +yP t\/Pr—y./P. 1 +2YPy t/P +y,/P

=——ePr VTerfc| X)) o Pr erfc|———=—|.
2P, 24/t 2 T2t

(A4.38)

The velocity term u?(y, t) in the temperature equation (6.42) is expanded as
follows;
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2 2
A _ —y+t/1+4M;
2 y+y./1+4M
u“(y,t) =—e \ 1<erfc( G >>

2
A _ —y+t/1+4M; y+t/1+4M;
2L oy e Ve 4
2 € erfc ( 24t ) erfc ( 24t >

i 2
ﬂTe_y_yV 1+aMy <erfc (”té@)) n

2 2
A e~ 2mt—y—yy/—4(m+M;)+1 (erfc (—Y+t\/—4E/T+M1)+1)> _
4 2Vt

2

A e-2Mmt=Ygrfe (—y+t./—z;f/1;+M1)+1) erfe (y+t,/—4(m+M1)+1) +

2 24t

2

2
ie‘zmt‘y”‘/m (erfc (Y+t _4§$+M1)+1)> + (G20%(y,t) +

4

26,6(y,0)G.0(y,0) + G20*(y, 1)) [—i(—Ze—Mﬂ -

-2

e Mit=y)2 (—erfc (;_—\/_3;) + erfc (I;L—\/_f))zl +

-y-y1+4Mq _ [T LA
e 2 erfc (%) + A

TyryyitaMy y+t/1+aM; || |- A Z2miyoyy-40miMo)+l —y+ty—4(m+Mp)+1
e 2 erfc G —e 2 erfc i +

A —2mt-y+y/—4(m+M1)+1 +t\/m
2 erfc (y ( D )

—e
2Vt

. +(G8(y, ) +

—y-y [T¥aM; )
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+t/1+4M 2e"M1t_g—Mit-y t
o TFTr o (1ISITUR | [ (g (2)

erfc (?—};) ey)] + (G,8(y,0) +

/’L —2mt-y-y,/—4(m+Mq1)+1 —y+t/—a(m+ M) +1
GCQ(Y't))Te 2 [—erfc< ytty 2\/7; 1 >+

N ATEMDH L g (Y+t\/—4(m+M1)+1)] [Ze‘Mlt‘z"'—Mlt_y ( erfc ( s

24t 24/t
erfe (57) )}

2
The term (%’y"”) in the temperature equation (6.42) is obtained as;

ouly,t) l A oy-y/1+aMy (—y+t,/4M1+1)2
= |— 2 4t

A
2 -5 (-

ay

)+

(A4.39)

-y-y1+4Mq

2 4t

4M,; + 1)e 2 erfc(

e
2Vt 2Vt

_( 1+ —41\/11 )e y+y\/21+4 y+t 4M1+ l I_( 1—

—2mt-y— m - —
\/1 Y e Ml)e y-y/ +M, erfc( y+t1/12j%(m+M1)> +

A —2mt-y-y,/1—-4(m+Mq) (—y+t,/1—4(m+M1))2
2 4t

P e +

A —2mt—y+yy/1-4(m+M;) (y+t\/1—4(m+M1))2 A
A, z Ty g
2vmt 4
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_2mtoy+y/T-a(mMy)
JT—4(m + My)e 2 L erfe (y+t¢12fr(m+mf>l

—Mqt—(t-y)?

(660, 0) + GO, 1)) [V—Lei —gerfe(5F) et +
1 —M1t—(f—y)2]

e (A4.40)

——e 2 at ——(—1—

(au(y,t))2 A cy-w/TEaMg (y+t/aMgED)” 4
=|-5= 4

ay

—y-yJ1+4M4 _ A -y+y/1+4Mq (y+t‘/4-M1+1)2
AMy + 1)e” 2 erfc( y+t2VjEM1+1) —=e 2 at +

-y+y,/1+4Mq y+t\/m 2 A
—( 1+ /4M, +1)e”  z  erfc ( l +IT(_1_

—2mt-y— \/m - —
\/1 myy o Ml)e y-y E 1 eT‘fC( y+t,/12j%(m+M1)) +

A —2mt-y-y/1-4(m+Mq) (—y+t.:/1—4-(m+M1))2
2 at

P e +

A zmt-y+y/1-4(m+Mq) (y+t¢1—4(m+M1))2 A
—e 2 at -z (_1 +
2Vmt 4

_2mtoy+y T2 T T
J1—4(m+ M,)e 2 ; erfc <y+t 1Zj£m+M1 >l

—Mqt—(t-y)?

[(Gre(y, t) + GO, 1)) I#Ee W —erfe(TF)e MtV +

A oy iEaMy (yrfadgE)’ g

1
—e 2 4t —_— (— —
2\/mt 4

—e€
2vmt

2 2
—Myt—(t-y)
4t—y

r2|-
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2
-y-y/1+4M; _ 7 I3 A —y+yJ1+4M; (y+t/4M1+1)
4M; + 1)e 2 erfc( y+t2\7EM1+1> o=t 2 at +

_( 1+ ,—4M1 )e_y+yv21+4Mlerf y+t 4-M1+ ll ( 1-—

—2mt-y-y,/1-4(m+Mq) _ 1=
\/1 —4(m + Ml)e 2 erfc( y+t lzé(erMl)) +

A —2mt-y-yJ/1-4(m+M;) (—y+t1/1—4(m+M1))2
2 at

W= e +

A —2mt-y+y/1-4(m+Mq) (y+tt\/1—4(m+M1))2 A
—¢€ 2 4t - — (—1 +
2\/nt 4

—2mty+y A MY —
J1—4(m+ M,)e R erfc (%\/W)l +

——e 2 4t ——(—1—

A Cy-y 1taMy (—y+t/aMy+1)” A
l 2vmt 4

2
-y-y/1+4M _ A vty /1+aMy (y+t/4Mi+1)
ZyoyyitaMy y+t./4M;+1
1)e erfc ( 1 > -

My + ’ 2Vt N ’ * T

L1+ B FD)e E erfe (L V‘”””)] [(Gre(y.t)+

—Mqt—(t-y)?

My ! —M1t-(t-y)?
GO (Y, 1)) lz%/ae 4=y —lerfc(tzj_')e‘Mlt y+#_e at-y l +

—2mt-y-yJ/1-4(m+Mq) —v+tS1—a(m+M
2 erfc( 4 ( 1)> +

l%(—l—\/l—4(m+M1)e o7

A —2mt-y-y/1-4(n+Mq) (—y+t\/1—4—(m+M1))2
2 at

_zﬁe +
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A —2mt-y+y/1-4(m+Mq) (y+tJ1—4(m+M1))2

A
2_\/Ee 2 4t —T(_1+

—2mt-y+y/1-4(m+Mq) _

—M1t—(t-y)>? —Mqt—(t-y)?

GO(y, 1)) z;ﬁe -y — lerfc (tj_]) e~ Mit-y 4 \/L_e pray ” _
(A4.41)
From the temperature equation (6.43), the terms b2 and b3 are

A vy TNy (-y+t/aMyED)’
b2= —T_e 2 4t —T(_l_

AM, +

2
-y-y/1+4M _ A vty /1i+aMy (y+t/4Mi+1)
RAA ek i v+t 4M;+1
1)e” 2z erfc ) - N at +
2Vt 2Vt

_( 1+ JaM, + )e_Y+y“21+4 y+t 4M1+ l I_( 1—

—2mt-y-y/1-4(m+Mq)
\/1 “am T Ml)e L 1 eT‘fC( y+t,/12\)4_(m+M1 >

A —2mt-y-y,/1—-4(m+Mq) (—y+t,/1—4(m+M1))2
2 4t

P e +

A —2mt-y+y/1-4(m+Mq) (y+tJ1—4(m+M1))2 A
—¢€ 2 4t - (—1 +
2\/nt 4
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—2mt-y+y/1-4(m+My)
\/1 vy Ml)e : 1) erfc (y+t,/1211/£m+M1 >l

—Mqt—(t-y)2

600,00 | e 55— erfe (L) emhe-y 4 Loy
¢ ’ 2Vmt 2Vt 2Vmt

A —y-y/1+4M4 (—y+t,/4M1+1)2
2 at

A
2t -5 (1=

2| |-

-y-y/1+aM; _ T T A vy 1+aMy (y+t\/4-M1+1)2
AMy + 1)e” 2 erfc( y+t2ij1+1) =t 2 at +

—y+yJT+aM;
_( 14 —4M1 )eyy21 M erf y+t,/4M1+ H ( 1—

—2mt-y— \/m - —
\/1 Y g Ml)e y-y E 1 eT‘fC( y+t,/12j%(m+M1)) +

A —2mt-y-yJ1-4(m+Mq) (—y+t‘/1—4-(m+M1))2
2 at

P e +

A —2mt-y+y/1-4(m+Mq) (y+t¢1—4(m+M1))2 A
2 e : @ ~Z(-1+
2Vmt 4

—amt-y+y T=amMy)
JT=amm T )e [ 1 erfe <y+t,/12:1/£m+M1 >l

——e 2 4t ——(—1—

A /iRy (yrfang)” o g
l 2vmt 4

—y-yy1i+4aMy _ a1 A Cyry/i+aMy (y+t¢4M1+1)2
AMy + 1)e” 2 erfc( y+t2jEM1+1> —s=e 2 at +

A
—(-1+
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—Mqt—(t-y)?

—y+y/1+4M1 Iy 1 il S S £
1/4M1+1)e 2 1erfc(%\/¥l+1) [(GC(D(y,t)) lz%/ﬁe at-y  —

—Mqt—(t-y)?

“erfc (t_—y)e_Mlt_y +#EeTl + [% (-1-

—2mt-y-y/1-4(m+Mq) B —
J1—40m+M,)e 2 1erfc( WW) N

A —2mt-y-y,/1-4(m+Mq) (—y+t‘/1—4—(m+M1))2
2 at

P +

A zmt-y+y/1-4(m+Mq) (y+t¢1—4(m+M1))2 A

—— 2 4t _— —
e " ( 1+

t

—2mt-y+y/1—4(m+M1) — —Mqt—(t-y)?
J1—4(m+ M,)e 2 ; erfc (W— “12:1/Em+Ml)>l [(GC(D(y, t)) l#ﬁe T

—Mqt—(t-y)?

1 Y oMit—y 4 1 =
erfc(zﬁ)e Yt o=e MY ” (A4.42)

2

2
b3 = /,LTe_y-FyV 1+4M, <erfc (% V\:/l;-‘lMl)) _

2
A _ —y+t/1+4M; y+t/1+4M;
— e Yerfc (2—\/?> erfc (2—\5) +

2

2
/17 oY~y /1+4M; <erf c (—yﬂ“zf/?Ml)) +

2

2
/’i'_e—th—y—y,/—4(m+M1)+1 <€TfC (—y+t\/—4(m+M1)+1)> _
4 24/t
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2

ﬂTe_th_yerfC( —y+ty— :E/rzz+M1)+ ) rfe (y+t,/ 42(7\7—+M1)+ )

2
(G @2(}/, t)) —th —y+y—-4(m+M{)+1 <€ch <y+t\/—42(1\7E+M1)+1)> l_%(_ze_Mlt _

-2

e—Mlt—J’)z( erfc( \/—) + rfc( \/_))21 *

Zy-yy1+aMy +t/1+4M
erfc( Y 1)

2
e W3

-y+y/1+4Mq1 y+tJHTI\/h _ /’L -2mt-y-y/—4(m+M1)+1 —y+t /——4(m+M1)+
e 2 erfc o~ e 2 erfc i

Te 2Vt

A Z2mtoytyy-4(miMy)+1 +t/—4(m+My)+
2 erfc (y Qrt ) )

A TyoyyihaMy _
(GCQ(Y»t))Te 2 [_eT'fC (@) +

eIV TF g (y+t¢1+—4ml)] [ (cerpe (52) +

2Vt 2
Y\ v
erfe(5a) )] +
A —2mt-y-yy—4(m+Mq)+1 —y+t/—a(m+M;)+1
(Ge00) 5T ey () ¢

Yoy —Mqt_,~Mqt—y
eV A MD+ gy p (Y+t 4(m+Ml)+1)] [ze - Ze - ( erfc (2\/")+

2Vt
erfe (52)e”)]

(A4.43)

229



UNIVEERSITY FOR DEVELOPMENT STUDIES

www.udsspace.uds.edu.gh

APPENDIX V

MATLAB CODES

Concentration profile for air (Sc=0.24), electrolyte solution (Sc=0.67) and

water (S5¢=0.62) when Kc=1

>> syms phil phi2 phi3 phi4 phi5 phi6 y
>>phil=0.5*exp(-0.4899*y)*erfc(0.4472-0.5477*y)+

0.5*exp(0.4899*y)*erfc(0.4472+0.5477*y)

>>phi2=0.5*exp(-0.4899*y)*erfc(0.6325-0.3873*y)+

0.5*exp(0.4899*y)*erfc(0.6325+0.3873*y)

>>phi3=0.5*exp(-0.8185*y)*erfc(0.4472-0.9152*y)+

0.5*exp(0.8185*y)*erfc(0.4472+0.9152*y)

>>phi4=0.5*exp(-0.8185*y)*erfc(0.6325-0.6471*y)+

0.5*exp(0.8185*y)*erfc(0.6325+0.6471*y)

>>phi5=0.5*exp(-0.7874*y)*erfc(0.4472-0.8803*y)+

0.5*exp(0.7874*y)*erfc(0.4472+0.8803*y)

>>phi6=0.5*exp(-0.7874*y)*erfc(0.6325-

0.6225*y)+.5%exp(0.7874*y)*erfc(0.6325+0.6225*y)

>> a=ezplot(phil,0,2)
>> set(a,'color','g’,'LineStyle’,"--")
>> hold on
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>> b=ezplot(phi2,0,2)

>> set(b,'color','’k’,'LineStyle’,'--")
>> hold on

>> c=ezplot(phi3,0,2)

>> set(c,'color','y",'LineStyle’,’-")
>> hold on

>> d=ezplot(phi4,0,2)

>> set(d,'color’,'r'",'LineStyle’,"-")
>> hold on

>> set(e,'color’,'c’,'LineStyle’,"")
>> hold on

>> f=ezplot(phi6,0,2)

>> set(f,'color','b','LineStyle',".")
>> ylabel('phi’)

>> title(")

>> Legend('a','b','c','d'",'e",'f','Location’,'northwest’)
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