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ABSTRACT

Classical distributions are at times unable to provide a reasonable fit to certain
forms of datasets, hence the need to generalize existing distributions to enhance
their flexibility in the modeling of data. In recent times, much attention is focused
on developing of new families of distributions for generalizing existing models.
This is evident in the vast literature on modification and generalization of sta-
tistical distributions carried out by researchers. This study therefore developed
generators of statistical distributions; the odd Chen and Chen generated families
of distributions, using Chen distribution as the baseline model. Statistical prop-
erties of the developed families of distributions such as the quantile functions,
moments, generating functions, order statistics and entropies were derived. The
parameters of the generators were estimated and special distributions developed.
Properties of the estimators for the parameters of some of the special distributions
were investigated using Monte Carlo simulations. The usefulness of the special
distributions in modeling real dataset was then demonstrated using four datasets.
The developed distributions provided good fit to the given datasets and provided
consistently better fit to these datasets than the existing competing models. Fi-
nally, the new distributions developed are capable of modeling both monotonic
and non-monotonic failure rates, hence it is recommended that the distributions
be considered, especially in situations were datasets exhibiting such failure rates

are encountered.

iv



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

{’D

~

www.udsspace.uds.edu.gh

TABLE OF CONTENTS

DECLARATION ..ottt ittt e et eeeaeeannnns i
DEDICATION ..t i i i it ettt ettt i i en ey ii
ACKNOWLEDGEMENTS ... ittt ittt ittt eneenenns iii
ABS T R A CT i i i i it ettt e s iv
TABLE OF CONTENTS ... ittt ittt iiieaaennn v
ABBREVIATIONS AND ACRONYMS ...ttt X
CHAPTER ONE: INTRODUCTION ......c.iiiiiiiiiiiiiinnnn.. 1
1.1 Background of Study . . . . . .. .. ... oL 1
1.2 Problem Statement . . . . . . .. ... oo 3
1.3 General Objective . . . . . . . . . ... .. ... 4
1.4 Specific Objectives . . . . . . . . . . ... 4
1.5 Significance of the Study . . . . . . ... ... ..o 4
1.6 Scope of the Study . . . . . . . ... ... L. 5
1.7 Outline of Thesis . . . . . . . .. .. ... .. ... )
CHAPTER TWO: LITERATURE REVIEW ..................... 6
2.1 Imtroduction . . . . . . . ..o 6
2.2 Method of Differential Equations . . . . . . .. ... ... .. .. 6
2.3 Method of Transformation (or Translation) . . . . . . .. ... .. 7
2.4 Method of Quantile Function . . . .. ... ... ... ... ... 7



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

ot

www.udsspace.uds.edu.gh

2.5 Method of Generating Skewed Distributions . . . . . .. ... .. 8
2.6 Method of Adding Parameters . . . . . . . ... ... ... ... 9
2.7 Beta-Generated Method . . . . . ... .. ... ... 9
2.8 Transformed-Transformer Method . . . . . . . .. ... ... ... 10
2.9 Summary of Review . . . . .. ... oo 11
CHAPTER THREE: METHODOLOGY ......cciiiiiiiiiinenn... 12
3.1 Imtroduction . . . . . . . .. .. 12
3.2 The T-X Method . . . . . ... .. ... ... ... .. ... 12
3.3 Maximum Likelihood Estimation . . . . ... .. ... ... ... 12
3.3.1 Properties of Maximum Likelihood Estimation . . . . . . . 14

3.4 Goodness-of-Fit Tests . . . . . . .. ... .. ... .. 17
3.4.1 Kolmogorov-Smirnov Test . . . . . . ... ... ... ... 17
3.4.2 Anderson-Darling Test . . . . . ... .. ... ... ... . 18
3.4.3 Cramér-von Mises Test . . . . . . .. ... ... ... ... 18

3.5 Information Criteria . . . . . . .. ... ... ... ... 19
3.5.1 Akaike Information Criterion . . . . ... ... ... ... 19
3.5.2 Bayesian Information criterion . . . . . . ... ... 20
3.5.3 Consistent Akaike Information Criterion . . . . . . . . .. 20

3.6 Total Timeon Test . . . . . .. .. .. ... ... ... ...... 21
3.7 Dataand Source . . . . .. ..o 21

vi



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

ot

www.udsspace.uds.edu.gh

3.8 Summary ... 22

CHAPTER FOUR: ODD CHEN FAMILY OF DISTRIBUTIONS 23

4.1 Introduction . . . . . . . .. ..o 23
4.2 Odd Chen Family of Distributions . . . .. ... ... ... ... 23
4.3 Mixture Representation. . . . . . . . . ... ... ... ... .. 26
4.4 Statistical Properties . . . . . ... .o oo 27

4.4.1 Quantile Function . . . . . . . .. .. ... ... ... ... 27

4.4.2 Moments, Moment Generating Functions and Incomplete

Moments . . . . . . . . ... 28

4.4.3 Order Statistics . . . . . . ... ... 31
4.4.4 Stochastic Ordering . . . . . . ... ... ... ... .... 34
4.4.5 Inequality Measures. . . . . . .. .. .. ... ... ... 35
4.4.6 Mean Residual Life . . . . . ... ... ... ... ... .. 36
447 Entropy . . . ... 36
4.4.8 Stress Strength Reliability . . . . .. .. .. ... ... .. 40

4.5 Parameter Estimation . . . . ... .. 000000 42
4.5.1 Maximum Likelihood Estimation . . .. . ... ... ... 42

4.6 Some Special Distributions . . . . . . . ... ... 43
4.6.1 0Odd Chen Burr III Distribution . . . . . . ... ... ... 43
4.6.2 0Odd Chen Lomax Distribution. . . . . . . ... ... ... 45

vii



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

ot

www.udsspace.uds.edu.gh

4.6.3 0Odd Chen Weibull Distribution . . . . . ... .. ... .. 47
4.7 Simulation . . . .. ... 49
4.8 Applications . . . . ... 50
4.8.1 First Application . . . . . ... ... oL 51
4.8.2 Second Application . . . . .. ... 55
4.9 Summary . ... 59

CHAPTER FIVE: CHEN GENERATED FAMILY OF DISTRI-

BU T TONS i i it i ettt ettt eaeeaneennns 60
5.1 Imtroduction . . . . . . . ..o 60
5.2 Chen Generated Family of Distributions . . . . .. ... .. ... 60
5.3 Mixture Representation of Distribution . . . . . .. ... ... .. 62
5.4 Statistical Properties . . . . . . .. ..o oo 63

5.4.1 Quantile Function . . . . . . . ... ... 64

5.4.2 Moments, Moment Generating Functions and Incomplete

moments . . . . ... ..o 64
5.4.3 Inequality Measures. . . . . . . ... ... ... ... ... 67
5.4.4 Mean Residual Life . . . . ... ... ... ... 68
5.4.5 Entropy . . ... oo 69
5.4.6 Stochastic Ordering . . . . . . . ... ... ... ... ... 70
5.4.7 Order Statistics . . . . . . . ... ... L 71

viil



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Ea

2.5

2.6

5.7

5.8

2.9

www.udsspace.uds.edu.gh

Parameter Estimation . . . . . ... ... ... ... ... 74
5.5.1 Maximum Likelihood Estimation . . . .. ... ... ... 74
Some Special Distributions . . . . . . . ... ..o 75
5.6.1 Chen Burr III Distribution . . . . . . . ... ... ... .. 75
5.6.2 Chen Kumaraswamy Distribution . . . . . . .. ... ... 7
5.6.3 Chen Weibull Distribution . . . . . . ... ... ... ... 80
Simulations . . . . . ... 82
Applications . . . . . ... 83
5.8.1 First Application . . . . . . .. ... .. ... 84
5.8.2 Second Application . . . . . ... ..o 88
Summary . . ... 92

CHAPTER SIX: SUMMARY, CONCLUSIONS AND RECOM-

MEND ATTON S ittt ittt ittt teteeneennneannns 93
6.1 Introduction . . . . . . . .. ... o 93
6.2 Summary . . . ... 93
6.3 Conclusion . . . . . . . ... 95
6.4 Recommendations . . . . . . . ... Lo 96
6.5 Major Contributions . . . . .. . .. .. ... ... L. 97
REFERENCES ... ittt ittt ii i teaeennannn 105
AP P EN DX .. i i i e e e e i e e 106

X



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Ea

AD

AIC

AlICc

BFGS

BIC

CAIC

cdf

CB

CG

CK

CW

CM

edf

EW

EC

KS

KEC

mle

oC

OCB

www.udsspace.uds.edu.gh

ABBREVIATIONS AND ACRONYMS

Anderson-Darling

Akaike Information Criterion

Corrected Akaike Information Criterion

Broyden-Fletcher-Goldfarb-Shanno

Bayesian Information Criterion

Consistent Akaike Information Criterion

Cumulative Distribution Function

Chen Burr 111

Chen generated

Chen Kumaraswamy

Chen Weibull

Cramer-von Misses

empirical distribution function

Generalized Weibull

Exponentiated Chen

Kolmogorov-Smirnov

Kumaraswamy exponentiated Chen

maximum likelihood estimation

odd Chen

odd Chen Burr 111



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

OCL

oCw

pdf

TTT

T-X

www.udsspace.uds.edu.gh

odd Chen Lomax

odd Chen Weibull

Probability Density Function

Total Time on Test

Transformed-Transformer

X1



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

www.udsspace.uds.edu.gh

CHAPTER ONE

INTRODUCTION

1.1 Background of Study

Statistical distributions are used in many disciplines, they are used in; actuar-
ial science to model waiting time to payment of claims, reliability engineering
to model the life cycle of a machine, computer science to model failure rate of
system hardware or software, social science to model the average time to passing
of judgment on court cases and medical science to model the survival times of

patients after surgery.

The accuracy of parametric statistical inference and modeling of datasets largely
depend on how well the probability distribution fits the given dataset once it
has met all distributional assumptions. Weibull distribution is the most popu-
lar parametric distribution for modeling lifetime datasets (Murthy et al., 2004).
However, its inability to exhibit bathtub-shaped failure rate functions is its major
drawback among others, since most lifetime data tends to exhibit non-monotonic
failure rates. Hence, several modifications of the Weibull distribution have been
carried out overtime to make it more flexible for modeling datasets of varying
shapes of hazard rate functions. One such modification is the Chen distribution
(Chen, 2000) which was developed by compounding the Weibull and exponential

distributions.

The Chen distribution with just two parameters has the ability to model data
which exhibit increasing and bathtub shaped failure rates. Also, its confidence
interval for the shape parameter and joint confidence regions for the two parame-
ters have close forms as compared to other competing models. However, the Chen

distribution has received comparatively little attention in statistical literature.
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Modifications and extensions of the Chen distribution in literature include; a
study by Xie et al. (2002) which modifies the Chen distribution by adding the
lacking scale parameter, thus creating a three-parameter extended Weibull (EW)
distribution. Chaubey and Zhang (2015) developed an extension of the Chen
distribution called the exponentiated Chen distribution using the Lehman alter-
natives also known as exponentiated type family (Gupta et al., 1998; Nadarajah
and Kotz, 2006). The study also revealed that the exponentiated Chen dis-
tribution was a good substitute for the exponentiated Weibull and generalized
Weibull families. Khan et al. (2018) proposed the Kumaraswamy exponentiated
Chen (KEC) distribution. They sought to improve the statistical properties of
the Chen distribution by compounding the exponentiated Chen distribution with
the Kumaraswamy generalized class of distributions (Cordeiro and de Castro,

2011).

Compounding the generalized Chen and gamma distributions, the extended Chen
distribution was proposed by Bhatti et al. (2019). The study showed that the ex-
tended Chen distribution’s hazard rate function could accommodate some mono-
tonic and non monotonic shapes. The Weibull-Chen distribution was then pro-
posed by Tarvirdizade and Ahmadpour (2019) by compounding the Weibull and
Chen distributions. The new distribution was shown to be a generalization of
some lifetime distributions such as exponential, Rayleigh, Weibull and Chen dis-

tributions.

In the year 2020, some studies on modifications and generalizations of the Chen
distribution were published after the publication of some parts of this thesis.
These include; a study by Thach and Bris (2020) on additive Chen-Weibull dis-
tribution. The distribution was developed by combining Weibull and Chen distri-
butions for independent systems connected in series. The additive Chen-Weibull
distribution was then shown to provide flexibility in modeling diverse shapes of

failure rate functions.
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The study by Boateng (2020) introduced the quantile transmuted-Chen G family
of distributions as a generalization of the Chen-G family of distributions (Anzagra
et al., 2020a). The study indicated the usefulness of the quantile transmuted-
Chen G family of distributions in modeling breast cancer patient’s data. The
exponentiated odd Chen-G family of distributions was proposed by Eliwa et al.
(2020b). Their study established the statistical properties of the generator and

then estimated its parameters using various estimation techniques.

Finally, in an independent study, Eliwa et al. (2020a) proposed and studied the
odd Chen generator of distributions. It must be noted that the approach used in
developing the generator and some of the special distributions in their study is
the same as those used in developing the odd Chen family of distributions in this
thesis. The only variation of the study from the odd Chen family of distributions
(Anzagra et al., 2020b) studied in this thesis is the fact that statistical properties
such as the entropies and moment generating functions which were derived in
this thesis were not captured by Eliwa et al. (2020a). Furthermore, some of their

developed distributions were different from those developed in this thesis.

This study sought to develop generators of the Chen distribution using the
transformed-transformer (T-X) approach with the aim of improving its flexibility

in the modeling of datasets.

1.2 Problem Statement

Advancement of research in various fields have resulted in real life data which
sometimes cannot be modeled using any of the existing classical probability
models. Hence, research in developing new classes of distributions which are
generalizations or extensions of others, geared towards improving the flexibility

of existing distributions remain very essential.

Despite its desirable properties, the lack of scale parameter in the Chen distribu-

tion makes it less flexible for modeling varying lifetime data, as it can only model
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datasets that exhibit bathtub-shaped or increasing failure rates (Xie et al., 2002).
Though there are modifications and extensions of Chen distribution in statistical
literature, until recently, these studies did not focus on developing generators

based on the Chen distribution.

The study therefore sought to develop generalizations of the Chen distribution us-
ing the T-X approach. The new distributions obtained from these generalizations
are expected to have at least a scale parameter and extra shape parameters to
make them more flexible comparatively. They are expected to model monotonic,

non-monotonic and modified non-monotonic failure rate functions.

1.3 General Objective

The aim of the study is to develop generators of statistical distributions based on

Chen distribution and apply them in modeling datasets.

1.4 Specific Objectives

The specific objectives are;

1. To develop the odd Chen family of distributions.

2. To develop the Chen generated family of distributions.

3. To study the properties of the proposed families.

4. To develop special distributions from these families of distributions.

5. To demonstrate the application of the special distributions developed from

these families using real data.

1.5 Significance of the Study

The importance of statistical probability distributions in theory and practice can-

not be over emphasized since their applications stretch far and wide across almost

4
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all disciplines (engineering, medical sciences, actuarial sciences, social sciences
and so on). Statistical probability distributions are the backbone of parametric
statistical methods such as reliability analysis, survival analysis and inference

among others.

Fitting the appropriate distribution to lifetime data improves precision of the
results of the analysis by improving the power, efficiency and sensitivity of the
tests associated with the dataset. Thus, developing modifications of existing
distributions to ensure better fit for datasets is of great essence. Hence, this

study generalizes the Chen distribution using the T-X approach.

1.6 Scope of the Study

This study mainly focuses on developing generators with Chen distribution as the
baseline model using the T-X approach. It also considers deriving the properties
of the proposed generator and demonstrating the usefulness of these generators

using real life datasets.

1.7 Outline of Thesis

The thesis is divided into six chapters. Introduction is in Chapter 1. Literature
on the methods of developing new distributions is reviewed in Chapter 2. Some
statistical techniques and tools used for achieving the aim of the study are dis-
cussed in the methodology in Chapter 3. The odd Chen family of distributions
is presented in Chapter 4, whilst the Chen generated family of distributions is
presented in Chapter 5. Finally, the summary, conclusions and recommendations

of the study are presented in chapter 6.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

Literature on the proposed methods for developing new distributions is reviewed
in this chapter. The development of statistical distributions has always been top-
ical, hence research on methods of developing new distributions dates’ way back.
Advances in methods of developing new distributions can at best be categorized
into two; methods before the 1980s and methods since the 1980s. Before the
1980s, the proposed methods may be broadly categorized into three; differen-
tial equation, transformation and quantile function. Those developed after the
1980s may also be generally classified into four categories; the T-X method, beta-
generated method, method of adding parameters to existing distributions and

method of generating skewed distributions (Lee et al., 2013).

2.2 Method of Differential Equations

Pearson (1895) made huge contributions towards the development of this method.
In an effort to model non-symmetric data, he proposed the use of differential equa-
tions for generating statistical distributions. Per the approach, every probability
density function (pdf) in a system of continuous distributions satisfy the differ-
ential equation. Based on the shape of the pdfs of these distributions, they were
then classified into types, thus Pearson types I-IV, and Pearson types VII-XII in

a later study.

Many of the classical statistical distributions are derived from the Pearson type
distributions. These include: beta distribution (Pearson type I), normal and

Student’s T distributions (Pearson type VII) and gamma distribution (Pearson
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type III) (Johnson et al., 1994). Burr (1942) also made a significant contribution
by proposing another form of differential equations for developing probability
distributions. Distributions derived from this family include; Burr III, Burr X,

Burr XII and uniform distributions.

2.3 Method of Transformation (or Translation)

Also referred to as the method of translation, Johnson (1949) proposed this
method based on the use of normalization transformation. Commonly used dis-
tributions such as gamma, exponential, normal, lognormal and beta distributions
are members of the Johnson’s family. A special distribution from the Johnson’s
family for modeling material fatigue is the Birnbaum-Saunders distribution (Birn-

baum and Saunders, 1969).

Some modifications of Birnbaum-Saunders distribution; families of location-scale
Birnbaum-Saunders, non-central Birnbaum-Saunders and four parameter gen-
eralized Birnbaum-Saunders distributions among others, were then made using

Johnson’s approach (Athayde et al., 2012).

2.4 Method of Quantile Function

Lambda distribution was developed using the quantile approach (Hastings et al.,
1947; Tukey, 1960). It was then generalized as the generalized lambda distribu-
tion and defined in terms of percentile functions (Ramberg and Schmeiser, 1972;

Ramberg et al., 1979).

Though it shares similarities with the Pearson’s system, the generalized lambda
distribution had a weakness of not covering all skewness and kurtosis values
(Freimer et al., 1988). Hence, the extended generalized lambda distribution de-
veloped from generalized beta and generalized lambda distributions by Karian
and Dudewicz (2000) was to overcome that weakness. Some works carried out

using the idea of quantiles are found in Tuner and Pruitt (1978), Morgenthaler
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and Tukey (2000) and Jones (2002).

2.5 Method of Generating Skewed Distributions

Skewed distributions were formed by combining two symmetric distributions.
This approach of generating skewed distributions is attributed to Azzalini (1985)
who proposed the skewed normal family. The initial idea of this approach was
used in the context of prior distribution by O’Hagan and Leonard (1976). The
proposed skewed normal family only produced thinner tails compared with the
normal ones hence a much broader class of distributions was later proposed by

Azzalini (1986).

Ever since, extensive studies on the skewed family have been carried out and many
generalizations developed. Using the framework of Azzalini (1986), Chang and
Genton (2007) proposed a weighted approach to generating distributions from
skewed symmetric family. The epsilon-skew normal family was then developed
by Mudholkar and Hutson (2000). This family has additional parameter which
controls the magnitude of skewness. Salinas et al. (2007) developed a broad
family of skewed distributions by combining the epsilon-skew normal and the

skew normal families together.

Fernandez and Steel (1998) introduced the inverse scale family. This method
introduced skewness into unimodal and symmetric continuous distributions. The
single scalar parameter in their approach creates flexibility in the distribution’s
shape whilst maintaining the distribution’s unimodality. Using inverse proba-
bility integral transformation, a generalized framework of adding skewness into
symmetric distributions was proposed by Ferreira and Steel (2006). Members of
this family include the skewed normal and the inverse scale families of distribu-

tions.



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

www.udsspace.uds.edu.gh

2.6 Method of Adding Parameters

This approach involves the addition of parameters to existing distributions to
increase their flexibility in the modeling of data. Though this method had been
in use, the study by Mudholkar and Srivastava (1993) on exponentiated Weibull
distribution brought it to the lime light (Lee et al., 2013). Other distributions
were then proposed and studied using the approach; Gupta and Kundu (1999,
2001) proposed the exponentiated exponential distribution and Nadarajah and
Kotz (2006) studied a number of exponentiated distributions such as exponenti-
ated exponential, exponentiated gamma, exponentiated Weibull, exponentiated
Gumbel and exponentiated Fréchet distributions. Another method of adding an
extra parameter to distributions was introduced by Marshall and Olkin (2007).
The approach was then applied in studying the case of exponential and Weibull

distributions.

2.7 Beta-Generated Method

First proposed by Eugene et al. (2002), the beta-generated family of distributions
can be described as a generalization of distributions using beta distribution as its
generator (Jones, 2009). Some beta generated distributions proposed in literature
include: beta-normal (Eugene et al., 2002); beta-Frechet (Nadarajah and Gupta,
2004); beta-Gumbel (Nadarajah and Kotz, 2004); beta-exponential (Nadara-
jah and Kotz, 2005); beta-Weibull (Famoye et al., 2005); beta-exponentiated
Pareto (Zea et al., 2012); beta- Cauchy (Alshawarbeh et al., 2012); beta-extended

Weibull (Cordeiro et al., 2012) and beta- generalized logistic (Morais et al., 2013).

In literature, generalized versions of the beta-generated families have been de-
veloped by changing the beta distribution with distributions defined on a finite
support. The Kumaraswamy generated family of distributions independently pro-
posed by Jones (2009) and Cordeiro and de Castro (2011), was obtained by using

Kumaraswamy distribution (Kumaraswamy, 1980) as the generator in place of
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beta distribution. Another generalization of the beta-generated family was intro-
duced by Alexander et al. (2012). They used generalized beta type-I distribution

as the generator.

2.8 Transformed-Transformer Method

Using the idea of the beta-generated method, Alzaatreh et al. (2013) proposed
the T-X family of distributions. This approach generalizes the beta-generated
method and uses any continuous distribution as its generator. Generators de-
veloped from this family include; Weibull-X, Gamma-X and beta- exponential-X
families. The major drawback of the T-X method is its lack of an in built shape
parameter. Hence if two distributions to be compounded both lack shape pa-
rameters (say both T and X follow exponential distribution), then the resulting
distribution would still lack a shape parameter. Hence it would have failed to

achieve its aim of producing a flexible distribution.

Alzaghal et al. (2013) introducing a shape parameter to the 7-X family, pro-
posed the exponentiated 7-X family. Some members of the exponentiated T-X
family include: exponentiated gamma-X, exponentiated Weibull-X, exponenti-
ated Lomax-X and exponentiated log-logistic-X families. The major limitation of
the exponentiated T-X family is its inability to produce distributions with heavy
tails, especially, when the baseline distribution lack shape parameters. Generally,
additional shape parameters improve the flexibility of a model as it controls both

skewness and kurtosis simultaneously.

To further improve on the flexibility of the exponentiated T-X family, Nasiru
et al. (2017) introduced an extra shape parameter in a generalization of the
exponentiated T-X family called generalized exponentiated T-X family. Though
this family may produce much more flexible distributions, it also has the tendency
of producing over-parameterized distributions especially for baseline distributions

with two or more parameters.

10
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2.9 Summary of Review

It is almost impossible to develop a distribution that is flexible enough to fit all
forms of data, hence researchers keep developing new distributions using these
methods irrespective of the time of origin in their bid to develop distributions with
desirable properties. Among the many methods for generalizing distributions, the
T-X method provides greater flexibility in the generalization and modification of

distributions especially when the baseline model already has shape parameters.

11
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CHAPTER THREE
METHODOLOGY

3.1 Introduction

The statistical techniques and tools used for achieving the aim of the study are
discussed in this chapter. These include; the T7-X method for developing the
generator, maximum likelihood estimation method for estimating the parameters
of the new family, the Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm for
optimization, goodness-of-fit and information criteria measures for model fit, and

total time on test transform.

3.2 The T-X Method

Suppose z(t) is the pdf of a random variable T' € [a, b] for —co < a < b < co. Let

G(z) be the cdf of any random variable X, the cdf of the T-X family is given by

WI[G(x)]
F(z) = / z(t)dt, (3.1)
where

1. W[G(x)] is a function of the cdf of any random variable X which is differ-

entiable, monotonically non-decreasing and defined on the support [a, b].

2. W[G(z)] = a as x — —o0 and W[G(z)] — b as x — 0.

3.3 Maximum Likelihood Estimation

The maximum likelihood estimation (mle) approach seeks the probability distri-
bution that makes the observed data most likely. Let Xi, X5, ..., X, be n inde-

pendent and identically distributed random variables with a common pdf f(z; ¢)

12
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where ¢ is an unknown (p x 1) vector of parameters. The likelihood function
which is the joint pdf of a collected random sample and the basis of the mle

procedure is obtained as
L(g; X) =[] f (i), (32)

where X = (x1, 2, ...,7,) and p < n (Hogg et al., 2005). Mathematically, working
with the logarithm of the likelihood function is more convenient and does not lead
to any loss of information. Hence, denoting the log likelihood function by ¢, it is

obtained as

U3 X) = Zlogf(:ci;sa)- (3.3)

The values of ¢ that maximize the probability of obtaining the random sample
is obtained by differentiating ¢ with respect to ¢ and equating the resultant

expression to zero. Thus
=0,i1=1,2,....p. (3.4)

The maximum likelihood estimates ¢ for the parameters are the values of ¢
that maximize the likelihood function and are obtained by solving the equations
in (3.4) for ¢1,¢9,...,¢, . The Fishers information matrix I, which is used in
generating the variance-covariance matrix of the estimators, is generated using

the mle approach. The variance covariance matrix is the inverse of I obtained as

Iil 1;21 Iiy)l . I;pl

o) = |1t 15 15 - LY (3.5)
1 =1 -1 1
_Ipl ]p2 [p3 T Ipp i

13
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where the [;; element of I is given by

200, .
Jy—-p[2020]
a%’a%

I;' = var(p) is the variance of @; and I ;' = cov(g;, ;) is the covariance of
¢; and ¢;. Using the estimated variances of the parameters, the approximate
100(1 — «)% confidence interval for the parameters in normal approximation is

estimated as ¢; € ¢;£Zg+/ I;' where Zs is the critical value from the standard

normal distribution.

3.3.1 Properties of Maximum Likelihood Estimation

Under certain regularity conditions (such as the assumption that the pdfs have a
common support for all ¢;, the random variables have distinct pdfs f(z; ¢;) such
that ¢; # ¢; = f(z;¢:) # f(x; ;) and the true value of the population parame-
ter o is an interior point in ¢), the maximum likelihood estimators have desirable
properties such as consistency, asymptotic normality, asymptotic efficiency and

invariance property.

3.3.1.1 Consistency

Let X1, X5, ..., X,, be a sequence of observations with an estimator ¢,. ¢, is a
consistent estimator if it converges asymptotically in probability to the true value

of the population parameter. Thus as n — oo,
P(|¢n — ¢l > ) = 0,6 > 0. (3.6)

Also, ¢, converges in probability to ¢ if the mean squared error goes to zero
as n approaches infinity, thus, lim, . E[(¢, — ¢)?] = 0. Hence, as sample size
increases, the maximum likelihood estimators converge to the true parameter

value (Hogg et al., 2005).

14
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3.3.1.2 Asymptotic Normality

The distribution of maximum likelihood estimators under certain regularity con-
ditions converges to multivariate normal distribution as sample size increases.

Thus

V(@ — )= N (0,17 (p)), (3.7)

where — represents convergence in distribution, 0 is the p-dimensional mean zero
vector and I71(¢p) is the inverse of the (p x p) dimensional Fisher information

matrix.

3.3.1.3 Invariance Property

Maximum likelihood estimation is functional under all transformations. Thus for
a differentiable function f(p), the maximum likelihood estimate of f(y) is equal
to the function evaluated at the maximum likelihood estimation of ¢, implying
that, if ¢ is the maximum likelihood estimate of ¢, then f(¢$) is the maximum

likelihood estimate of f(¢). Hence,

VAUT(@) = f(e) N (o, 9 ) |2 ) 9

3.3.1.4 Asymptotic Efficiency

Maximum likelihood estimators are asymptotically most efficient. A consistent
estimator is most efficient if it has the minimum variance in a class of unbiased
and consistent estimators (Hogg et al., 2005). For instance, given an alternative

unbiased estimator , such that
V(@ — )= N0, I7(P)). (3.9)

then 1!y is always less than or equal to I~1(¥).
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3.3.1.5 Broyden—Fletcher—Goldfarb—Shanno Algorithm

The Broyden-Fletcher—Goldfarb-Shanno (BFGS) algorithm is one of the quasi-
Newton iterative approach for resolving unconstrained optimization problems
named after Broyden (1970), Fletcher (1970), Goldfarb (1970) and Shanno (1970)
who independently developed it. It is useful when solving equations generated
from the mle process especially when the estimators for the parameters have no
closed form. The algorithm for optimizing a function say ¢ starts with an initial
guess g and an approximate Hessian matrix Hy. As p; converges to the solution,

these steps are usually repeated:

1. Solve H;c; + VU(p;) = 0 to obtain a direction .

2. Carry out one-dimensional optimization to obtain an acceptable step size

d; in the same direction found in step one.
3. Let b; = ¢;d; and update ;11 = p; + b;.

4. Set y; = VU(pis1) + VL(pi).

’
. | HibibH,
CHiuq = Hy+ Y 4 HibbH:
O Hiy U ylbi | b Hb;

Let £(¢) be a function to be minimized, by observing the norm of the gradient
|¢(pi)], the convergence of the algorithm can be checked. Step one approximates
to a gradient descent when Hj is initialized with the identity matrix I, however
approximation of the Hessian H; results in the refinement of further steps. Step
one of the algorithm is performed out using the inverse of H;. Step one can also

be efficiently obtained by transforming the fifth step using Sherman-Morrison

B by - by bib.
Hl=(I-22H'T1-22 L 3.10
o ( biyi) ’ ( biyi) * biy; ( )

formula

16



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Eat

www.udsspace.uds.edu.gh

: -1 ' -1 . : —1
Since y; H; "y; and byy; are scalars and H,_ is symmetric, H, ; can be computed

using the expansion

(byyi + v H; i) (biby) H; b+ by H
(b;yi)Q b;%‘ ‘

Hz:rl1 = Hi_l +

(3.11)

Confidence intervals for parameters in maximum likelihood estimation and other
statistical estimations can be obtained using the inverse of the final Hessian ma-

trix.

3.4 Goodness-of-Fit Tests

A goodness-of-fit test generally examines how well a dataset corresponds to a
fitted distribution. For a random sample X7, X, ..., X,,, the goodness-of-fit test
determines if the random sample is from a specific distribution. Anderson-Darling
(AD) test, Kolmogorov-Smirnov (KS) test and Cramer-von Misses (CM) test are

used in the study.

3.4.1 Kolmogorov-Smirnov Test

Let X1, X, ..., X,, be a random sample. The KS test is based on the empirical
distribution function (edf) as it measures the distance between the estimated cdf
and the edf of the sample (Chambers et al., 1983). The hypothesis that the data
follow a specified distribution is tested against the alternate that it does not. Its

test statistic is given by
KS = maz{|F(z;) — F(x;)|, |F(x;) — F(zi_1)|},i =1,2,...,n, (3.12)

where F(z;) = M is the cdf of the candidate model at x;, F(z;) is the
value of the empirical distribution at z; and r{.} is the total number observations
with values less than or equal to that of x;. The decision on the rejection (or

non-rejection) of the null hypothesis is then made based on a comparison between
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the computed test statistic and the critical value obtained for a given significance
level (). In comparing two or more models, the one with the smallest KS value

provides the most appropriate fit for the sample.

3.4.2 Anderson-Darling Test

The Anderson-Darling (AD) test is an alternative and a modification of the KS
test. The main difference is that whilst KS test is distribution free, AD test is
not. This makes the AD test comparatively more sensitive (Stephens, 1974). Its

test statistic is defined as

AD = —-N -, (3.13)

where S = SV (2i — )N [In F(X,) +In (1 — F(zn.1-4))], N is the sample size,
X;’s are the ordered observations and F'(X;) is the cdf of the candidate model at

X;. Generally, when comparing two or more models, the model with the smallest

AD value should be considered.

3.4.3 Cramér-von Mises Test

The Cramér-von Mises (CM) test is another alternative to the KS test (Laio,
2004). Let F(X;;¢) be the cdf of the random sample with an unknown p—
dimensional parameter vector. The quantile can be estimated by finding the
inverse of F(X;;p) = u;. With the empirical distribution forming its basis, the

test statistic for the CM test is defined by

0.5
CM =W? (1 + —) : (3.14)
n
N2
where W2 =3"" | (zZ - %) + 12—, n is the sample size, X;’s are the ordered
observations, z; = ®!(u;) is the standard normal distribution’s quantile and
®(u;) is the cdf. The model with the smallest CM value fits the sample better as

compared to the others.
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3.5 Information Criteria

Generally, in model selection for data analysis, one is faced with the challenge
of balancing the issues of variance and bias, thus overfitting and underfitting. A
model with more parameters is generally less biased with high variance, whilst
one with fewer parameters may be highly biased with a low variance. Hence,
the goal is to select a fitted model with minimized information loss. Coverage of
parameter’s confidence interval in a model shows if models are properly selected
or not. Information criterion compares non-nested models by ordering candidate
models from best to worst. It then scales these models using Akaike weights and
evidence ratios. Some common information criteria are; the Akaike Information
Criterion (AIC), Bayesian Information Criterion (BIC) and Consistent Akaike

Information Criterion (CAIC).

3.5.1 Akaike Information Criterion

AIC can be described as an estimated measure of the quality of a model in a
set of competing statistical models for a particular dataset. Developed with a
foundation in information theory, AIC was first proposed by Akaike (1973); its
test statistic is given by

AIC = =20+ 2p, (3.15)

where p is the number of estimated model parameters and ¢ is the log-likelihood
of the model fitted. ¢ is also a measure of model fit, the higher its value, the better
the fit. AIC gives an estimate of the amount of information lost due to fitting
a particular model to a dataset. Hence, a model that yields the smallest AIC
value in the set of competing models is deemed the best model. AIC introduces
good model selection especially for large samples as it is able to penalize models
with many parameters. It is however associated with issues of bias especially for
smaller samples, hence the ‘corrected’ Akaike Information Criterion (AICc) was

developed to overcome the problem (Sugiura, 1978). The test statistic for the
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AICc is
AIC. = =20+ 2p+[2p(p+1)/(n —p—1)], (3.16)

where n is the sample size.

3.5.2 Bayesian Information criterion

The BIC also known as Schwarz criterion is closely related to the AIC as it has
likelihood function as its basis for computation. Like the AIC, BIC penalizes over
parameterization (over fitting) of models. Compared with AIC and AICc, models
with more parameters are more penalized by BIC, hence the need to consider BIC
in model selection. Introduced by Schwarz (1978), the best model of the set of
competing model is the one with the smallest value of BIC. The test statistics for
the BIC is given by

BIC = -2+ plogn, (3.17)

where /¢ is the log-likelihood of the model fitted, p is the number of estimated

model parameters and n is the sample size.

3.5.3 Consistent Akaike Information Criterion

CAIC is one of the ‘dimension-consistent’ criteria for model selection reviewed by
Bozdogan (1987). It provides an asymptotically unbiased estimate of the order
of the true model on the assumption that there exists a true model of low order,
whose order remains same as sample size increases (Anderson et al., 1998). The

test statistic of the CAIC is given by

CAIC = =20+ p|[(logn) + 1]. (3.18)

Prediction is mostly the modeling goal in the use of CAIC selection. In case the

true model does not exist, CAIC should not be applied.
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3.6 Total Time on Test

The total time on test transform (TTT- transform) gives a graphical presentation
of the shape of hazard rate function of a given dataset developed by Barlow and
Doksum (1972). Let F be the cdf of a distribution, the TTT- transform is defined

as

G (k) = /OF_I(k) S(u)du, k € [0, 1], (3.19)

where S(u) = 1 — F(u) is the survival function. The scaled TTT-transform is

obtained by 95 (k) = =&,

Graphically, the hazard rate function is obtained by a plotted curve of Jp(k)
against k called the scaled TTT-transform curve. The resultant curve may
then assume shapes such as decreasing, increasing, bathtub or upside down
bathtub. The empirical scaled TTT-transform for an ordered random sample

X1, Xoy ooy Xy Of size n is obtained by

TTT;
T =_—"* 2

where 0 < TTT, < Land TTT; = Y0 (n — j + 1) (%0 — Tj-1:0), 0 = 1,2,...,1.

By plotting 7} against %, the empirical scaled TTT-transform curve is obtained.

3.7 Data and Source

The study employed four secondary datasets (displayed in Appendix A of the
thesis) in demonstrating the applications of the distributions developed. The
first dataset (Data 1) consists of the lifetimes of 50 components, given by Aarset
(1987). This data have been used in many studies especially studies on statistical
distributions. Some studies that have used this dataset include; Tarvirdizade and
Ahmadpour (2019) and Doostmoradi et al. (2014). The second dataset (Data 2)
represents the lifetime of a certain device given by Sylwia (2007) and also found

in Doostmoradi et al. (2014). The third dataset (Data 3) consists the fatigue
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times of 6061-T6 aluminum coupons cut parallel with the direction of rolling and
oscillated at 18 cycles per second found in Birnbaum and Saunders (1969). The
fourth dataset (Data 4) consists the survival times (in days) of 72 guinea pigs
injected with different amount of virulent tubercle bacilli studied by Bjerkedal

(1960).

3.8 Summary

The statistical techniques to be employed in the study are thoroughly reviewed
under this chapter. These include maximum likelihood estimation and its prop-
erties, measures of goodness-of-fit and information criteria for model selection.

BFGS algorithm and total time on test were also reviewed.
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CHAPTER FOUR
ODD CHEN FAMILY OF DISTRIBUTIONS

4.1 Introduction

This chapter introduces a new generalization of the Chen distribution called the
odd Chen (OC) family of distributions. This generator can be used to modify
any univariate continuous distribution to improve upon its flexibility in modeling
datasets. Statistical properties such as the quantile function, moments, stochastic
orderings and order statistics among others for the OC family of distributions
are also derived in this chapter. The chapter further presents the estimation of
parameters of the new family, the development of new distributions from the
new family and finally, a demonstration of the usefulness of the new models in

modeling real dataset.

4.2 0Odd Chen Family of Distributions

Let T' be a Chen distributed continuous random variable, the cdf (denoted by
F(t)) for Chen distribution is given by F(t) =1 — 6A<1_et6) ,t > 0 (Chen, 2000).
Suppose G(z;1) is the baseline cdf of an arbitrary continuous random variable
X on any continuous support say (—o0,00) and 1 is a (p x 1) vector of associated

parameters, the cdf F(z) of the OC family of distributions is defined as

G(z;9)
1-G(z359)

Flz) = / f(t)dtzl—e/\<1_e(

0

G(z39)
1-G(z359)

>B>
,r>0,A>0,8>0, (4.1)

where \ and 3 are extra shape parameters.

By differentiating the cdf in equation (4.1), the pdf f(z) of the family is obtained
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as
G(z) )5

F(@) =A\Bg(@; )G (x; )11 — G(a; )] P eZetm

- B8 .
(<> ) (4.2)
X € yr > 0.

Proposition 4.1. The density function of the OC family of distributions is a

well-defined pdf.

Proof. The pdf f(x) of a distribution is well-defined if it is a non-negative
function and is equal to one(1) when integrated over the support of X. Thus

f(z) is well-defined if

f(x) =0

o fla)de =1, —00 <z < o0

It is worth noting that f(z) is a non-negative function. Suppose the support of

x is (—o0,00), then

G(z;%) )ﬁ

/;oo f($)d$ :/ Aﬁg(:v; ?ﬂ)G(m, 1#)571[1 — G(x; Qﬂ)]_(ﬁ—i_l)e(lfG(z;w)

[e.9]
—00

x; B
A(l_em%(;fzm )
X e dx.

Let ﬂ
A(Mmf&%) )
u=-e :
then
17 r — —O0
u =
07 r — OO
Also,
du c |7 (())
d_ = )\BQ(I; @D)G(x, ¢),3—1[1 . G(x, ¢)]7(6+1)6(1—G(’w;w)) e ’
T
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implying that

d
dr = Y

. B\ °
) A<le<f&;ez@> )

G(z3%) )
e

Mg(a; )G (a: )71 = Glaz )] O Vel

/_Zf(:v)dx:/olduzl.

Hence,

This completes the proof.

The survival and failure rate functions play a pivotal role in reliability analysis
and other disciplines. Survival (or reliability) function gives the probability of
performing without fail a specified task, under given conditions for a specific
period of time. Thus, reliability may be used as a measure of the system’s success
in proforming its function properly. Mathematically, the survival function, S(z),
is expressed as

S(x)=1- F(x)

The failure rate (hazard) function, h(x), on the other hand is the instantaneous

failure rate and is mathematically expressed as

. Pae<X<z+Ax|X>z)  f(o)
) = A T

The survival S(z) and hazard h(z) functions of the OC family are respectively

A(l_em&szi)
S(z)=e ,x >0 (4.3)

given by

and

G(zi) \P
h(x) = \Bg(x; )G (x;4)P 1 — G(a; w)]_(ﬁﬂ)e(l*a(”w) 2 >0A>0,8>0.
(4.4)

For simplicity, let G(z;v) and g(x;1) be denoted as G(x) and g(x).
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4.3 Mixture Representation

The mixture representation of the pdf is essential in the derivation of the statis-

tical properties of the OC family of distributions.

Proposition 4.2. The mixture representation of the pdf of the OC family is

obtained as
[o@) oo oo x m

F@ =28 333" tijkmag(2)Gl2), (4.5)

1=0 7=0 k=0 m=0 ¢=0
where
(=)™ A +1)Y [ BU+1) +k BU+1)+k—1 m

Vijkmq = T e
1!g! L m q

Proof. After applying Taylor series expansion,

fla) = ABg(x)e i i <_?W g fl)jG(x)W“)—lu — G(x)] PO,

Further expanding the expression for f(x) using the generalized binomial series

expansion,
ad a+k—1
(1—2)_a22 2F |zl <1,a <0,
k=0 k
yields
0o 00 00 _12)\12+1J ﬂ(]+1>+k . B
f(x) :)\Bg(x)e/\zzz( Z‘) ( ; ) ) G(l.)ﬁ(1+l)+k L
i=0 j=0 k=0

The mixture representation of the pdf of the OC family f(z) can further be
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expressed as

f(z) :w&;;};;}q; g i .
B+ +k—-1 m
x g(x)G(x)",
m q

hence the proof.

Equation (4.5) expresses the pdf of the OC family as a product of its parameters
and sum of the product of the pdf and weighted power series of the baseline

distribution function.

Also, expressing f(z) in terms of exponentiated-G (expo-G) density yields

fz) = A8 Z Z SN v (@), (4.6)

where v* = % and my41(z) = (¢ + 1)g(x)G(2)? is the expo-G density

function with power parameter (¢ + 1).

4.4 Statistical Properties

This section discusses some of the statistical properties of the CG family of dis-
tributions. These include: quantile functions, non-central moments, moments,
generating functions, inequality measures, entropies, residual life, stochastic or-

dering and order statistics.

4.4.1 Quantile Function

Random number generation for simulation purposes is one of the essential uses of
the quantile function. Also, the effect of parameters on the skewness and kurtosis

of a distribution can be determined based on the quantile measure.
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Proposition 4.3. The quantile function for the OC family of distributions is

given by

Qc(u) =G <log (1 _ log(i_u)»g 0<uc<l. (4.7)

T VSUS
log(1—u) \ \ 8
1—|—<log<1——g/\ >>

Proof. The quantile function Qg(u) of a random variable X, 0 < u < 1, is
defined as the inverse of the cdf F'(x). Replacing x with z, in equation (4.1),
equating F'(z,) to u and making z, the subject yields the quantile function. The

median of the family is obtained by substituting « = 0.5 in equation (4.7).

The measures of skewness and kurtosis can be computed based on the quantile
measures. The Bowley’s measure of skewness and the Moors’ measure of kurtosis

are respectively defined as

(1/4) + Q(3/4) — 2Q(1/2)
Q(3/4) — Q(1/4)

skewness = ¢ (4.8)

and

Q(7/8) — Q(5/8) + Q(3/8) — Q(1/8)

kurtosis = : (4.9)

4.4.2 Moments, Moment Generating Functions and In-

complete Moments

In this section, the moments, moment generating function and incomplete mo-

ments are derived.

4.4.2.1 Moments

Moments are useful in statistical analysis especially in the study of the charac-
teristics of distributions such as measures of central tendencies, skewness and

kurtosis.
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Proposition 4.4. The r** non-central moment for the OC family of distributions

is given by
=28 Y N ik Ty = 1,2, (4.10)
=0 j=0 k=0 m=0 ¢=0
where 7,9y = [ 2"g(x)(G(z))%dx is the weighted moment of the baseline distri-

bution G(z).

Proof. The r" non-central moment is defined as

Substituting the mixture form of the density in equation (4.5) into the definition

of . yields

thus completes the proof.
Alternatively, let G(z) = u, * = G (u) = Qc(u), % = g(z) and g(z)dz = du.
The r*" non-central moment is defined in terms of the quantile function as

1

= )\Biii i im]kmq /qug(u)du,O <u<l1. (4.11)
= —

i=0 j=0 k=0 m=0 q 0

4.4.2.2 Moment Generating Function

Moment generating functions are functions that can be used to establish the
moments of a random variable about a point. The moment generating function

of the OC family of distributions if it exist is given by Proposition 4.5.
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Proposition 4.5. The moment generating function for the OC family of distri-
butions is given by

o o o o m oo tT.

Mx() =283 3 > 22 D stimmaTea): (412)
j j = r=0 ’

=0 j=0 k=0 m=0 ¢g=0
Proof. Generally, the moment generating function for a random variable X is

defined as

[e.9]

Mx(t) = BE(e') = / e f(z)dz.

—00

Hence, expanding Mx (t) using Taylor series expansion yields

Subsequently, substituting the expression for the r** non-central moment, //r, in

equation (4.10) into the definitin of Mx(t) yields

NOESY) 353D 9D D) B) SLrzrss iy

thus the proof.

Let G(x) = u, Mx(t) can be expressed in terms of quantile function as

1

My (t) = Wf: f: i i Em: i Vijkmq/etQG(z)uqdu,O <u<l = (413)

4.4.2.3 Incomplete Moments

Incomplete moments play a key role in the computation of statistical measures
such as the mean deviations about the mean and median. They are key in com-

puting measures such as Lorenz and Bonferroni curves.
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Proposition 4.6. The incomplete moments of the OC family of distributions is

given by

Substituting the mixture representation of the density in equation (4.5) into the

expression yields

M) =AY DS vy [ a(w) G (o)

hence the proof.

Let G(z) = u, x = G (u) = Q¢(u) and g(z)dz = du, the incomplete moments

can be expressed in terms of quantile function as

M. (y) = )\BZ Z Z Z Z Viikmg / wQg(u)du, 0 < u < 1. (4.15)
1=0 j=0 k=0 m=0 ¢=0 0

4.4.3 Order Statistics

Order statistics are very useful in many areas of statistical theory most especially
extreme-value theory. The pdf for the p' order statistic, X,.,, of an ordered

random sample, X1y < X9 < ... < Xy, of size n is denoted by fx,., ().
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Proposition 4.7. The pdf for the p'* order statistic of the OC family of distri-

butions is given by

where
D _ (_1)i+j+mn!(/\<” —p+i+ 1))7(] + 1)ke>\(n*p+i+l)
p=1 |\ [ Bk+D+1 ) [ Bk+D)+1-1 ) [ m
X
1 l m n

Proof. The pdf for the p* order statistic, X,.,, of a random sample, X7, Xs, ..., X,
p

of size n, fx,.,(x), is generally defined as

n!

D i @F L= F@" f(@)p=1.2,..m.

[xpn () =

Expanding [F(z)]"" in the definition of [x,..(x) using binomial series expansion

yields

n!
(p—Dl(n —p)!-

Fxpn () = Ui T |S@TTT @), (417

where
[S(2)]" P = [1 — Fa)]" P+ = e)\(n—p+i)(1_6G(z)5).

Algebraically manipulating

176G(I)B)

(S(2)]" 7+ f(2) = ABg ()G (z)P~ e A pritn(
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using Taylor series expansion yields

[S(2)]" "7 f(z) =ABg(z)G(x )5716A<n—p+i+1)

Xii A(n — p+z+1)]j(j+1)kG(x)5k.

= k!

Further applying binomial series expansion gives;

oooooooom

—1)7 ™ \n —p+i+ 1))

[S(2)]" 7 f(x) = ABg(a)eXnp ity >0

7=0 k=0 l=0 m= On o ikt

| BEEL)+I Blk+1)+1-1 m .

x (j+1) G(z)".
n

Subsequently, substituting the expression of [S(z)]" " f(z) in equation (4.18)

into that of fx, . (z) in equation (4.17) yields

p—1 oo o0 o0 o0 m

ol (n — i+ 1)) ernmptith)
fxpn (@ ABZZZZZZ l[kl(( p)—i_(ntp))]!

1=0 j7=0 k=0 =0 m=0n=0

‘ ! Bk+1)+1 Blk+1)+1—-1
X (7+1)
1 l m
m n
X g(x)G(x)",
n

hence the proof.

4.4.3.1 Moments of Order Statistics

Proposition 4.8. The r" non central moment of the p order statistic, E(X7, ),

of the OC family of distributions is given by,

B(X}.) = A8 ZZZZZDWWTM,;) 1,2,..,n,r=1,2,...,

(4.19)
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o0

where 7., = [ 2"g(z)G(x)"dx is the probability weighted moment of the base-
line distribution.

Proof. The r** moment of the p* order statistic of a random variable is defined

as
00

E(X;m) = /x’"fxpm(x)dx,p =1,2,...,n,r=1,2, ...

Hence, substituting the expresson for the pdf of the p! order statistic in equation

(4.16) into the definition of F(X],,), completes the proof.

4.4.4 Stochastic Ordering

Stochastic ordering is used to show the ordering mechanism of a dataset. A
random variable X with cdf Fx(z) is less than Y with c¢df Fy(z) in likelihood

ratio order (X <;,Y), if the function fx(x)/fy(z) is decreasing for all .

Proposition 4.9. Let X ~ OC(z;A,5,¢) and Y ~ OC(x; A, 5,9), X is

smaller than Y in stochastic order (X <4Y) if Ay < Ay.

Proof. The ratio of the pdfs of X ~ OC(z; A\, 8,¢) and Y ~ OC(z; A, 5,1) is

obtained as

(56%)"
A (A1—XA2) (1—6
fX(iU) . 16 ‘

fY(ﬂC) B >\_2

Taking the differential of the logarithm of the expression yields

o Jios (2] = 500 - rpgtciorein”

Hence, if Ay < Ay, then, &£ [log (ff;g;)] < 0 for all x.

Thus the proof.
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4.4.5 Inequality Measures

Several fields like insurance, econometrics and reliability studies employ Lorenz

and Bonferroni curves in the study of inequality measures like income and poverty.

4.4.5.1 Lorenz Curve

Lorenz curve is defined as Lp(y) = = f xf(z)dz, hence for the OC family of
distributions, it is obtained by substltutmg the mixture representation of the
density in equation (4.5) into the definition of Lorenz curve Lg(y). The Lorenz

curve for the OC family is given by

Li(y) = 20 SIS it / 2g(0)G(2)dr.  (4.20)

Alternatively, Lp(y) can be expressed in terms of quantile function by letting
G(z) = w. This implies that z = G7'(u) = Q¢(u) and g(z)dz = du. Hence,
substituting these expressions of G/(z) into the expression of the Lorenz curve for
the OC family in equation (4.20) yields the Lorenz curve in terms of quantile

function for the OC family as

= AP Z Z Z Z Z Vijkmaq / wWQe(u)du,0 < u < 1. (4.21)

K =0

4.4.5.2 Bonferroni Curve

Bonferroni curve is defined as Br(y) = L?—S’), hence for the OC family of distri-
butions, it is obtained by substituting the expression for the Lorenz curve Lp(y)

in equation (4.20) into its definition.
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The Bonferroni curve for the OC family of distributions is obtained as

Br(y) = P Vijkmq/xg(a:)Gq(x)dx. (4.22)

—00

4.4.6 Mean Residual Life

The mean residual life is the expected residual life or the average survival time
of a component after it exceeds a specific time y. It plays a very useful role in

reliability studies.

Proposition 4.10. The mean residual life of an OC random variable is given by

(e oluNe e CllNe Ol 1

W) = s (= ALY D3 it [ asl@)Gia)dn| <y (423

=0 j=0 k=0m=0q¢=0

— 00

Proof. The mean residual life is defined as M (y) = E(z — y/z > y), thus

M<y>:ﬁ p [ ast@ys|

Substituting the mixture representation of the density function f(z) in equation

(4.5) into the definition of the mean residual life M (y) completes the proof.

4.4.7 Entropy

Entropy measures the variation or uncertainty of a random variable. It is very
important especially in fields related to communications. Coding theory, with its
basis hinged on efficient representation of information such as audio, video or still
imagery, is one of the fields that employs the use of entropy measures (Beadle
et al., 2008). Signal processing community also use entropy measures to separate

the signals from multiple sources (blind deconvolution)(Lake, 2006).
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4.4.7.1 Rényi’s Entropy

Rényi’s entropy is a widely used measure of Guassianity in many applications
such as independent component analysis for blind deconvolution. The measures of
Guassianity are also used for exploratory projection pursuit in searching for non-
Gaussian low-dimensional projections of high-dimensional data using projection

index (Lake, 2006).

Proposition 4.11. Rényi’s entropy for the OC family of distributions is given

by
1 o0 oo oo oo .
15(5) = ——log [(A3) TS5 / Gla)™dz| 6 £1,5 >0,
1=0 j=0 k=0 [=0 m=0
(4.24)
where

(D)™ (i + 0y [ BU+O)+d+k—1
ily! .

Nijklm =

B(j+8)—5+k l

l m

Proof. Let X be a random variable with pdf f(z), the Rényi’s entropy (Rényi,
1961) is defined as;

14(6) = +——log /fé(x)dx 541,650, (4.25)

An expression for f°(x) is obtained by algebraically manipulating f(z) in equation

(4.2) as follows

] (19‘&;2%)5) ’
. A e
f(ac)(S = | A\Bg(z; )G (z; ) 1 — G(x; ¢>r(ﬂ+l)€(1_cg<§fzp))ﬁe <1 ’

z > 0.
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Expanding f (:)5)5 using Taylor series expansion,

F@)’ = (\3) Mg 522 (i +0)! G(2)PU+=9[1 — G ()] 1BU+0)+9]

ll
=0 7=0 v

Further expanding f ($)(S using binomial series expansion

F@) =(A8) Mg JZZZZZ 1)"H(N)' (i + )7

=0 j=0 k=0 [=0 m=0 ZU'
B(j+6)+5+k—1 B(j+06)—6+k l
X G(z)™.
k [ m

(4.26)
Rényi’s entropy for the OC family of distributions is then obtained by substi-
tuting the expression for f°(x) in equation (4.26) into the definition of Ig(d) in

equation(4.25) as

1) = g [ 333y UG 4 By
(9) = 0g | (AB) ZZZZZ il
1=0 j=0 k=0 =0 m=0
+0)+0+k—1 | +0)—0+k [ °0
B(j +9) B(j+9) / o2 Gl
m |-

k l

This completes the proof.

4.4.7.2 Shannon’s Entropy

The Shannon’s (differential) entropy (Rényi, 1961) for a random variable X with
pdf f(z) is a special case of the Rényi’s entropy when § 1 1. A very useful property
of the Shannon’s entropy is that, in a set of random variables with equal variance,
its maximum value is attained with a Gaussian distribution. Hence, its upper

bound is

1 1 )
H(z) < élog (2me) + §log (c%),
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where the right hand side is the entropy when z is normal. A population is
said to be non Guassian if an estimate of the entropy for a random sample is

substantially lower than this upper bound (Lake, 2006).

The Shannon’s entropy is defined as

nx = E(=log f(x)).

For the OC family of distributions it is obtained by substituting the mixture rep-
resentation of density f(x) in equation (4.5) into the definition of the Shannon’s
entropy nx. Hence, the Shannon’s entropy for the OC family of distributions is

given by

nx =k

ot (WIS S S S strcor) |

1=0 j=0 k=0m=0q=0

4.4.7.3 Delta Entropy

The §— entropy for a random variable X with pdf f(z) is defined as

1
1—-9

H(5) = log 1—/f5(3:)d:1: ,0# 1,0 > 0.
Hence the — entropy for the OC family of distributions is obtained by substitut-
ing the expression of f(x) in equation (4.26) into the definition for §— entropy

H(0). The §— entropy for the OC family is given by

co oo oo oo 1 ©0

H(®) = 51og |[1= 09" 53> wuan | 9(a)'Gla)"ds |

i=0 j=0 k=0 =0 m=0

(4.28)

—00

§#41,6>0.
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4.4.8 Stress Strength Reliability

The stress strength reliability is the probability of a component to perform with-

out fail, an assigned task under specified conditions for a given level of stress.

Proposition 4.12. The stress strength reliliability R of the OC family is given

by
0O 00 o0 00 l o0
R=1-X0 Z Z Z Z Z Pijkim / 9(2)G(x)" dz, (4.29)
i=0 j=0 k=0 l=0 m=0 .
where
C(=DMeN e [ B+ +E B+ +k—-1 !
Pijkim = Z'j' . l .

Proof. Suppose X; ~ (A, 8,%) is a strength random variables and X5 ~ (X, 5,1))
is a stress random variable both from the OC family. The stress strength relia-

bility is defined as

R=P(Xy< X;) = / flz)F(x)de =1 — / f(z)S(x)dx. (4.30)

f(z)S(z) in the expression of R in equation (4.30) can be agebraically manipu-
lated using a similar concept as that used for the mixture representation of the

density f(z) as follows

F(2)S(2) = AP g(x) )~ [1 — )]~ +De(E )l

Expanding f(z)S(x) using Taylor series expansion yields;

oo o0

f(x)S(x) = Aﬁe”g(x)zz (_1>i(2;!‘;(i + 1>jg(x)ﬁ(1+1)—1[1 — G(z)] 1B,
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Further expanding f(x)S(z) using the binomial series expansion yields

o0 0 XX

F@)5(@) 8P 333 Sy Gty

1=0 j=0 k=0 =0 m=0

1)+ k L)+ k-1 l (4.31)
k l m

Substituting the expression for f(z)S(z) in equation (4.31) obtained into the
definition of R in equation (4.30) yields

(o olNe ollNe o llNe o

ey yyy e e

1=0 j=0 k=0 [=0 m=0 ZU'
1)+ k i+ 1)+ k—1 l T
y B +1) BG+1) /g(:B)G(x) il
k l m |

hence the proof.

Let G(z) = u, v = G (u) = Qg(u), & = g(z) and g(z)dz = du. The stress
strength reliability of the OC family can alternatively be expressed in terms of
quantile function by substituting G(x) = v and g(x)dx = du into the expression

of R in equation (4.29) to obtain

0o 0O 00 o l L
- wzzzzz%m/u du,0 < u < 1.

=0 j=0 k=0 =0 m=0

Simplifying the expression yields

—1- Aﬁiiiiz (;‘;J—_’i"i) (4.32)

1=0 j=0 k=0 [=0 m=0
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4.5 Parameter Estimation

The parameters of the OC family are estimated in this section using maximum

likelihood estimation method.

4.5.1 Maximum Likelihood Estimation

Given a random sample, x1, s, ..., x,, of size n, with parameters; A, 5 and 1,
from the OC family of distributions. Let v = (), 3,%)T be a (p x 1) parameter

vector, the total log-likelihood function is given by

n - ﬁ
éznlog/\ﬂqL(ﬁ—l)ZlogG( +/\Z(1—e = ez )
i=1

) ) s (43
+ 3 loggteiv) - (34 )Y loglt - Gl 3 (1EEL )

Partially differentiating the likelihood function yields the components of the score
function U (v) = (84/OX, 0L/DB,00/0)" as follows

e n < Gaw) )P
=5t ; (1 — (@) >, (4.34)
it n & _ (G ) G(x:4)
" ' ([ Gzy) )’ G(z;9) '\ (S )7
— ;log [1—G(z;9)] — AZ(—l ¢ 1/))) log (1 — G<x;¢))€ (=)
(4.35)
and
Al Iglwy) |, nS- G
dy 119(“” v G oo ;1_ ) (4.36)
Gl )" < O ()
% ;W“ w; e
where g;((x,qﬁ) = %, g}/((x,lﬁ) = dQ‘ZSZZw), G/K(xﬂﬁ) = dGéz;w) and G,};(l”ﬂ/’) =
in(p:UQ;w)
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The estimators of the parameters are then obtained by setting equations (4.34),
(4.35) and (4.36) to zero and solving them numerically using the iterative methods
such as the Newton-Raphson type algorithms. The observed information matrix
J (v), is required for interval estimation of the parameters. It can be estimated

as J (v) = % for (7,7 = A, B,1) whose elements are evaluated numerically.

4.6 Some Special Distributions

Generalization of several distributions can be made using the OC family of distri-
butions. Three special distributions; odd Chen Burr IIT (OCB), odd Chen Lomax
(OCL) and odd Chen Weibull (OCW) were developed in this section.

4.6.1 0Odd Chen Burr III Distribution

The cdf and pdf of Burr III distribution (Burr, 1942), the baseline model, are
respectively G(z) = (1+27%) " and g(x) = v02 71 (1 + x_(’)ﬂfl, x> 0,0 >
0, > 0. Substituting G(x) and g(x) into equations (4.1), (4.2) and (4.4), respec-
tively yields the cumulative distribution, probability density and hazard functions
of the OCB distribution. The cdf and pdf of the OCB distribution are respectively
given by

(i)

Flz)=1-—e ,x>00>0,8>07>0A>0 (4.37)

and

f(a) =ABy0z~ V(1 + :E_e)(_%g“) [1 - (14 x_e)ﬂ] 7(5H)e[(1+z—9)”—1]’5
(sl

X e ,x > 0.

(4.38)
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Its hazard function is given by

h(z) =ABy0z~ T (1 + x—e)_(‘m“) [1 —(1+ x—e)—v] ’(Bﬂ)e[(lﬂ—@)tl]’ﬂ’

x> 0.
(4.39)
The OCB distribution exhibits; increasing, decreasing, unimodal left and right

skewed shapes of density function. For some selected values, it exhibits; bathtub,

i
o
E upside down bathtub, modified upside down bathtub, decreasing and increasing
0 failure rates as shown by its density and hazard rate plots in Figure 4.1.
H
|
é
0 < &1
° — A=0.7B=016=18y=6 o \ — M=0.1B =016 =6.6 =50
— M=128=040=18y=12 | — M=02B=019=3y=213
v —— \=508 =7.48 =0.9y =8.6 8 4 — \=158 =098 =02y =2.1
i — M118=360=09y=69| o | — )=02$=098=15y=148
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Figure 4.1: Plots of density and hazard rate functions of OCB distribution

The quantile function Q¢ (u) for the Odd Chen Burr III distribution is given by

Qo(u) = Los (= (52))" | 1V o<u<t (a0

o (lom (1= (57)))

The plots of skewness and kurtosis of the OCB distribution are shown in Figure

™|

4.2.
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Kurtosis
Skewness

50 50
Figure 4.2: Plots of skewness and kurtosis of OCB distribution

The plots in Figure 4.2 reveals that varying combinations of the parameters have

varying effects on the measures of skewness and kurtosis of the OCB distribution.

4.6.2 0Odd Chen Lomax Distribution

The cdf and pdf of the Lomax distribution (Lomax, 1954) are respectively given
by G(z) =1 — (14 0z) " and g(z) = k(1 +62) "V 2 >0,k > 0,0 > 0. The
cdf and pdf of the OCL distribution is obtained by substituting the cdf and pdf of
the Lomax distribution into the cdf and pdf of the OC generator in equations(4.1)
and (4.2) respectively. The cdf and pdf of the OCL distribution are respectively

given by

/\<1 [atom* 1] )
F(z)=1—e ,x>0,A>060>0,8>0k>0 (4.41)
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and

f(x) =AB0k(1 + 02) 7 1 = (14 Hm)k]ﬁ 16[<1+ex>’“1]‘*2<1 )

x> 0.
(4.42)
Its hazard function is given by
Bh—1 177 [aowys 1)’
h(z) = \30k(1 + 0z) [1 —(1+62) e >0, (4.43)

The density plot of the OCL distribution exhibit varying shapes such as; in-
creasing, decreasing and non monotonically increasing shapes among others, as
shown in Figure 4.3. The hazard rate function exhibited; upside down bathtub,

decreasing and increasing failure rates, for some selected values.

o
g 1 g
IS} — A=2.48=0.18 =1.6,k=6.3 ° — A=1.88=0.10 =34.9,k=0.1
— \=4.23=33.78 =50, k=0.1 — M=13.1$=38=5.1,k=0.1
—— A=3.3B =2.70 =1.2,k=0.1 Q —— A=11.3B =12.80 =34.9, k=0.1
0 — =078 =2.49 =4.2,k=0.1 o — =055 =1.58 =4.5, k=0.2
S 4 A=0.3 =0.70 =0.4, k=0.7
o o
(\‘. —
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o
2 9 2 9|
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Figure 4.3: Plots of density and hazard rate functions of OCL distribution

The quantile function for the Odd Chen Lomax distribution is obtained as

==

1
)
Qa(u) =5 |1~ - —1],0<u<1. (4.44)
log(1—u) 8
1+(10g<1——g/\ ))
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The plots of skewness and kurtosis of the OCL distribution is shown in Figure
4.4. From the plots it can be seen that both measures are directly affected by

varying measures and combinations of the parameter values.

Kurtosis

Skewness

5 0 50
Figure 4.4: Plots of skewness and kurtosis of OCL distribution

4.6.3 0Odd Chen Weibull Distribution

The Odd Chen Weibull (OCW) distribution is obtained by substituting the cdf
and pdf of Weibull distribution (Weibull, 1951) given by G(z) =1 — e (5)" and
g(z) = (%) (5)7_16,(37 respectively into the cdf, pdf and hazard function of
the OC family given by equations (4.1), (4.2) and (4.4). The cdf, pdf and hazard

function of OCW distribution are respectively obtained as

2\ B
F(z) =1—exp {)\ (1—exp<e<a) —1) )] ,x>0,aa>0,8>0,v>0, (4.45)

Y

=2 (1) () (- e—(z)”f16—(g)—vﬂe(e(iw_l)f’ex(l_exp (®71)")

«

z >0
(4.46)
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and

A) =28 () (f)“ (1- e—(zf)ﬁle—<z>‘”%(e(“—1> >0, (4.47)
a/ \«a
A display of plots of the density and hazard rate functions of the OCW distribu-
tion are found in Figure 4.5. The density plot shows shapes such as symmetric,
unimodal right skewed, J and reversed J shapes. The hazard rate plot for some
selected values exhibits increasing and decreasing failure rates, bathtub and up-

side down bathtub shapes.
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Figure 4.5: Plots of density and hazard rate functions of OCW distribution

The quantile function Q¢ (u) the Odd Chen Weibull distribution is given by

1

1
(1o (1 - =52))”
1— 0<u<l  (4.48)

1

1+ <10g (1 - M))B

The OCW distribution can model datasets exhibiting different degrees of skewness

Qc(u) = a|—log

and kurtosis as shown in Figure 4.6.
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Figure 4.6: Plots of skewness and kurtosis of OCW distribution

4.7 Simulation

Validation of the maximum likelihood estimators is carried out in this section us-
ing Monte Carlo simulations. This is done using the estimators of the OCW dis-
tribution. Random numbers from the OCW distribution are generated using the
OCW quantile function in equation (4.48). Setting the initial parameter values;
0=0.3,8=0.8,v=0.1and A = 0.4, for sample sizes n = 50, 150, 300, 600, 1000,
the simulations are repeated 1500 times for each sample. Repeating similar sam-
ple sizes for the initial parameter values;f = 0.9, § = 3.5, v = 2.5 and A = 0.6,
the simulations are repeated for each sample another 1500 times. The root mean
square error (RMSE) and the average bias (AB) for the estimators of the param-

eters were computed using the expressions

1L, 2
RMSE = N; (91-—9)

and
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The RMSE, AB and coverage probability (CP) for the estimators of the param-
eters at 95% confidence intervals are presented in Table 4.1. From the table it is
observed that there is convergence of the RMSE and AB in all cases. Thus they
decrease to zero(0) as the sample size increases. The CPs are also observed to be
close the nominal value of 0.95. This emphasizes the effectiveness of the method
of maximum likelihood in estimating the parameters of the OCW distribution.

Table 4.1: Simulation results of AB, RMSE and CP for OCW distribution.
Parameter n I IT
AB RMSE CP AB RMSE CP

0 50  0.5467 0.7802 0.8880  2.8948 3.8475  0.9840
150 0.3836 0.6492 0.8673  1.6762 2.4370  0.9560

300 0.2496 0.5282 0.8633  1.1345 1.6802  0.9467

600 0.1365 0.3922 0.8600  0.7915 1.1433  0.9600

1000 0.0872  0.3048 0.8853  0.6119 0.8900  0.9540

g 50  0.0388 0.1555 0.9833 -2.1826 2.5354  0.4593
150  0.0249 0.0812 0.9740 -1.8235 2.2538  0.5820

300 0.0165 0.0567 0.9820 -1.6394 2.0520  0.6387

600 0.0117 0.0371 0.9813 -1.4499 1.8822  0.6523

1000 0.0072 0.0263 0.9727 -1.2787 1.7325  0.6440

v 50 -0.0129 0.0962 0.9999 246.9147 966.0244 0.9767
150 -0.0081 0.0732 0.9967 28.4697 107.9522 0.9887

300 -0.0014 0.0620 0.9740 7.6163  21.8327 0.9953

600 0.0021 0.0479 0.9620  2.9083 4.8612  0.9999

1000 0.0016  0.3880 0.9553  2.0458 3.2785  0.9900

A 50  0.1021 0.4368 0.8947 0.8223  17.0391 0.6080
150  0.0150 0.2060 0.9267 -0.1217  0.7355  0.6553

300 -0.0064 0.1398 0.9307 -0.1766 0.4760  0.7100

600 -0.0104 0.0972 0.9433 -0.1953 0.3604  0.7367

1000 -0.0084 0.0772 0.9393 -0.1898 0.3135  0.7487

4.8 Applications

In this section, real life datasets are used to demonstrate the applications of
the OCB, OCL and OCW distributions in providing good parametric fit. The
maximum likelihood estimates for the parameters of the model were obtained by
maximizing the log-likelihood function of the models. Their performance was then
compared with that of Chen distribution and new generalized Weibull(NGW)
distribution (Zaindin and Sarhan, 2011) using the AD, CM and KS goodness of

fit measures and the AIC, BIC and CAIC information criteria measures. The
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smaller the value of the goodness of fit measures the better the fit to the data.

The negative log-likelihood was also considered for the sake of comparison. The
A

cdf and pdf of the NGW are respectively given by F(x) = [1 — e“"””‘ﬁ‘”ﬂ and

flx)=A (a + 59379’1) g—az—pa’ [1 _ g—aw—pa’ -

4.8.1 First Application

Data 1 which consists lifetimes of 50 components, given by Aarset (1987), was
used in this application. Descriptive statistics of the dataset in Table 4.2 shows
that, the minimum and maximum lifetimes of the components recorded were 0.1
and 86 respectively. The average lifetime of a component was 45.686 with a
standard deviation of 32.8353. The high standard deviation might be an indica-
tion of the presence of extreme values. The values of the coefficients of skewness
and kurtosis are -0.1378 and 1.4139 respectively which indicates the dataset is
left-skewed and heavy-tailed (leptokurtic).

Table 4.2: Descriptive statistics of the lifetimes of 50 components
Minimum Maximum Mean Standard deviation Skewness Kurtosis
0.1 86 45.686 32.8353 -0.1378 1.4139

A total time on test (TTT) transform plot of the dataset in Figure 4.7 shows
that the dataset exhibits a modified bathtub shaped failure rate as it starts with
a convex shape with an angle below the 45° line, follows with a concave above

the 45° line, then another convex shape and finally a concave shape.

0.8

0.0

i’/n

Figure 4.7: TTT-transform plot for the Data 1
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The maximum likelihood and standard error estimates of parameters for the
various distributions for Data 1 are recorded in Table 4.4.

Table 4.3: Maximum likelihood and standard error estimates of parameters

Model Parameter Estimate Standard error z-value p-value
OCB A 0.0275 0.0133 2.0707 0.0384*
B 0.1241 0.1756 0.7068 0.4797
0 2.9023 3.909 0.7425 0.4578
5 3.0213 1.9036 1.5872 0.1125
OCL A 0.1199 0.0434 2.7591 0.0058*
B 0.3308 0.0828 3.9964  6.43 x 1075*
6 0.0074 0.003 2.4595 0.0139%
k 6.8406 2.2717 3.0112 0.0026*
OCW A 0.3606 0.0725 49758  6.50 x 107 7*
B 0.031 0.0071 4.3529 1.34 x 1072*
a 45.9988 4.1288 11.1409  2.20 x 10~16*
5 5.0701 0.8432 6.0128  1.82 x 107%*
C A 0.0205 0.0085 2.4077 0.01605*
B 0.3444 0.0212 16.2686  2.20 x 10~16*
NGW A 78.6862 0.0019 41180.9326 2.20 x 10~16%
B 3.3207 0.1532 21.7392  2.20 x 10~16%
é& 0.0245 0.0042 57601  7.97 x 1079*
0 0.0407 0.0138 2.9589  3.10 x 1073*

*. means significant at the 5% significance level

From Table 4.3 it is observed that, all the parameters of OCL, OCW, C and
NGW distributions were significant at 95% confidence level. However for the
OCB distribution, only \ was significant at 5% level of significance, the rest of

the parameter estimates (B .0 and 4) were not significant.

OCL distribution outperforms the rest of the models as it has the highest log-
likelihood and the lowest values of all the goodness-of-fit measures (KS,AD and
CM) as shown in Table 4.4. It also provides a comparatively reasonable fit as

illustrated by the fact that it has the lowest values for all the measures of infor-

mation criteria considered (AIC, BIC and CAIC).
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Table 4.4: Log-likelihood estimates and goodness of fit measures

Model 14 KS CM AD AIC BIC CAIC
OCB  -232.01 0.168 0.318 2.001 472.025 479.673 472.914
OCL -225.31 0.145 0.203 1.439 458.618 466.266 459.507
OCW -291.65 0.191 0.255 1.606 591.291 598.940  592.180
C -233.17  0.167  0.324 2.088 470.336  474.160  470.592
NGW -235.60 0.162 0.380 2.368 479.209  486.857  480.098

Figure 4.8 shows the histogram of Data 1 and the densities of the fitted distri-

butions on the left, and the empirical cdf of Data 1 and the fitted cdfs on the

right.
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Figure 4.8: Empirical and fitted density and cdf plots of fitted distributions for

Data 1

It can be observed from the plots in Figure 4.8 that the fitted distributions closely

mimics the empirical density and cdf of the dataset.

The P-P plots of fitted distributions for Data 1 depicts the OCL distribution

as a comparatively better fit for the dataset as shown in Figure 4.9. Though

the OCB, OCW and C distributions also have their observations clustering along

their diagonals, the observations for the OCL distribution are more closely clus-

tered around the diagonal comparatively which is an indication that it provides

a comparatively better fit than the rest.
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Figure 4.10 shows the profile log-likelihood plot of OCL distribution’s parameters.

From the plot its can be seen that the estimated parameter values of the OCL

0.2 0.4 0.6 0.8 1.0

0.0

0.4 0.6 0.8 1.0

0.2

0.0

OCB Distribution

www.udsspace.uds.edu.gh

Expected Probability

Observed Probability

C Distribution

Expected Probability

Observed Probability

0.6 0.8 1.0

0.4

0.2

0.0

0.6 0.8 1.0

0.4

0.2

0.0

OCL Distribution

Q o
8
8,
o

Observed Probability

NGW Distribution

Observed Probability

Expected Probability

0.6 0.8 1.0

0.4

0.2

0.0

OCW Distribution
i (0]
| o

&

Observed Probability

Figure 4.9: P-P plots of fitted distributions for Data 1

distribution are the maxima.
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Figure 4.10: Profile log-likelihood plot of OCL para;neters

4.8.2 Second Application

This application made use of Data 2 which represents the lifetime of a certain
device given by Sylwia (2007). Descriptive statistics of the dataset in Table 4.2
reveals the dataset is left-skewed and thin-tailed (platykurtic) as respectively indi-
cated by the values of the coefficients of skewness (-1.1054) and kurtosis (3.3843).
The minimum and maximum lifetimes of the device recorded were 0.0094 and
12.3549. The mean lifetime of a component was 9.0395 with a standard deviation
of 3.8721.

Table 4.5: Descriptive statistics of the lifetimes of a certain device
Minimum Maximum Mean Standard deviation Skewness Kurtosis
0.0094 12.3549  9.0395 3.8721 -1.1054 3.3843

A total time on test (TTT) transform plot of the dataset in Figure 4.11 shows
that the dataset exhibits a bathtub shaped failure rate as it starts with a convex

shape and follows with a concave shape.
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Figure 4.11: TTT-transform plot for the Data 2

The maximum likelihood and corresponding standard error estimates for Data 2

is presented in Table 4.6.

Table 4.6: Maximum likelihood and standard error estimates of parameters

Model Parameter Estimate Standard error z-value p-value
OCB A 0.0054 0.0036 1.4781 0.1394
B 0.0619 0.0042 14.9217  2.20 x 10716*
6 11.0047 0.0014 7737.3026  2.20 x 10716%
4 0.4419 0.1512 2.9231 0.0035*
OCL A 0.0403 0.0259 1.5534 0.1203
B 0.5094 0.2121 2.4016 0.0163*
0 0.0201 0.01 2.0149 0.0439*
2 12.2327 5.5815 2.1916 0.0284*
OCW A 0.2015 0.0685 2.9409 0.0033*
B 0.0408 0.0181 2.2616 0.0237*
a 4.7534 1.2735 3.7326 0.0002*
4 3.092 0.828 3.7343 0.0002*
C A 0.0064 0.0042 1.5237 0.1276
B 0.6886 0.0474 14.5386  2.20 x 10716%
NGW A 106.72 0.0021 51367.5801 2.20 x 10~ 16%
B 3.2355 0.2269 14.2622  2.20 x 10~16*
é 0.0245 0.0042 57691  7.97 x 107%%
0 0.0131 0.0097 1.351 0.1767

*. means significant at the 5% significance level

From Table 4.6 it can be observed that, all the parameters of OCW distribution
were significant at 95% confidence level. The remaining distributions (OCB,
OCL, C and NGW) had one (1) parameter each been statistically insignificant

at 5% significance level.
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The OCL distribution again provided a comparatively better fit for the dataset
owing to the fact that it had the highest log-likelihood and the smallest values
for all the goodness-of-fit measures (KS, AD and W) as well as all information

criteria (AIC, BIC and CAIC) used as shown in Table 4.7.

Table 4.7: Log-likelihood estimates and goodness-of-fit measures of fitted distri-
butions

Model 14 KS CM AD AIC BIC CAIC

OCB -7597 0.1414 0.1343 09131 159.9333  165.5381  161.5333
OCL -72.19 0.0971 0.0666 0.4823 152.3888 157.9936 153.9888
OCW -116.5 0.0199 0.0478 0.3095  241.0092 246.614 242.6092

C -77.24  0.1469  0.1719 1.1505 1584785  161.2808  158.9229
NMW  -85.87 0.2219 0.4194 2.5874  179.7422 185.347 181.3422

The densities of fitted distributions and histogram of Data 2, and the empirical

and fitted cdfs of the dataset are respectively shown on the left and right sides of

Figure 4.12.
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Figure 4.12: Empirical and fitted density and cdf plots of fitted distributions for
Data 2

From the plots in Figure 4.12, though all the fitted distributions try to mimic
the empirical density and cdf of Data 2, it is the OCL distribution that does so

much closely.
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Figure 4.13 graphically confirms that the OCL provides a better fit for the dataset
comparatively as its observations are more closely clustered around the diagonal

than the other competing models thus OCB, OCW, C and NGW distributions.
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Figure 4.13: P-P plots of fitted distributions for Data 2

The profile log-likelihood plot of OCL distribution’s parameters are displayed in
Figure 4.14. All the estimated parameter values of the OCL distribution are the

maxima as shown in the plot.
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Figure 4.14: Profile log-likelihood plot of OCL parameters

4.9 Summary

The flexibility of generalized models in modeling varying datasets remains a

strong motivation for developing new families of distributions. In this chap-

ter, a new family of distribution called the OC family is developed. Statistical

properties such as the stochastic ordering, order statistics, moments, uncertainty

measures and entropies of the new family are derived. Maximum likelihood esti-

mators of parameters for the family, were obtained. Three special distributions

of the new family were developed and their applications demonstrated using two

real datasets. A comparison of the results revealed that the OCL provided a

better parametric fit to these datasets.
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CHAPTER FIVE
CHEN GENERATED FAMILY OF DISTRIBUTIONS

5.1 Introduction

The Chen generated family of distributions is presented in this chapter. Its statis-
tical properties, such as; the quantile function, moments, stochastic orderings and
order statistics among others, are derived. The parameters of the new family are
estimated and new distributions developed from the new family. The application

of the new models are then demonstrated using real dataset.

5.2 Chen Generated Family of Distributions

Let T be a Chen distributed continuous random variable. Suppose G(x;¥) is
the baseline cdf of an arbitrary continuous random variable X on any continuous
support say (—oo,00) and ¥ is a (p x 1) vector of associated parameters. The

cdf of the Chen generated (CG) family of distributions (F'(x)) is defined as;

G(z;0) )\(1_ G(x;‘l/)ﬁ)
F(:p):/ f(t)dt:A{l—e ‘ },—oo<x<oo,>\>0,6>0,
0
(5.1)

where A = m and A and [ are shape parameters.

The density function of the family is then obtained by differentiating the cdf in

equation (5.1) as

;¥ B
f(x) = ANBg(w; 0)G (o w)? 0@ A=) oo chcoo. (52)

Proposition 5.1. The density function of the CG family of distributions is a
well-defined pdf.
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Proof. The pdf f(z) of a distribution is well-defined if it is a non-negative

function and when integrated over the support of X is one.

It is worth noting that f(x) is non-negative. Suppose the support of X be

(—00,00), then

G(z;mﬂ>

| t@ie= [ g6l 20 g,

Let u = A <1 —eG(I;W)ﬂ>, then as © — —oo, G(z;¥) — 0 and v — 0 and as

r— 00, G(x;¥) - 1and u — A (1 —e).
Also, % = \Bg(z; ¥)G(x; @)P1eC@)” implying that

d

B du
ABg(; )G (a; )~ el

00 A(1—e)
/ f(x)dx = / Aedu = 1.
—00 0

This completes the proof.

dx

Hence

The survival function which is the compliment of the cdf for the CG family is

given by
Sz)=1—A [1 Gt >} 00 <z <00, A>0,8>0, (5.3)

whilst the corresponding failure rate function is given by

1_ec(x;m5)

_ ANBg(z; V)G (x; W)ﬁflec(x;g/)ﬁex(
1—Al1 = 6)\(1766'(1;\1/)[3)]

h(x)

,—00 < & < 00. (5.4)
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5.3 Mixture Representation of Distribution

Mixture representation plays a useful role in the derivation of the statistical prop-
erties of the new family of distribution. Hence the mixture representation of the

pdf of the CG family of distributions is derived in this section.

Proposition 5.2. The mixture representation of the pdf of the CG family is

obtained as

oo oo oo ok

A)\BZZZwaMg ,—00 < 1 < 00, (5.5)

=0 j=0 k=0 [=0

where
(—1)iHRH (i 4 1) [ B +1) =1 [k
ilj! e I

Wijkl =

Proof. By applying Taylor series expansion, the pdf of the CG family f(x) in

equation (5.2) is expressed as

Fla) = ANBg()@ ()3 S VA CELY i potion

=0 =0

The expression for f(x) can be rewritten as;

F(z) = ANBg(x ZZ )‘Z (¢ "‘ 1)’ 1-(1- G(x))]ﬁ(jﬂ)fl‘

1=0 7=0

Further expanding the expression for f(z) using the binomial series expansion

ad —1
(1—2z)° :Z 2zl < 1 (5.6)
=0
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for any real non-integer a > 0 yields;

20 20 (Vi (54 11 2 i+ 1) —1
MERIE) By RRC I S [FRC i

i=0 j=0 k=0 k

Assuming a in equation (5.6), an integer, the index in the sum from the expansion

stops at a finite number £ = a — 1, hence

x© o o k )itk J\ieA i+ 1) —1 k
DD R D B e R | BT
i=0 j=0 k=0 [=0 e .

(5.7)

This completes the proof.

From equation (5.7), the CG family density is expressed as a product of the
parameters and the sum of the product of the pdf and weighted power series of

the baseline distribution.

Let wiy, = 248 and my1 = (I + 1)g(z)G(z)". The mixture representation of
the pdf f(x) in equation (5.7) can alternatively be expressed in terms of the

exponentiated-G (expo-G) density function as

co oo o k

flz) = A)\BZZZZLU;MMH(QJ), —00 < 7 < 00, (5.8)

i=0 j=0 k=0 1=0

where 7,1 is the expo-G density function with power parameter (I + 1).

5.4 Statistical Properties

This section discusses some of the statistical properties of the CG family of dis-
tributions. These include: quantile functions, non-central moments, moments,
generating functions, inequality measures, entropies, residual life, stochastic or-

dering and order statistics.
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5.4.1 Quantile Function

The usefulness of the quantile function cannot be overemphasized as they are
used for simulaton purposes. Also, measures of skewness and kurtosis can be

computed based on the quantile measures.

Proposition 5.3. The quantile function for CG family of distributions is given
by

Qc(u) =z, =G <ln {1-%])%09@ 1. (5.9)

Proof. The quantile function Q¢ (u) of a random variable is defined as the inverse
of the cdf, F(z,) = P(X < x,) =wu,u € (0,1). Replacing = with z, in equation
(5.1), equating F'(z,) to u and making z, the subject yields the quantile function.

The median of the family is obtained by substituting u = 0.5 in equation (5.9).

5.4.2 Moments, Moment Generating Functions and In-
complete moments

The moments, moment generating functions and incomplete moments are dis-

cussed in this section.

5.4.2.1 Moments

Moments are very essential in statistical analysis as they can be used to study
important features (such as tendencies, variation, skewness, kurtosis and so on)

of a distribution.

Proposition 5.4. The 7" non-central moment of the CG family is given by

oo oo oo ok

u; = AAﬁZZZZwUMTW),T =12, .., (5.10)

i=0 j=0 k=0 [=0

[e.9]

where 7,y = [ 2"g(2)(G(x))'dzx is the probability weighted moment of the

—0o0
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baseline distribution G(x).

Proof. The r" non-central moment is defined as
E(X") =pu. = / 2" f(x)dz,r =1,2,....

Hence, substituting the mixture form of the density f(x) in equation (5.5) into

the definition of E(X"), the r** non-central moment of the CG family is given by

(o cluNNe olNe o] ©0

- AWZZZZ%M / (2)(G(z)) da. (5.11)

i=0 j=0 k=0 =0

—00

This completes the proof.

Let G(z) = u, 0 < u < 1. This implies that z = G7'(u) = Qg(u) and g(z)dr =
du. The r** non-central moment in equation (5.10), p,. can be expressed in terms

of the quantile function as

[ e2uNNe clNe o]

= AAﬁZZZZwUM / Qe (u) uldu. (5.12)

=0 j=0 k=0 1=0

5.4.2.2 Moment Generating Functions

Moment generating functions if they exist are very useful in establishing the

moments of a random variable.

Proposition 5.5. The moment generating function of the CG family is given by

oo oo k r
Mx(t) :Ax\ﬂ ZZ Zi Wikl T(rl),t=1,2,.... (5.13)

rl
Proof. By definition, the moment generating function is given by

Mx(t) = /OO e f(x)dr,t = 1,2, ...
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Expanding Mx () using Taylor series yields

t) = ;(gr/—i " f(z)de.

Substituting the expression for the 7" non-central moment of the CG random

variable i, in equation (5.10) into the expression of Mx () completes the proof.

Alternatively, letting G(z) = u, 0 < u < 1,z = Q¢(u) and dz = %, the moment

generating function M (t) can be expressed in terms of quantile functions as;

[ oluNe elNe o]

S Y S / ey, (5.14)

=0 j=0 k=0 1=0

5.4.2.3 Incomplete Moments

Proposition 5.6. The 7" incomplete moment of the CG family of distributions

is given by

[c ol SlNe o]

AABZZZZ%M/ (2)(G(x))'dz,r = 1,2, ... (5.15)

1=0 j=0 k=0 [=0

Proof. The r'* incomplete moment is defined as
)
M, (y) = /xrf(:c)d:c,r —19, .
—00
Substituting the mixture representation of the density function f(z) in equation

(5.5) into the definition of the incomplete moment M, (y) completes the proof.

The incomplete moments can also be expressed in terms of the quantile function.
Letting G(z) = u, 0 < u < 1, then x = Qg(u) and dx = %. Substituting

these terms into the expression for the incomplete moments in equation (5.15),
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the incomplete moments is expressed in terms of the quantile function as;

A/\ﬂzzzzwwkl / Qa(u (5.16)

—o0 j=0 k=0 I=0

5.4.3 Inequality Measures

Lorenz and Bonferroni curves are applied in so many fields such as economet-
rics, demography, reliability, medicine and insurance. They are generally used in

studying inequality measures like income and poverty.

5.4.3.1 Lorenz Curve

The Lorenz curve Lp(y) for incomplete moments is defined as

Yy
1
Lew) =5, [af(w)is
/II/_
The Lorenz curve for the CG family is obtained by substituting the mixture

representation of the density f(z) in equation (5.5) to yield

oo oo oo k

_ AN 3)3) ) LN / 29(2)(G(x))'dz. (5.17)

i=0 j=0 k=0 =0

The Lorenz curve for the CG family can also be expressed in terms of the quantile
function by letting G(x) = u. Then, x = Q¢(u) and dx = ( , substituting these
terms into the expression for the Lorenz curve in equation (5.17) gives the Lorenz

curve for the CG family in terms of the quantile function as

oo oo oo k

AWZZZZWJQGuMMWQ (5.15)

1=0 j=0 k=0 =0
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5.4.3.2 Bonferroni Curve

Bonferroni curve Bp(y) is defined as

hence that for the CG family is obtained by substituing the expression for the
Lorenz curve Lp(y) into equation (5.17). The Bonferroni curve for the CG family

is given by

L) = zzzzwzm / rg@)(G)de.  (5.19)

zO]OkOlO

5.4.4 Mean Residual Life

The mean residual life of a component (which is the average survival time of the

component after it has exceeded a specific time y) is defined as E(X —y|X > y).

Proposition 5.07. The mean residual life of a CG random variable is given by

[colNe elNe o]

M) = T |- MDY / (2)(G(@)dr | —y. (5.20)

=0 j=0 k=0 [=0

Proof. The mean residual life is defined as

Y

M(y)zl—;F(y) M—/$f($)d$ — Y

—0o0

The mean residual life of a CG random variable is then obtained by substituting

the mixture representation of the density f(x) in equation (5.5) into the definition
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of the mean residual life M (y) as follows

[c ol SlNe o]

i=0 j=0 k=0 1=0

hence the proof.

5.4.5 Entropy

Entropy is a measure of variation or uncertainty of a random variable. Its appli-

cation spans across probability theory, engineering and science in general.

5.4.5.1 Rényi’s Entropy

Proposition 5.8. Rényi’s entropy for the CG random variable is given by;

oo

IR(6):11 log A/\ﬁdzZZwakl/g Y (G(x)dx| ,0 £ 1,6 >0,
J=

=0 0 k=0 (=0

(5.21)

where

(D) i+ 0) [ BGHO -1 [k
il ;! L z

Wijkl =

Proof. The Rényi’s entropy (Rényi, 1961) for a random variable with pdf f(z),

is defined as;

IR(6):1_510g /f5(:v)d:c ,0# 1,0 > 0.

An expression for f°(x) is obtained by algebraically manipulating f(z) in equation

(5.2) as follows

flz) = (A/\5)59(93)JG(as)‘sﬁ—lem(l’)Beme—,\aeG(zW‘

69



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

ot

www.udsspace.uds.edu.gh

Applying Taylor series expansion to f(x) yields

Fi(x) = (ANB)P Mg 522 )i + ) 1= (1 — Ga))Pu+o-1

lel

1=0 j=

Further applying binomial series expansion to the expression of f°(z) yields

00 00 00 z+k+l i j
Y 3533 P = M CUR(ER.

i=0 j=0 k=0 =0 ]'
B(j+06)—1 k
k l

% 6)\5

The expression for f2(x) can be rewritten as
5
- (YIS )G,
i=0 j=0 k=0 I=0
where

—qy“*%mn%i+5yem B +9)—1 k
i j! i )

Wijkl =

Substituting f°(z) into Iz(8) completes the proof.

5.4.6 Stochastic Ordering

Ordering mechanism in data can easily be shown using stochastic ordering. Let
X and Y be random variables with cdfs Fix(z) and Fy (z) respectively. X is less

than Y in likelihood ratio order (X <;. Y), if the function f(x)/g(x) is decreasing

for all z.

Proposition 5.9. Let X ~ CG(A, 5,%) and Y ~ CG(Ag, 5,1), then X is less

than Y in likelihood ratio order (X <;. Y) if Ay < A;.
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Proof. The ratio of the pdfs of X and Y is given by

fx(x) _ ﬁe(h—)\z)(l_ecmf’)
fr(z) A ’

To determine if the function is decreasing, the differential of the logarithm of the

expression is taken as follows

i {log (%)} = 5% — A)g()G(a)* e

It can clearly be seen from the expression that the function is decreasing for all

Ilf>\2 < A1

5.4.7 Order Statistics

Proposition 5.10. The pdf for the p'* order statistic of the CG family of

distributions is given by

where

()N —p i+ DY (5 + 1)
il ]

P 1 Bk +1) —1 ¢ An—pFitl)

7 l m

Dijkim =

Proof. The pdf for the p™ order statistic X,.,, of an independent identically

distributed random sample X1, X5, ..., X,, of size n, fx,,, (), is given by;

n!
(p—D!(n —p)!

Fxpn () = [F(@)]" L= Fo)]" 7 f(2),p=1,2,..,m.
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Expanding [F(x)]” ~! using binomial series expansion yields

n!
(p =Dl n —p)! = ;

)

fxpn () =

where [S(z)]" "™ = [1 — F(z)]" """

An expression for [S(z)]" """ f(z) can be obtained by algebraically manipulating
it using a similar concept as that used for expanding the density f(z) of the CG

family.
Applying Taylor series expansion to [S(z)]" """ f(x) given by

S (2) = AN ()Gt o (),

yields

[S(I)]”—Pﬂ' f(x) :A)\ﬁg(x)G(I)BfleA(”prH)

y ii(—l)jwn —p it PG D o

= k!
J: =

Further applying binomial series expansion to [S(z)]" "% f(x) gives;

[S(x)]n_p“f(x) :A)\Bg(x)eA(n*erHl)
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Subsequently, substituting the expression of [S(x)]"" T f(x) into that of Ixpm ()

yields

hence the proof.

5.4.7.1 Moments of Order Statistics

Proposition 5.11. The 7" non central moment of the p*" order statistic, F(X}.,,)

of the CG family of distributions is given by,

1

nlA oA A X
B(Xp) = = 1)!(25_ D) Z Z Z Z Z DijkimT(rm) (5.23)

i=0 j=0 k=0 I=0 m=0

where 7(m) = [ 2"g(x)G(x)"dx is the probability weighted moment of the

baseline distribution.

Proof. The r* non-central moment of the p* order statistic is given by

o0

B(Xp,) =™ = [ 4" fx,, (@)do.

—00

Substituting the expression for the pdf of the p* order statistic [x,.. () in equa-

tion (5.22) into the definition of E(X],,) yields

o0

iy B TL'A)\ﬁ p—1 oo oo oo 1 . ; . my
( pn)_(p—l)'(n—p)';;;;mzz:o ijklm_zl’g(ﬂf) (.T) €,

hence the proof.
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5.5 Parameter Estimation

The parameters of the CG family are estimated in this section using maximum

likelihoodestimation method.

5.5.1 Maximum Likelihood Estimation

Given a random sample x1, x9, ..., z, of size n with parameters A\, 8 and ¢ from
the CG family of distribution. Let v = (), 8,%)7 be a (p x 1) parameter vector,

the total log-likelihood function is given by
((v) =nlog ANB+ Y logg(zi;9) + (B —1) Y log G(x;7))
i=1 i=1
+ Z Gz )’ + A Z (1 — eClv)?y
i=1 i=1

(5.24)

The parameters are then estimated by partially differentiating the total log-

likelihood function with respect to the parameters of the CG family as follows.

o n  n(l-—eer o Glain)?
bR e D DI Cat ) 52
M n g B
25 =5 + Zlog Gz ) + ZG(Ii; V)" log G(z4;9)
= =1 (5.26)
— A Gl ) e log G v)
=1
and
N = gl ) !Ez, p\B-1
o _izl G (i3 1) D Z Gz ZGK =i 9)C(:;Y)

" (5.27)
~AB Y Gl )G w)ﬁ_leG(xi?w)ﬁ7
=1
where QIK(%;@Z)) — 99@iv) o0 @ ' () = ey

Ty oY
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Equating the score functions to zero and numerically solving the system of equa-
tions using techniques such as the quasi Newton-Raphson method, gives the max-
imum likelihood estimates for the parameters. The interval estimates of the pa-

rameters are obtained by first finding the observed information matrix given by

J(9) = ;f;er (for g, = X\, 3,9 and ¥ = (\, 3,9)T), whose elements can be numer-
ically computed. Under the regularity conditions, as n — oo, 9 ~ N,(0,J (19)_1),
where J (19) is the observed information matrix evaluated at 9. The approxi-

mate 100(1 — p)% confidence intervals (where p is the significance level) can be

constructed using the asymptotic normal distribution.

5.6 Some Special Distributions

The CG family of distributions can be used to extend many distributions to create
more flexibility in their application. In this section some special distributions were

developed.

5.6.1 Chen Burr III Distribution

Suppose that the baseline distribution is BurrlIl (Burr, 1942), its cdf and pdf
are given by G(z) = (1+27%) " and g(z) = v0z7 %1 (1 + x_e)_v_l, z>0,0>
0,v > 0 respectively. The cdf of Chen Burr III (CB) is obtained by substituting
the cdf of Burr III distribution G(z) into the cdf of the CG family in equation

(5.1). The cdf of CB distribution is given by

1 —0 -8
F(x):A[l—eXp(/\<l—e( +27%) ))} 2 >0,a>0,8>0,7>0,\> 0.
(5.28)
Its corresponding density and hazard functions are respectively obtained by sub-

stituting the pdf and cdf of the Burr III distribution into the density and hazard
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functions expressions for the CG family. They are respectively given by

f(z) :A)\ﬁ’Y@(l")iafl(l + x_e)—wﬁ—l exp [(1 +27%) IR (1 _ 6(1+w—@)‘”‘3>] ’

z>0
(5.29)

and

_A)\Bvﬁ(x)_e_l(l + x_e)_w_l exp [(1 + x—e)—ﬁ + A (1 - e(1+f‘79)ﬂﬁ>}

h(x) 1- A [1 —exp A <1 — e(1+x*‘9)_m>]

Y

xz > 0.
(5.30)

Plots of the density and hazard rate functions of the CB distribution are displayed
in Figure 5.1. The density plot exhibit varying shapes including unimodal with
different degrees of kurtosis, right skewed and reversed J shapes. The hazard rate
function for some selected values exhibited upside down bathtub, decreasing and

increasing failure rates.

o
\—! —
o — =508 =5.30 =03y =1.95 — A=3B=010=14y=7.7
— =68 =25.60=0.1y =0.1 — =50 =5.60 =0.9y =21.2
—— A=508=17.49 =0.5y =14 —— A=45B=820=09y=24
— A=50[3 =25.80 =0.5y =1.4 o — =098 =15.19 =0.9y =0.3
o A=508 =9.60 =0.5y =1.4 = 1=0.98 =500 =2.4y =7.7
3 | — =508 =509 =0.5y =1.4 S
o
©
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Figure 5.1: Plots of density and hazard rate functions of CB distribution
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Plots of the skewness and kurtosis of the CB distribution are shown in Figure 5.2.
From the plots it can be seen that varying combinations of the parameters have

varying effects on the measures of skewness and kurtosis of the CB distribution.

Figure 5.2: Plots of skewness and kurtosis of CB distribution

The CB distribution’s quantile function is given by;

Qc(u) =z, = [(log (1 — (M)))Wlﬁ —~ 1] _ ,u€0,1). (5.31)

S

5.6.2 Chen Kumaraswamy Distribution

The cdf and pdf of the Kumaraswamy distribution are given by G(z) = 1 —
(1—2%" and g(z) = abz* (1 —22)"", 0 < 2 < 1,a > 0,b > 0 respectively
(Kumaraswamy, 1980). With Kumaraswamy distribution as the baseline distri-

bution, the cdf, pdf and failure rate function of the Chen Kumaraswamy (CK)

7
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distribution are obtained by substituting the cdf and pdf of the Kumaraswamy
distribution, thus G(z) and g(x) into the expressions of the cdf, pdf and failure

rate function of the CG family in equations (5.1), (5.2) and (5.4) respectively.

The cdf of Chen Kumaraswamy (CK) distribution is given by

JRRY:
Fz)= A [1—epr [1—6[1*(1*1“ '] H 2>0,a>0,b>0,6>0,A>0,
(5.32)

with the corresponding density and hazard rate functions respectively given by

f(z) =Aab)Bz* (1 — x“)b_l (1 -(1- x“)b) - exp {(1 -(1- x“)by}

(5.33)
+ A (1 — e(l_(l_za)b>ﬁ> ;x>0
and
Aab)\ﬂx“_l(l B xa)b—l <1 - Ia>b)/3_1 exp {(1 - (1- xa)b)ﬁ}
he) = 1— [1 —exp\ [1 - e[l‘“‘””“)b]ﬂﬂ (5.34)

A (1 - b0

_|_
1 - eXpA |:1 . 6[17(17xa)b]ﬁi|

,x > 0.

Plots of the density and hazard rate functions of the CK distribution are displayed
in Figure 5.3. The plot of the density shows shapes such as the J and reversed J
shapes, left and right skewed unimodal shapes, and left skewed shape. The hazard
rate plot for some selected values exhibits increasing and decreasing failure rates,

unimodal and bathtub shapes.
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Figure 5.3: Plots of density and hazard rate functions of CK distribution

The plots of skewness and kurtosis of the CK distribution are shown in Figure
5.4. Varying measures and combinations of the parameter values have different
effects on the measures of skewness and kurtosis. For instance, inceasing values
of the parameter a results in increasing measures of kurtosis and a right tailed

distribution as shown by the plots.

Kurtosis
Skewness

o

= 5 0 o

Figure 5.4: Plots of skewness and kurtosis of CK distribution

The quantile function is obtained as

s =z =1 (on 1= (*250)))
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5.6.3 Chen Weibull Distribution

The Chen Weibull distribution is another special ditribution developed from the
CG family using the Weibull distribution (Weibull, 1951) as the baseline. The cdf
and pdf of the Weibull distribution are respectively given by G(z) =1 — e (2)
and g(z) = (%) (@%16_(%)7' Substituting cdf and pdf of the Weibull distribu-
tion into the expresions of the cdf and pdf of the CG family in equations (5.1)
and (5.2). The cdf and pdf of Chen Weibull (CW) distribution are respectively

given by
_(z\7\B
Flz)=A {1—epr {l—e(l‘e ) H x>0,a>0,8>0,v>0 (5.36)

and

Q18

=3 (2) ()"

o/ \« >W>B_1

mmwhfmy_@ywkgwq

The hazard rate function for the CG family is also obtained by substituting cdf

(5.37)
;x> 0.

and pdf of the Weibull distribution into the expression of the hazard rate function

of the CG family in equation (5.4). The hazard rate function for the CG family

is given by
A (e
B AR P | )
cexp M1 () = (2)4 (1= () o>

Plots of the density exhibit right and left skewed shapes, left and right skewed
unimodal shapes and reversed J shapes as shown in Figure 5.5. The hazard rate
plot of the CW distribution for some selected values exhibit varying shapes such

as increasing and decreasing failure rates, right and left skewed unimodal shapes
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and upside down bathtub shape.
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Figure 5.5: Plots of density and hazard rate functions of CW distribution

The CW distribution can model datasets exhibiting varying degrees of skewness

and kurtosis as shown in Figure 5.6.

Kurtosis
Skewness

Figure 5.6: Plots of skewness and kurtosis of CW distribution

The quantile function of the CW distribution is given by

log (1 — Y%y

Qc(u) =z, = a| —log 1—( 3 )>B W,UE[O,l]. (5.39)
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5.7 Simulations

Monte Carlo simulations were performed in this section to investigate the be-
havior of the maximum likelihood estimators of the parameters. For illustration
purposes, the simulation experiments were undertaken using the Chen Weibull
distribution. The experiments were replicated for N = 1500 times using sample
size n = 50, 150, 300, 600, 1000 and parameter values I : A = 1.9, = 0.9, a =
0.8,y =4.8and I] : A =0.5,0 = 0.5, = 0.5, = 0.5. The average bias (AB),
root mean square error (RMSE) and coverage probability (CP) of the confidence
intervals for the estimators of the parameters were estimated as shown in Table

5.1.

Table 5.1: Monte Carlo Simulation Results
n Parameter 1 11
AB RMSE CP AB RMSE CP

-0.5854  1.0708 0.9987 0.4737 0.9182 0.9913
3.8663 56.4303 0.9977 2.6341 5.2212 0.9990
-0.1005 0.1836  0.9977 0.6564 1.4488 0.9180
-0.0171  2.4805 0.9327 0.0876 0.303  0.9920
-0.2607 1.1688 0.9793 0.5179 0.9948 0.9873
0.6373  1.2615 0.9945 1.6927 2.3435 0.9990
-0.0534 0.1321 0.9867 0.6499 1.268 0.9600
-0.1023  1.7291 0.9360 0.0652 0.1958 0.9927
-0.1324 1.2618 0.9607 0.5254 1.0150 0.9793
0.4988 0.9901 0.9973 1.5134 1.8010 0.9067
-0.0396 0.1125 0.9853 0.5978 1.1114 0.9727
-0.2452  1.2307 0.9393 0.0484 0.1303 0.9913
-0.0231  1.191  0.9592 0.4924 1.0072 0.9580
0.3936  0.5929 0.9900 1.4374 1.5874 0.7500
-0.0240 0.0950 0.9633 0.5487 1.0468 0.9793
-0.2420 0.9657 0.9433 0.0405 0.1034 0.9827
0.0428 1.1763 0.9367 0.4089 0.8572 0.9393
0.3599  0.5053 0.964 1.3880 1.4766 0.6780
-0.0173 0.0856  0.9407 0.4867 0.9565 0.9747
-0.2526  0.8181 0.9367 0.0402 0.0934 0.9513

20

150

300

600

1000

= 2 @R L0 R L W O R LW

From Table 5.1, the ABs and RMSEs for the estimators generally decreases to
zero as the sample size increases. This implies that as the sample size increases
the accuracy and consistency of the maximum likelihood estimators are achieved.

Also, the CPs for most of the estimators are quite close to the nominal value of
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0.95. Thus, we can say that the maximum likelihood technique works very well

to estimate the parameters of the Chen Weibull distribution.

5.8 Applications

In this section the performance of some of the new distributions developed in
providing good parametric fits to real life datasets is demonstrated. Its goodness-
of-fit measures are compared with competing models such as; exponentiated Chen
(EC) (Chaubey and Zhang, 2015), Generalized Weibull (EW) (Mudholkar and
Srivastava, 1993) and Kumaraswamy exponentiated Chen (KEC) (Khan et al.,

2018) distributions.

The cdf and pdf of the EC distribution are respectively given by

F(z) = (1—exp [A (1 - exp (2))])°

and

a—1

flz) = Oéﬁ)\x(ﬁfl)exﬁexp [)\ (1 - exﬁﬂ (1 — exp [)\ (1 — emﬂ)D

That for EW distribution are given by

and

fla) = ayA 720 (1 - 6—(Az>v)a*16—<xx>7_
The cdf and pdf for the KEC distribution are given by

Fla)=1—[1— (1 —exp (o1~ eXp(f’fﬁ))))ae}b
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abo 3 Vesp (a7 + 0 (1 — exp(a)) (1 — exp (o (1 — exp()))) ™

(1 —(1—exp(a(l— eXp(xﬁ))))‘w) (1-b)

fz) =

In obtaining the maximum likelihood estimates for the parameters, the log-
likelihood function of the models were maximized using the bbmle package’s sub-
routine mle2 in R (Bolker, 2014). The maximum likelihood estimates with the

largest maxima was chosen after using a wide range of initial values.

5.8.1 First Application

The dataset used in this application (Data 3 ) consists the fatigue times of 6061-
T6 aluminum coupons cut parallel with the direction of rolling and oscillated at
18 cycles per second found in Birnbaum and Saunders (1969). The minimum and
maximum fatigue times of 6061-T6 aluminum coupons were 70 and 212 seconds
respectively as shown by the table of descriptive statistics of the dataset in Table
5.5. The mean fatigue times of 6061-T6 aluminum coupons recorded was 133.7327
with a standard deviation of 32.8353. The dataset is positively skewed and light-
tailed (platykurtic) as shown by the values of the coefficients of skewness and

kurtosis which are 0.3305 and 1.0528 respectively.

Table 5.2: Descriptive statistics of the fatigue time of 6061-T6 aluminum coupons
Minimum Maximum  Mean  Standard deviation Skewness Kurtosis

70 212 133.7327 22.3557 0.3305 1.0528

A preliminary exploration of the dataset on the shapes of the hazard rate function
showed that the dataset has an increasing hazard rate as shown by the TTT plot

in Figure 5.7 which has a concave shape.
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Figure 5.7: TTT-transform plot for the datasets

The maximum likelihood estimates of the parameters for the fitted distributions,
and their corresponding standard errors of for the dataset are displayed in Table
5.3. All except one parameter (A and [ respectively) each of the CW and KEC
distributions were significant at 5% significance level. All the other distributions

(EC, EW and CB) had all their parameters significant at 5% significance level.

Table 5.3: Maximum likelihood and standard error estimates of parameters

Model Parameter Estimate Standard error z-value p-value
CW A 6.7749 4.5924 1.4752 0.1401
B 35.2091 2.8166 12.5006 2.2 x 10716%
& 49.2897 2.5753 19.1394 2.2 x 10716%
5 1.0187 0.1675 6.0829 1.18 x 1079*
KEC a 4.3355 0.6977 6.2144 5.151 x 10~ 10%
b 2.2857 1.5572 1.4679 0.1421
a 0.0209 0.0047 4.3969 1.098 x 10~5*
B 0.3237 0.0145 22.3788 2.2 x 10716%
6 4.4725 0.6761 6.6154 3.705 x 10711%
EC a 1236.1  4.1476 x 10°° 2.9802 x 1085 2.2 x 10 6%
B 0.2446 0.0083 29.328 2.2 x 10716%
A 0.2889 0.0390 7.4014 1.347 x 10713*
EW o 55.1400 0.0007 75801.4070  2.20 x 10~ 16%
B 1.4931 0.1063 14.0420 2.20 x 107 16*
A 0.0205 0.0014 14.2460 2.20 x 10~16%
CB A 82.3588 11.9649 6.8834 5.845 x 10 12%
B 65.5650 11.9498 5.4867 4.095 x 1078*
6 1.4247 0.0568 25.0785 2.2 x 10716%
5 77.4226 10.1125 7.6562 1.916 x 10~ 14*

*. means significant at the 5% significance level
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The CW distribution provides a comparatively better fit for the dataset than the
KEC, EW, EC and CB distributions the as it has the lowest values for all the
measures of information criteria considered (AIC, BIC and CAIC) as shown in
Table 5.4. It also has the highest log-likelihood and the lowest values of all the
goodness of fit measures (KS, AD and W) which is a good indication that the

data follows the specified distribution.

Table 5.4: Goodness-of-fit statistics and information criteria
Model 14 KS CM AD AIC BIC CAIC
CW  -446.99 0.064 0.046 0.299 901.984 912.365 902.41
KEC  -447.22 0.061 0.047 0.323 904.436 917.411 905.081
EW -450.62  0.096 0.134 0.783 907.241  915.026 907.494
EC -446.99 0.110 0.194 1.127 913.190 920.975 913.442
CB -456.27  0.065 0.054 0.345 920.539  931.000 920.956

This is further confirmed by the histogram of Data 3 and the densities of the
fitted distributions, and the empirical and fitted cdfs for Data 3 as respecively
shown on the left and right sides of Figure 5.8. From the fitted plot, it is observed
that the CW distribution’s density and cdf mimic the empirical density and cdf

of Data 3 much more closely compared to the rest of the fitted distributions.
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Figure 5.8: Empirical and fitted density and cdf plots of datal
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The P-P plots in Figure 5.9 graphically indicates that, the CW distribution pro-
vides a better fit for the dataset in comparison with KEC, EC, EW and CB dis-
tributions, as as its observations are comparatively more closely clustered around

the diagonal than the other distributions.
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Figure 5.9: P-P plots of fitted distributions for datal

The profile likelihoods of the estimated parameters of the CW distribution for
the dataset are shown in Figures 5.10 . From the plots, it is observed that all the

estimated values for the parameters are the maxima.
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Figure 5.10: Profile log-likelihood plot of CW parameters for datal

5.8.2 Second Application

This application was carried out using Data 4 which consists the survival times
(in days) of 72 guinea pigs injected with different amount of virulent tubercle

bacilli studied by Bjerkedal (1960). A TTT plot of the dataset showed that the

dataset has an increasing hazard rate as shown in Figure 5.11.
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Figure 5.11: TTT-transform plot for the datasets
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Descriptive statistics of the dataset in Table 5.5 shows that the minimum and
maximum survival times of the 72 guinea pigs injected with different amount of
virulent tubercle bacilli were 10 and 555 days respectively. The average survival
times of guinea pigs was 177 days with a standard deviation of 103 days. The
high value of standard deviation might be an indication of the presence of extreme
values in the dataset. The dataset is positively skewed with a coefficient of
skewness value of 1.3413 and light-tailed (platykurtic) with a coefficient of kurtosis
value of 1.9885.

Table 5.5: Descriptive statistics of the Survival times of guinea pigs
Minimum Maximum  Mean  Standard deviation Skewness Kurtosis
10 555 176.8333 103.4654 1.3413 1.9885

Compared to the competing models, the CW distribution with its four parameters
provides a better fit for the datasets as it has the highest log-likelihood and the
smallest value for all the goodness of fit measures used as shown in Table 5.6. It
also has the lowest values of all the information criteria (AIC, BIC and CAIC)
considered.

Table 5.6: Goodness-of-fit statistics and information criteria
Model l KS CM AD AIC BIC CAIC
CW -425.85 0.092 0.090 0.564 859.704 868.810 860.301
CB -426.46  0.106 0.087 0.572 860.835 869.941 861.432
KEC -425.87 0.093 0.094 0.581 861.604 872987 &862.513
EW  -435.56 0.145 0.232 1.603 877.894 884.724  878.247
EC -429.69  0.124 0.153 1.089 869.634 876.464  869.987

All but one parameter (\) each of the CW and EW distributions were significant
at 5% significance level as shown in Table 5.7. The rest of the distributions (EC,
KEC and CB) had all their estimated parameters significant at 5% significance

level.
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Table 5.7: Maximum likelihood and standard error estimates of parameters

Model Parameter Estimate Standard error z-value p-value
CW A 19.3660 36.0090 0.5378 0.5907
B 15.7420 1.2421 12.6736 2.2 x 10716%
& 30.9452 12.4911 2.4774 0.0132*
4 0.3095 0.0981 3.1552 0.0016*
CB A 116.7489 0.1776 657.4517 2.2 x 10716%
B 1.1130 0.3878 2.8703 0.0041*
6 0.3893 0.0284 13.7226 2.2 x 10716%
4 34.9340 12.1659 2.8715 0.0041*
KEC a 0.1923 0.2340 0.8217 0.4112
b 15.9390 0.0058 2761.7 2.2 x 10716%
& 0.4490 0.4124 1.0887 0.2763*
B 0.1161 0.0375 3.0907 0.0020%*
6 149.57 0.0003 521180 2.2 x 10716%
EC o 163.36 0.0002 910695.135 2.2 x 10 6%
B 0.1381 0.0079 17.481 2.2 x 10716%
A 0.8646 0.0772 11.199  2.20 x 10716%
EW & 242.2554 0.0941 2574.0359  2.20 x 10~ 6%
B 0.2718 0.0220 12.3433  2.20 x 10716%
A 4.6262 2.3780 1.9454 0.0517

*. means significant at the 5% significance level

The left side of Figure 5.12 shows the densities of the fitted distributions and a
histogram of Data 4, whilst the right side displays the empirical and fitted cdfs

of the dataset.
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Figure 5.12: Empirical and fitted density and cdf plots of Data 4
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As seen from the plots in Figure 5.12, though all the fitted distributions mim-
ics the empirical density and cdf of the dataset, the CW distribution does so
much more closely. This further confirms that, the CW provides a comparatively

reasonable fit to the dataset.

The P-P plots in Figure 5.13 also indicates the CW distribution provides a better
fit for the dataset in comparison with CB, KEC, EC and EW distributions. From
the plots, it can be seen that the CW distribution had its observations much more

clustered along the diagonals comparatively.
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Figure 5.13: P-P plots of fitted distributions for data2

The profile likelihoods of the estimated parameters of the CW distribution for
the dataset are shown in Figure 5.14. From the plots, it is observed that the

estimated values for the parameters are the maxima.
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Figure 5.14: Profile log-likelihood plot of CW parameters for data2

5.9 Summary

The focus of most researchers is on developing new families that are generaliza-
tions of existing distributions to provide better fit for the modeling of life data. In
this chapter, a new family of distributions called the CG family was developed and
studied. Statistical properties, such as; quantile functions, moments, incomplete
moments, generating function, entropies, stochastic ordering and order statistics,
of the new family were derived. Estimators for the parameters of the new family
were developed using the method of maximum likelihood. A demonstration of the
application of the special distribution developed from the family was carried out
using two real datasets. A comparison of the results with that of other existing
distributions showed that the special distribution developed from the CG family

provide a better parametric fit to these datasets.
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CHAPTER SIX

SUMMARY, CONCLUSIONS AND
RECOMMENDATIONS

6.1 Introduction

The summary, conclusions and recommendations for future works are presented

in this chapter.

6.2 Summary

Classical distributions do not always provide reasonable fit to all forms of datasets,
hence, the quest to generate distributions with more desirable and flexible prop-
erties that can model real life datasets of varying shapes of density and failure
rate functions. Currently, the focus is on the developing new families that are

generalizations of existing distributions.

The study proposed two new generators of statistical distributions, OC and CG
families of distributions, for generalizing existing distributions. The generaliza-
tion approach used for obtaining the generators is the T-X approach, using the
tranformations W[G(z)] = G(z) and W[G(z)] = % for the OC and CG

families of distributions respectively.

The pdf, cdf and hazard functions of the generators were developed and the
mixture representation of the density were derived. Other statistical properties,
such as; the quantile functions, moments, generating functions, order statistics,
inequality measures, entropies, mean residual life and stress strength reliability
were also derived. The parameters of the generators were then estimated using

maximum likelihood estimation method.
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New distributions were developed from the generators. These include; OCB,
OCL, OCW, CB, CK and CW distributions. The pdf, cdf, hazard and quantile
functions of the special distributions were established, whilst their skewness, kur-
tosis, density and hazard functions, were plotted, to give a graphical presentation
of some of the type of datasets these distributions are capable of modeling. These
plots revealed that the distributions are suitable for modeling lifetime datasets of
varying shapes of density and hazard rate functions (both monotonic and non-
monotonic shapes) exhibiting varying degrees of skewness and kurtosis. Simula-
tions were then carried out to investigate the properties of the estimators of the

parameters of some of the distributions developed, CW and OCL distributions.

The usefulness of the new distributions developed was then demonstrated using
four datasets. T'wo datasets, Data 1 and 2, were used to demonstrate the applica-
tion of the distributions developed from the OC generator, thus OCB, OCL and
OCW distributions. The other two datasets, Data 3 and 4, were then used to
demonstrate the applications of the distributions developed from the CG family

thus CB, CK and CW distributions in modeling real life datasets.

Exploratory analysis of Data 1 and 2 revealed that, Data 1 is left-skewed, heavy-
tailed (leptokurtic) and exhibits a modified bathtub shaped failure rate. Data
2 is left-skewed, light-tailed (platykurtic) and exhibits a bathtub shaped failure
rate. The maximum likelihood estimates of the parameters for the models were
obtained by maximizing their log-likelihood functions. To examine how well the
dataset corresponded to the fitted distributions, the AD, KS and CM tests were
carried out, testing the hypothesis that; the data follow the specified distribu-
tion against the alternate that it does not. The results indicated that all the

distribution provided good-fits to the datasets.

Comparative analysis were also carried out using the log-likelihood and the infor-
mation criteria; AIC, BIC and CAIC. The performances of OCB, OCL and OCW

distributions were compared with that of Chen and NGW distributions. From
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the results, OCL distribution outperformed the rest of the models as it had the
highest log-likelihood and the lowest values for all the measures of the informa-
tion criteria considered for both datasets. This was further graphically supported
by the plots of the histograms and empirical cdf of the fitted distributions. The
comparatively closer clustering of the observations of the OCL distribution along
the diagonals of its P-P plots for both datasets also atest to the fact. A profile
log-likelihood plot of OCL distribution’s parameters showed that, its estimated

parameter values are the maxima.

Data 3 and 4 were used to demonstrate the applications of CB and CW distri-
butions. Preliminary analysis of the dataset revealed that both datasets were
positively skewed, light-tailed (platykurtic) and had increasing hazard rates.
Goodness-of-fit tests carried out showed that all the distributions fitted provided
a good fit to the datasets. A comparison of the performances of CB and CW
distributions against EC, EW and KEC distributions showed that, the CW dis-
tribution provided a comparatively better fit for the datasets, than the rest of
the models. This was further supported by the plots of the histogram and em-
pirical cdfs, and the P-P plots of fitted distributions for both datasets. Profile
log-likelihood plot of CW distribution’s parameters indicated that, its estimated

parameter values are the maxima.

6.3 Conclusion

The study developed two new generators of statistical distributions, OC and CG
families of distributions, for generalizing existing distributions to improve upon

their flexibility in modeling real datasets.

The new families developed have closed forms of quantile making simulations
possible and very easy. The hazard functions exhibit various shapes of failure
rates, both monotonic and non-monotonic failure rates. This makes them suitable

for modeling datasets of varying kinds.
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The OC and CG families of distributions were then used to modify the Burr III,
Lomax, Kumaraswamy and Weibull distributions. Six special distributions were
developed; OCB, OCL, OCW, CB, CK and CW distributions. The developed
distributions are very flexible in modeling datasets, as they exhibit varying shapes
of density and failure rates, for different combinations of parameter values. Also,
the maximum likelihood estimators of these distributions are consistent as shown

by the results of simulations carried out.

Finally, the developed distributions are very useful in modeling real dataset and
provide a consistently better parametric fit to some specific datasets than some

existing candidate distributions.

6.4 Recommendations

This study considered only two generators, other generators of the Chen distri-
bution can be developed by considering other methods of developing new distri-

butions or using other transformations of the T-X approach.

A detailed study of the new distributions is needed to investigate their character-
ization and statistical properties including moments, generating functions, order

statistics and stress strength reliability among others.

The study used only complete samples for the demonstration of the applications
of the developed distributions, however some studies sometimes result in the
generation of incomplete samples. Hence, further studies should consider the use

of incomplete samples for the application.

Finally, the study only took into consideraton univariate situation, however a
phenomenon may be influenced by more than one independent variable, hence a
bivariate or multivariate extension of this work should be considered for further
studies. Thus the developed distributions may be used to develop parametric

regression models for analyzing bivariate or multivariate datasets.
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6.5 Major Contributions

The study proposed two new generators based on the Chen distribution for
generalizing existing distributions to improve upon their flexibility in modeling

datasets.

The statistical properties were derived and their parameters estimated. New
distributions were proposed from the generators and a demonstration of their

application shown using real life datasets.

97



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Ea

www.udsspace.uds.edu.gh

REFERENCES

Aarset, M. V. (1987). How to identify bathtub hazard rate. IEEE Transactions
on Reliability, 36:106—108.

Akaike, A. (1973). Information theory and an extension of the maximum like-
lihood principle. In In International Symposium on Information Theory,,
volume 2, pages 267-281. American SSR.

Alexander, C., Cordeiro, G. M., Ortega, E. M., and Sarabia, J. M. (2012). Gen-
eralized beta-generated distributions. Computational Statistics and Data
Analysis, 56(6):1880-1897.

Alshawarbeh, E., Lee, C., and Famoye, F. (2012). The beta-cauchy distribution.
Journal of Probability and Statistical Science, 10(1):41-57.

Alzaatreh, A., Lee, C., and Famoye, F. (2013). A new method for generating
families of continuous distributions. Metron, 71(1):63-79.

Alzaghal, A., Famoye, F., and Lee, C. (2013). Exponentiated t-x family of dis-
tributions with some applications. International Journal of Statistics and
Probability, 2(3):31-49.

Anderson, D. R., Burnham, K. P., and White, G. C. (1998). Comparison of akaike
information criterion and consistent akaike information criterion for model
selection and statistical inference from capture- recapture studies. Journal
of Applied Statistics, 25(2):263-282.

Anzagra, L., Sarpong, S., and Nasiru, S. (2020a). Chen-G class of distributions.
Cogent Mathematics & Statistics, 7(1):1721401.

Anzagra, L., Sarpong, S., and Nasiru, S. (2020b). Odd Chen-G family of distri-
butions. Annals of Data Science.

Athayde, E., Azevedo, C., Leiva, V., and Antonio, S. A. (2012). About birnbaum-
saunders based on johnson system. Communications in Statistics-Theory
and Methods., 41(11):2061-2079.

Azzalini, A. (1985). A class of distributions which includes the normal ones.

Scandinavian Journal of Statistics, 12(2):171-178.

98



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Ea

www.udsspace.uds.edu.gh

Azzalini, A. (1986). Further results on a class of distribution which includes
normal ones. Statistica, 46(2):199-208.

Barlow, R. E. and Doksum, K. A. (1972). Isotonic tests for convex orderings. In
6th Berkeley Symposium, volume 1 of 6th, pages 293-323.

Beadle, E., Schroeder, J., Moran, B., and Suvorova, S. (2008). An overview of
Renyi Entropy and some potential applications. In 2008 42nd Asilomar
Conference on Signals, Systems and Computers, pages 1698—1704.

Bhatti, F. A., Hamedani, G. G., Najibi, S. M., and Ahmad, M. (2019). On the
Extended Chen Distribution: Development, Properties, Characterizations
and Applications. Annals of Data Science.

Birnbaum, Z. W. and Saunders, S. C. (1969). Estimation for a family of life
distributions with applications to fatigue. Journal of Applied Probability,
6:328-347.

Bjerkedal, T. (1960). Acquisition of resistance in guinea pigs infected with differ-
ent doses of virulent tubercle bacillil. American Journal of Epidemiology,
72(1):130-148.

Boateng, A. C. (2020). The quantile transmuted Chen G family of distributions
with illustration to breast cancer patients data. Journal of Pharmacology
Pharmaceutics Pharmacovigilance.

Bolker, B. (2014). Tools for general maximum likelihood estimation. Technical
report, R development core team.

Bozdogan, H. (1987). Model selection and Akaike’s information criterion (AIC):
The general theory and its analytical extensions. Psychometrik, 52(3):345—
370.

Broyden, C. G. (1970). The convergence of a class of double-rank minimization
algorithms. Journal of the Institute of Mathematics and Its Applications,
6:76-90.

Burr, I. W. (1942). Cumulative frequency functions. Annals of Mathematical
Statistics, 13(2):215-232.

99



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Ea

www.udsspace.uds.edu.gh

Chambers, J., Cleveland, W., Kleiner, B., and Tukey, P. (1983). Graphical Meth-
ods for Data Analysis. Wadsworth.

Chang, S. M. and Genton, M. G. (2007). Extreme value distributions for the
skew- symmetric family of distributions. Communications in Statistics-
Theory and Methods, 36(9):1705-1717.

Chaubey, Y. P. and Zhang, R. (2015). An extension of Chen’s family of sur-
vival distributions with bathtub shape or increasing hazard rate function.
Communications in Statistics-Theory and Methods, 44(19):4049-4064.

Chen, Z. (2000). A new two-parameter lifetime distribution with bathtub
shape or increasing failure rate function. Statistics and Probability Letters,
49(2000):155-161.

Cordeiro, G. M. and de Castro, M. (2011). A new family of generalized distribu-
tions. Journal of Statistical Computation and Simulation, 81(7):883-898.

Cordeiro, G. M., Ortega, E. M. M., and Silva, G. O. (2012). The beta extended
weibull family. Journal of Probability and Statistical Science, 10(10):15-40.

Doostmoradi, A., Zadkarami, M. R., and A., R. S. (2014). A new modified
Weibull distribution and its applications. Journal of Statistical Research,
11:97-118.

Eliwa, M., El-Morshedy, M., and Afify, A. (2020a). The odd Chen generator
of distributions: properties and estimation methods with applications in
medicine and engineering. Journal of the National Science Foundation of
Sri Lanka, 48(2).

Eliwa, M. S., El-Morshedy, M., and Ali, S. (2020b). Exponentiated odd Chen-G
family of distributions: statistical properties, Bayesian and non-Bayesian
estimation with applications. Journal of Applied Statistics, pages 1-27.

Eugene, N., Lee, C., and Famoye, F. (2002). The beta-normal distribution and its
applications. Communications in Statistics- Theory and Methods, 31(4):497—
512.

Famoye, F., Lee, C., and Olumolade, O. (2005). The beta-Weibull distribution.

100



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Ea

www.udsspace.uds.edu.gh

Journal of Statistical Theory and Applications, 4(2):121-136.

Fernandez, C. and Steel, M. F. J. (1998). On bayesian modeling of fat tails and
skewness. Journal of the American Statistical Association, 93(441):359-371.

Ferreira, J. T. A. S. and Steel, M. F. J. (2006). A constructive representation of
univariate skew distributions. Journal of the American Statistical Associa-
tion, 101(474):823-829.

Fletcher, R. (1970). A new approach to variable metric algorithms. Computer
Journal, 13(3):317-322.

Freimer, M., Kolha, G., Mudholkar, G. S., and Lin, C. T. (1988). A study of
the generalized tukey lambder family. Communications in Statistics- Theory
and Methods, 17(10):3547-3567.

Goldfarb, D. (1970). A family of variable metric updates derived by variational
means. Mathematics of Computation, 24(109):23-26.

Gupta, R. C., Gupta, P. L., and Gupta, R. D. (1998). Modeling failure time
data by Lehman alternatives. Communications in Statistics-Theory and
Methods, 27(4):887-904.

Gupta, R. D. and Kundu, D. (1999). Generalized exponential distributions. Aus-
tralian and New Zealand Journal of Statistics, 41(2):173-188.

Gupta, R. D. and Kundu, D. (2001). Exponentiated exponential distribution:
An alternative to gamma and weibull distributions. Biometrical Journal,
43(1):117-130.

Hastings, J. C., Mosteller, F., Tukey, J. W., and Windsor, C. (1947). Low mo-
ments for small samples: a comparative study of order statistics. The Annals
of Statistics, 18(3):413-426.

Hogg, R. V., McKean, J., and Craig, A. T. (2005). Introduction to Mathematical
Statistics. 6th edition.

Johnson, N. L. (1949). System of frequency curves generated by methods of
translation. Biometrika, 36(1):149-176.

Johnson, N. L., Kotz, S., and Balakrishnan, N. (1994). Continuous Univariate

101



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Ea

www.udsspace.uds.edu.gh

Distributions, volume 1. John Wiley and Sons, Inc, 2nd edition.

Jones, M. C. (2002). The complementary beta distribution. Journal of Statistical
Planning and Inference, 104(2):329-337.

Jones, M. C. (2009). Kumaraswamy’s distribution: a beta-type distribution with
tractability advantages. Statistical Methodology, 6(1):70-81.

Karian, Z. A. and Dudewicz, E. J. (2000). Fitting statistical distributions-the gen-
eralized lambda distribution and generalized bootstrap methods. Chapman.

Khan, M. S., King, R., and Hudson, I. L. (2018). Kumaraswamy exponenti-
ated Chen distribution for modeling lifetime data. Applied Mathematics &
Information Sciences, 12(3):617-623.

Kumaraswamy, P. (1980). Generalized probability density function for double-
bounded random processes. Journal of Hydrology, 46:79-88.

Laio, F. (2004). Cramer-von mises and anderson-darling goodness of fit tests for
extreme value distributions with unknown parameters. Water Resources
Research.

Lake, D. (2006). Rényi Entropy Measures of Heart Rate Gaussianity. [EEFE
Transactions on Biomedical Engineering, 53(1):21-27.

Lee, C., Famoye, F., and Alzaatreh, A. Y. (2013). Methods for generating fam-
ilies of univariate continuous distributions in the recent decades. WIRFEs
Computational Statistics, 5:219-238.

Lomax, K. S. (1954). Business Failures: Another Example of the Analysis of
Failure Data. Journal of the American Statistical Association, 49(268):847—
852.

Marshall, A. W. and Olkin, 1. (2007). Life distributions. Springer, New York.

Morais, A. L., Cordeiro, G. M., and Cysneiros, A. H. M. A. (2013). The beta gen-
eralized logistic distribution. Brazilian Journal of Probability and Statistics,
27(2):185-200.

Morgenthaler, S. and Tukey, J. W. (2000). Fitting quantile: doubling, hr, hq

and hhh distributions. Journal of Computational and Graphical Statistics,

102



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Ea

www.udsspace.uds.edu.gh

9(1):180-195.

Mudholkar, G. S. and Hutson, A. D. (2000). Journal of statistical planning and
inference. The epsilon-skew-normal distribution for analyzing near-normal
data., 83(2):291-3009.

Mudholkar, G. S. and Srivastava, D. K. (1993). Exponentiated weibull family
for analyzing bathtub failure-rate data. IEFE Transactions on Reliability,
42:299-302.

Murthy, D. P., Xie, M., and Jiang, R. (2004). Weibull Models., volume 505. John
Wiley and Sons.

Nadarajah, S. and Gupta, A. K. (2004). The beta-frétchet distribution. Far Fast
Journal of Theoretical Statistics, 14(1):15-24.

Nadarajah, S. and Kotz, S. (2004). The beta-Gumbel distribution. Mathematical
Problems in Engineering, 4:323-332.

Nadarajah, S. and Kotz, S. (2005). The beta-exponential distribution. Reliability
Engineering and System Safety, 91(6):689-697.

Nadarajah, S. and Kotz, S. (2006). The exponentiated type distributions. Acta
Applicandae Mathematica, 92(2):97-111.

Nasiru, S., Mwita, P. N., and Ngesa, O. (2017). Exponentiated generalized
transformed -transformer family of distributions. Journal of Statistical and
Econometric Methods, 6(4):17.

O’Hagan, A. and Leonard, T. (1976). Bayes estimation subject to uncertainty
about parameters constraints. Biometrika, 63(1):201-203.

Pearson, K. (1895). Contributions to the mathematical theory of evolution, II:
Skew variation in homogeneous material. Philosophical Transactions of the
Royal Society of London A, 186:343-414.

Ramberg, J. S. and Schmeiser, B. W. (1972). An approximate method for gener-
ating symmetric random variables. Communications of the Association for
Computing Machinery, 15(11):987-990.

Ramberg, J. S., Tadikamalla, P. R., Dudewicz, E. J., and Mykytka, E. F. (1979).

103



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Ea

www.udsspace.uds.edu.gh

A probability distribution and its uses in fitting data. Technometrics,
21(2):201-214.

Rényi, A. (1961). On measures of entropy and information. In Proceedings of
the Fourth Berkeley Symposium on Mathematical Statistics and Probabil-
ity, volume 1 of Contributions to the Theory of Statistics, pages 547-561.
University of California Press, Berkeley, California.

Salinas, H. S., Arellano-Valle, R. B., and Gomez, H. W. (2007). The extended
skew- exponential power distribution and its derivation. Communication
Statistics Theory Methods, 36:1673—1689.

Schwarz, G. (1978). Estimating the dimension of a model. The Annals of Statis-
tics, 6(2):461-464.

Shanno, D. F. (1970). Conditioning of quasi-newton methods for function mini-
mization. Mathematics of Computation, 24(111):647-656.

Stephens, M. A. (1974). Edf statistics for goodness of fit and some comparisons.
Journal of the American Statistical Association, 69:730-737.

Sugiura, G. (1978). Further analysis of data by akaike’s information criterion and
the finite corrections. Communications in Statistics- Theory and Methods,
7(1):13-26.

Sylwia, K. B. (2007). Makeham’s generalised distribution. Computational Meth-
ods in Science and Technology, 13:113-120.

Tarvirdizade, B. and Ahmadpour, M. (2019). A new extension of Chen distri-
bution with applications to lifetime data. Communications in Mathematics
and Statistics.

Thach, T., T. and Bris, R. (2020). An additive Chen-Weibull distribution and
its applications in reliability modeling. Quality Reliability Engineering.

Tukey, J. W. (1960). The practical relationship between the common transforma-
tions of percentages of counts and amounts. Statistical Techniques Research
Group 36,, Princeton University, Princeton, NJ.

Tuner, M. E. and Pruitt, K. M. (1978). A common basis for survival, growth and

104



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

www.udsspace.uds.edu.gh

autocatalysis. Mathematical Biosciences, 39(1):113-123.

Weibull, W. (1951). A statistical distribution function of wide applicability. Jour-
nal of Applied Mechanics, 18:293-297.

Xie, M., Tang, Y., and N., G. T. (2002). A modified weibull extension with
bathtub-shaped failure rate function. Reliability engineering and system
safety., 76(2002):279-285.

Zea, L. M., Silva, R. B., Bourguignon, M., Andrea, M., Santos, A. M., and
Cordeiro, G. M. (2012). The beta exponentiated Pareto distribution with
application to bladder cancer susceptibility. International Journal of Statis-

tics and Probability, 1(2):8-19.

105



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Ea

www.udsspace.uds.edu.gh

APPENDIX

A. Data and Source

1. Data 1 consists lifetimes of 50 components, given by Aarset (1987).

Table 6.1: Datal: Lifetimes of 50 components

61 02 1 1 1 1 1 2 3 6 7 11 12 18 18 18
18 18 21 32 36 40 45 46 47 50 55 60 63 63 67 67
67 67 72 75 79 82 82 83 84 84 &4 8 8 8 8 &
86 86

2. Data 2 represents the lifetime of a certain device given by Sylwia (2007).

Table 6.2: Data 2: Lifetime of a certain device

0.0094 0.05 0.4064 4.6307 7.1645 7.2316 8.2616  9.2662
9.3812  9.5223 9.8783 104791 11.076 11.325 11.5284 11.9226
12.0294 12.5381 12.8049 13.4615 13.853 5.1741  5.8808  6.3348
10.4077 10.0192 9.9346 121835 12.074 12.3549

3. Data 3 consists the fatigue times of 6061-T6 aluminum coupons cut parallel

with the direction of rolling and oscillated at 18 cycles per second found

Birnbaum and Saunders (1969).

Table 6.3: Data 3: Fatigue time of 101 6061-T6 aluminum coupons

n

70 9 96 97 99 100 103 104 104 105 107 108 108

109 109 112 112 113 114 114 114 116 119 120 120 120 121 121

121 123 124 124 124 124 124 128 128 129 129 130 130
131 131 131 131 131 132 132 132 133 134 134 134 134
136 136 137 138 138 138 139 139 141 141 142 142 142
142 142 144 144 145 146 148 148 149 151 151 152 155
157 157 157 157 158 159 162 163 163 164 166 166 168
174 196 212

108

130
134
142
156
170
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4. Data 4 consists the survival times (in days) of 72 guinea pigs injected with

different amount of virulent tubercle bacilli studied by Bjerkedal (1960).

Table 6.4: Data 4: Survival times of guinea pigs injected with different amount
of tubercle bacilli.

10 33 44 56 59 72 "4 Tt 92 93 96 100 100 102
105 107 107 108 108 108 109 112 113 115 116 120 121 122
122 124 130 134 136 139 144 146 153 159 160 163 163 168
171 172 176 183 195 196 197 202 213 215 216 222 230 231
240 245 251 253 254 255 278 293 327 342 347 361 402 432
458 555
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Abstract

Classical distributions do not always provide reasonable fit to all forms of datasets,
hence the need to generalize existing distributions to enhance their flexibility in mod-
eling of data. The study developed the odd Chen-G family of distributions. It derives
the statistical properties of the new family such as the quantile, moments, and order
statistics. Though capable of generalizing other distributions, the study proposed three
special distributions; odd Chen Burr III, odd Chen Lomax and odd Chen Weibull dis-
tributions. The application of the new family is then demonstrated using real data.
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1 Introduction

There are numerous univariate statistical distributions in literature for modeling
dataset, notably among the classical continuous parametric ones are Weibull, gamma,
beta, log-normal and exponential distributions. However, the complex nature of certain
researches often results in datasets which is difficult to model using these classical
distributions as they do not always produce reasonable fit. To achieve flexibility in
the modeling of datasets, researchers are continuously developing new distributions,
which are generalizations of existing ones using techniques such as exponentia-
tion and the 7-X approach. Some generalized families of distributions in literature
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include; Zubair-G [1], extended odd Fréchet-G [2], Kumaraswamy-G [3], beta-G
[4], transformed-transformer (7-X) family [5], exponentiated 7-X [6], exponentiated
generalized T-X [7], Weibull-G [8], odd generalized exponential family [9], odd Topp-
Leone odd log-logistic-G family [10] and odd Fréchet-G family [11].

Though a two-parameter distribution, the Chen distribution has the ability to model
bathtub shaped failure rate functions among others desirable properties [ 12]. Ithowever
lacks a scale parameter which makes it less flexible for modeling datasets [13]. The
cumulative distribution function (cdf), G(x) for Chen distribution is given by

B
G(x):l—e)‘(l_e ),x>0,k>0,ﬁ>0. (1)

This study proposes a new family of distribution called the odd Chen-G (OCG) family
of distributions using the 7-X approach.

Let G(x;¢) be baseline cdf and i be a vector of associated parameters, the cdf
F(x) of the OCG family of distributions is defined as

Gy

X; B
=G A<1_e(fg(}3&)) )
Fx) = / f)dt=1—e ,x>0,A>0,>0, (2
0

where A and B are extra shape parameters. Differentiating the cdf in Eq. (2), the
probability density function (pdf) f(x) of the family is obtained as

G(x; B A 1—e<l£;g(;xl/;[&/))ﬁ>
fx) = 1Bglx; Y)G s y)P 11 — G(x;zp)]—(ﬂ“)e(%) ¢ < x>0

3)
The corresponding survival S(x) and hazard A (x) functions are respectively given
by
X; B
k(l_em%m )

S(x)=e , x>0 4)

and
x; B
(+%6c)

h(x) = ABg(x; ¥)G(x; v)P 1 = Glx; ) 7P e ,x>01>0,8>0.

)

For simplicity, let G(x; ¥) be denoted as G(x) in the rest of paper. Mixture rep-
resentation of the pdf and derivation of statistical properties of the OCG family of
distributions is presented in Sect. 2, followed by the estimation of its parameters in
Sect. 3. In Sect. 4, some proposed special distributions from the OCG family are pre-
sented. The properties of estimators of the parameters of these special distributions
are examined using simulations in Sect. 5 and demonstrations of the usefulness of the
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special distributions using real life datasets are shown in Sect. 6. Concluding remarks
are captured in Sect. 7.

2 Mixture Representation and Statistical Properties

Expansions of the density function of the family are made in this section. Also, statis-
tical properties of the family such as quantile, moments, order statistics and entropies
are derived.

2.1 Mixture Representation

The mixture representation of the pdf is essential in the derivation of the statistical
properties of the OCG family of distributions. After applying Taylor series expansion,
the OCG pdf in Eq. (3) becomes

f(x)_kﬂg(x)ekzz( b (’”) G(x)PUD=I1 — Gy 7 1PUDH (6)

i=0 j=0

Further expanding Eq. (3) using the generalized binomial series expansion,

Ly o~ (a+k—1)\
(1= *=> ("7 ) l=La<o

k=0

the expression for f(x) becomes

Fx) = ABe g(x)zzz( 1)i Al (l+1)J (ﬁ(] +k1)+k)G( N

i=0 j=0 k=0

Assuming a an integer in the binomial series expansion, the expression of the
mixture representation of the pdf for the OCG family is

0 0 0 X0 m

FO=1Y 333" vijtmggx)Gx)?, (7)

i=0 j=0 k=0 m=0g=0

where

(=D L (BGHD+EN(BG D)+ —1\(m
Vijkmg = i e k m g )
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Equation (7) expresses the pdf of the OCG family as a product of its parameters and
sum of the product of the pdf and weighted power series of the baseline distribution
function. Also, expressing f(x) in terms of exponentiated-G (expo-G) density yields

x  0 x 0 m

FE=28Y D D > Y vi mga(), ®)

i=0 j=0k=0m=0g=0

where

% _ Vijkmg

Vi = 41 204 a1 (00 = (g + Dg)(G )"

is the expo-G density function with power parameter (g + 1).

2.2 Quantile Function

Random number generation for simulation purposes is one of the essential uses of the
quantile function.

Proposition 1 The quantile function for the OCG family of distributions is given by

1
log(1—u) \ \ B
(1og(1 - ==5=2))

Oc(u)=G™! — |, 0<u<l. 9)
I+ (log(l — log(i—_”)))B

Proof The quantile function Q(u) of a random variable X is defined as the inverse
of the cdf. Hence, replacing x with x,,, u € (0, 1) in Eq. (2), equating F(x,) to u and
making x, the subject yields the quantile function.

The median of the family is obtained when u = 0.5. 0

2.3 Moments, Moment Generating Functions and Incomplete Moments

Moments are useful in the study of the characteristics of a distribution such as skewness
and kurtosis whilst incomplete moments are key in computing measures such as Lorenz
and Bonferroni curves.

2.3.1 Moments

Proposition 2 The rth non-central moment for the OCG family of distributions is

, xS 0 o0 0 m
P =MBY D D DD Vidkmg T (10)

i=0 j=0 k=0 m=0¢=0

where
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o0

Tr.q) = / x"g(x)(G(x))Tdx

—0
is the weighted moment of the baseline distribution G(x).

Proof The rth non-central moment for a random variable X is defined as M; =
ffooo x" f(x)dx. Substituting the mixture density f(x) from Eq. (7) into the defini-
tion yields

0 X 0 m o0

B =B DD 3 Y v [ 4G

i=0 j=0 k=0 m=0 q=0 %

Alternatively, the rth non-central momentis defined in terms of the quantile function
as

xn 0 X 0 m 1

_A,BZZZZZvljkmqfqug(u)du,O<u< 1. (11)

i=0 j=0k=0m=0¢=0

where u = G(x) and Qg(u) is the quantile function of the baseline distribution. [

2.3.2 Moment Generating Functions

Proposition 3 The moment generating function Mx(t) for the OCG family of distri-
butions is given by

X 0 X 0o m XX

MX(t)—)\ﬁZZZZZZ 'Vl]kmqf(r q)- (12)

i=0 j=0k=0m=0¢g=0r=0

Proof Generally, the moment generating function for a random variable X is defined
as Mx(t) = ffooo e' f(x)dx. Hence, expanding My (¢) using Taylor series yields

MX(t):Z% f x" f(x)dx.
r=0 .—oo

Subsequently, substituting the expression for the rth non-central moment into the
definition of Mx(¢) yields

x 0 xS X

Mx@)=28Y Y > Y 3y %Vijkmqm,q)-
r=0

i=0 j=0 k=0 m=0g=0 r=
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My (¢) can further be expressed in terms of quantile function as

o0 o0 o0 0 m 0 1
Mx(t) = 1B ZZZ Z ZZvijkmq/etQG(x)uqdu, O<u<l1 (13
i=0 j=0k=0m=0¢=0r=0 0

O

2.3.3 Incomplete Moments

Incomplete moments play a key role in the computation of statistical measures such
as the mean deviations about the mean and median.

Proposition 4 The incomplete moments M,(y) of the OCG family of distributions is
given by

xR0 0 X0 m Y

M) =2BY Y > D ) vijimg / X" g(x)GY (x)dx (14)

i=0 j=0k=0m=0¢=0 —00

Proof The incomplete moments of a random variable X is defined as M,(y) =
f Y o X" f(x)dx. Substituting f(x) in Eq. (7) into the expression yields

xS o0 o0 m y
M) =283 "33 vijkmg / X" g(x)G9 (x)dx.
i=0 j=0k=0m=0g=0 s

Alternatively, M, (y) may be expressed in terms of quantile function as

(o olNNNe olNe ¢) o0 m G(y)
M) =28Y_Y > 3> vijkmg / u Q(wydu. (15)
i=0 j=0k=0m=0g=0

2.4 Order Statistics

Order statistics are very useful in many areas of statistical theory most especially
extreme-value theory. The pdf for the pth order statistic X ., of the ordered random
sample X(1) < X(2) < --- < X(n) of size n is denoted by fx,,, (x).

Proposition 5 The pdf for the pth order statistic of the OCG family of distributions is
the obtained as

—1

Fm@ =283 "33 " Djjumng(x)G(x)", (16)

[ =0 j=0 k=0 [=0 m=0n=0

S

~.
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where

(=) ¥t (M(n — p +i + 1) (j + Dfern—p+itD
Jtl(p — Dl (n — p)!

p—1 Bk+1)+1 Bk+1)+1—1 m
x i l m n)

Proof The pdf for the pth order statistic X ., of a random sample Xy, X», ..., X,
of size n, fx,,, (x), is generally defined as

Dijklmn =

(x) = " [FCOP 1 = FOl" P f(x), p=1,2
pr:nx _(p—l)!(n—p)! X — F(x fx), p=1,2,...,n

Expanding [F(x)]”?~! in the definition of fx,.,(x) using binomial series expansion
yields,

p—1 i
_ i -1
[FIP™ =" (=) (” l. )[1 — F(0)1 .
i=0
Substituting it back into the expression of fx,,(x) yields

IX o (X) =

p—1 +i
(p — 1)'( — p)! 4 Z( 1)1( >[S(X)]"_p f(x),

where

. ]
[S(x)]”_p” =[1— F(x)]”_p” _ ek(n—p+z)(1_eG( ) )

Algebraically manipulating

. B
(SO f(x) = Aﬂg(x)G(x)ﬂ—leG(x)ﬁek(n—p+z+1)(1_eG( ) )

using Taylor series expansion yields;

[SCOIP¥ f(x) =ABg(x)G(x)P~1rr=pPH+D)

ZZ( 1)J[A(n—p+z + D) (G + DF

Bk .
0 o™

j=0k=0
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Further applying binomial series expansion gives;

[S(X)]n—P+i f(x) :)\,Bg(X)eMn_pH-’-l) x

xn 0 0 0 m

(=) [A(n — p+i+ DYV (j+ 1DF
22200 — : .

j=0k=01=0 m=0n=0

" (,B(k+ll)+l><ﬁ(k+1)+l— 1)(m)G(x),,_
m n

Subsequently, substituting the expression of [§ (x)]" P f(x) into that of fx,,:n (x)
yields

Sxpn () = 2B Z XYY Z D jkimn 8 (¥)G (x)".

Il
=)
~.
Il
=)
»
|
=)
-~
|
=)
3
Il
S
3
1l
S

2.4.1 Moments of Order Statistics

Proposition 6 The rth non-central moment of the pth order statistic, E(X ;m), of the
OCG family of distributions is given by,

EXn) =Y 33 3 > > DijiimnTrna, (17)

where T, , = ffooo x"g(x)G(x)"dx is the probability weighted moment of the baseline
distribution.

Proof The rth moment of the pth order statistic of a random variable is defined as
E(X ;:n = f_oooo x" fx,..(x)dx. Hence, substituting the pdf for the pth order statistic
in Eq. (16) into the expression of E(X),.,), completes the proof. O

2.5 Stochastic Ordering

Stochastic ordering is used to show the ordering mechanism of a dataset. A random
variable X with cdf Fx(x) is less than Y with cdf Fy(x) in likelihood ratio order
(X <;r Y), if the function fx (x)/ fr(x) is decreasing for all x.

Proposition6 Let X ~ OCG(x;A,B,¥)and Y ~ OCG(x; p, B, V). Then X is
less than Y in likelihood ratio order (X <; Y) if Ay < A1.

Proof To determine whether the ratio of the pdfs of X and Y,

Fx(0) <A1—x2><1_e<l?&l))“>
frx) A_ze
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is an increasing or decreasing function, we take the differential of its logarithm. If

A2 < A1 then <4 (log( £X22)) < 0 for all x. Hence, X is smaller than Y in likelihood
dx frx)

ratio order (X <;- Y) and by implication X is smaller than Y in stochastic order
(X < Y). 0

2.6 Inequality Measure

Several fields like insurance, econometrics and reliability employ Lorenz and Bonfer-
roni curves in the study of inequality measures like income and poverty.

2.6.1 Lorenz Curve

Lorenz curve is defined as Lr(y) = ﬁ f Y oo X (x)dx, hence for the OCG family of
distributions, it is given by

oo o0 o0 m y

Lr(y) = % DYDY vijimg / xg(x)G4(x)dx. (18)
i=0 j

=0 k=0 m=0¢g=0 —00

Alternatively, it can be expressed in terms of quantile function as

(o CXNNe olNe ¢ o] m G(y)

Lr(y) = % D3 vijimg / u? Qg (uydu. (19)

i=0 j=0k=0m=0g=0 0

2.6.2 Bonferroni Curve

The Bonferroni curve is another inequality measure given by Br(y) = L;((yy)). From

Eq. (19), the Bonferroni curve for the OCG family of distributions is obtained as

" y
ity [ XEOG WX (20)

—00

Br) =1k ZZZ 2

i=0 j=0k=0m=0¢g=0

2.7 Mean Residual Life

The mean residual life is the expected residual life or the average survival time of the
component after it exceeds a specific time y. It plays a very useful role in reliability
studies.

Proposition 7 The mean residual life of a CG random variable Y is given by

oo 0 0 0 m y

M(y)z%y) 1B Y Y s [ xeGoC0d [ <y @D

i=0 j=0 k=0 m=0q=0 %
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Proof The mean residual life is defined as M(y) = E(X — y/X > y), thus

y
— 1
M) = o |- / f@dx | - y.

Substituting the mixture density f(x) in Eq. (7) into the expression of M(y) yields
the proof. 0

2.8 Entropy

Entropy measures the variation or uncertainty of a random variable. Its application
spans across several disciplines some of which include; econometrics, engineering,
probability theory and science in general.

2.8.1 Rényi’s Entropy

The application of entropy as a measure of variation or uncertainty of a random variable
can be seen in many discipline some of which include; engineering, econometrics and
financial mathematics.

Proposition 8 Renyi’s entropy for the CG random variable is given by

oo oo oo oo I o0
IR() = 5 1 1og{(xﬁ)SZZZZZn,~jkzm / g(x>56<x>mdx}, 5#1,8>0
i=0 j=0k=0 [=0 m=0 —00

(22)
where

(=D A8 (i +8)] e
i %

B(j+8)+6+k—1 B(j+8)—6+k [
k l m)

Proof Let X be a random variable with pdf f(x), the Rényi’s entropy [14] is given by

Nijkim =

Ir(%) =

o0
1
5@(/#@W,5¢w>0
— 00
From Eq. (3),

(124 )/3 8
G(x) )/3 Al 1—e\1-GW)

fS(X) = )»,Bg(x)G(x)ﬁ_l[l — G(x)]_(ﬂ“)e(m e
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Expanding f°(x) using a similar concept as used in obtaining the mixture representa-
tion of the density function yields

o0 oo oo oo |

LEO=08"D33 3> nijumgx)’Gx)",
i=0 j=0 k=0 =0 m=0

where

(=D (i +8) e
il %

B(j+8)+6+k—1 B(j+8)—6+k [
k l m)

Substituting f?(x) into the expression for Ig(8) yields

Nijkim =

o0 o0 oo oo | o0

toz| 08P YD D g [ o G dx

i=0 j=0 k=0 (=0 m=0

Ir(6) =

—00

2.8.2 Shannon’s Entropy

The Shannon’s entropy [14] for a random variable X with pdf f(x) is a special case
of the Rényi’s entropy when § 1 1. Itis defined as ny = E(—log f(x)). For the OCG
family of distribution it is given by

X 0 X 0 m

nx =E|[—log| A8 D> 3 3" vijmggs)G) | | (23)

i=0 j=0 k=0 m=0g=0

2.8.3 Delta Entropy

The §-entropy is given by

oo

log| 1 — / fa(x)dx

—00

H() =

1-6

Hence the §-entropy for the OCG family of distributions is given by

[ ol e} o0

o oo [
Iz (8) = 7 i(S log|:l —(B)° ZZZZ Z Nijkim / g(x)‘SG(x)mdx:|, §#1,8>0.

i=0 j=0k=0 [=0 m=0

—00

(24)
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2.9 Stress-Strength Reliability

The stress strength reliability is the probability of the component to perform without
fail, a specified function under specified conditions for a given level of stress.

Proposition 9 The Stress strength reliability R of the OCG family is given by

o0 oo oo oo I o0
=1-28) ) ];) % > ijkim / g(0)G(x)"dx,

i=0 j=0 m=0
(25)
where
=DM G+ D (BGH D+ (BG+D+k— 1) 1
Dijklm = i k ] m )

Proof Suppose X ~ (X, B, ¥) is a strength random variable and X, ~ (A, B, ) is
a stress random variable both from the OCG family. The stress strength reliability is
defined by

R=P(X; < X)) = / f)F(x)dx =1 — / f(x)S(x)dx.

Algebraically manipulating f(x)S(x) in the expression of R in a similar manner as
the mixture of f(x) in Eq. (7) yields

co oo oo oo I
FOOS@) =283 ) D D Pukimg@®G)",

where

(=D @A) (0 + 1) e (,B(j+ 1)+k><ﬁ(j+ ) +k— 1)( ! )

Dijkim = T k ] m

Substituting the expression of f(x)S(x) obtained back into R yields the proof. O]

3 Parameter Estimation

The parameters of the OCG family are estimated in this section using the method of
maximum likelihood. Given a random sample x1, x2, . . ., x, of size n with parameters
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A, B and ¥ from the OCG family of distribution. Let v = (A, 8, ¥)! be a (p x 1)
parameter vector, the total log-likelihood function is given by

- B
z_nlog,\ﬂ+21ogg(x w)+(,3—1)210gG(x ‘””‘Z( (fé&%) )

i=1 i=1 i=1
n

. Gov) \P
—(B+1)Y log[l — G(x; ¥)] (—) : (26)

partially differentiating the likelihood function yields the components of the score
function U (v) = (3€/9A, 3£/38, 3¢/3y)T as follows

Al n ( (G(x;x/f) )ﬂ)
—=—+) 1=\ ) 27)
A

de

B = % + Zlog G(x;¥) — Zlog[l — G ¥l
i=1 i=1

N Goy) N G(x; )
+§(1—G<x;w>) 1°g<1—G<x;w>>

B . X3 :
—AZ( G y) ) log<M)e(%), @8)

1 —G(x;¢) 1 —G(x;¢)

At g (x5 ) G, (x; ) G, (x; )
_:,-Z (- )Z B+ )Z[l .

d g(x; ) G(x; ¥) G(x; 9]
GGy~ Gy (GO PPt (1o’
i 2 TR Z; [1— Glx; 9P ’
(29)
where gp(r;y) = D oL (y) = TEED G (ny) = 295D and
Gle(x; §) = 90D

The estimators of the parameters are then obtained by setting Egs. (27), (28) and
(29) to zero and solving them numerically using the iterative methods such as the
Newton—Raphson type algorithms. The observed information matrix J (v), is required
for interval estimation of the parameters. It can be estimated as J(v) = % for
(i, j = A, B, ¥) whose elements are evaluated numerically.

4 Some Special Distributions
Generalization of several distributions can be made using the OCG family of distribu-

tions. Three special distributions; odd Chen Burr III (OCB), odd Chen Lomax (OCL)
and odd Chen Weibull (OCW) were developed in this section.
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Fig. 1 plots of density and hazard rate functions of OCB distribution

4.1 0dd Chen Burr lll Distribution

The cdf and pdf of Burr III (the baseline) distribution are respectively G(x) =
(1 +x_9)_y and g(x) = y@x_e_l(l +x_9)_y_1, x > 0,6 >0,y > 0. Substi-
tuting G(x) and g(x) into Egs. (2), (3) and (4), respectively yields the cumulative
distribution, probability density and hazard functions of the OCB distribution. The
cdf and pdf of the OCB distribution are given by

A(l—e[(l+x_6)y_l]_ﬂ)
Fx)=1—-e¢ , x>0,0>0,>0,y>0,A>0 (30)

and

- A<1_e[(m_9)m]fﬁ)

F) = 2By0x~ @D (14x70)7Y ﬁ”)[l —(1 +x‘(’)_y]i(ﬁﬂ)e[(l”_ey’1] e x> 0.

€1Y)

Its hazard function is given by

— _ -8
By = 1By 0x~ D (142~ T PP — (14707 ] G0 Loy T o 32

The OCB distribution exhibits increasing, decreasing, unimodal left and right
skewed shapes of density function and for some selected values it exhibits bathtub,
upside down bathtub, modified upside down bathtub, decreasing and increasing failure
rates as shown by its density and hazard rate plots in Fig. 1.

The quantile function Qg (u) for the Odd Chen Burr III distribution is given by

1
1 e

(log(l - (log(lT_u))))F : y 1 0<u<l. (33)
I+ (10g<1 — <10g(+u)>>>ﬁ

Qc(u) =
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Fig. 2 Plots of density and hazard rate functions of OCL distribution

4.2 0dd Chen Lomax Distribution

The cdf and pdf of the Lomax distribution [15] is respectively given by G(x) = 1 —
(1+6x) % and g(x) = 0k(1 +6x)" %D x >0,k > 0,0 > 0. The cdf and pdf of the
OCL distribution is given by

(o)
Fx)y=1-—e¢ ,x>0,A>0,0>0,>0,k>0 (34)

and

v 1B
. A(l_e[(H—Ox) 1] )
f(x) = ABOk(1 +9x)‘6k_1[1 —q +9x)_k]ﬁ el =1’ x> 0. (35)
Its hazard function is given by
-1 B
h(x) = 286k(1 +9x)ﬂ’<—1[1 —a +9x)_k] A0 =117 o 36)

The density plot of the OCL distribution exhibit varying shapes such as increasing,
decreasing and non monotonically increasing shapes among others as shown in Fig. 2.
The hazard rate function exhibited upside down bathtub, decreasing and increasing
failure rates for some selected values.
The quantile function for the Odd Chen Lomax distribution is obtained as
o\

| <10g(1 _ 1og(1—u)>>ﬁ
A
Qc(u)=5 1 - - —1[,0<u<1. (37

log(1—u) \ \ #
1+ (log(l — == >>
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Fig. 3 Plots of the density and hazard rate function of OCW distribution

4.3 0dd Chen Weibull Distribution

The cdf and pdf of Weibull distribution are G(x) = 1 — e=(2)" and glx) = (%)
(g)y_1 ¢~ (@) respectively. The cdf and pdf of OCW distribution is obtained as

Fx)y=1-—e¢ , X>0,0a>0,8>0,y >0 (38)

and

(e(g)y,l)ﬁ
YN\ /x\7—1 o w\B—l _ x\-vB (e(é)y—ly A(le )
f(x):kﬁ(;)(;) (l—e (@) ) e () e e ,x > 0.

(39)

Its hazard function is given by

Y\ /x\v-1 VIV (e(éi)yq)ﬁ
h(x) = Xﬂ(a)(;) (1 — e (&) ) e (@) Ve x>0. (40)

A display of plots of the density and hazard rate functions of the OCW distribution
are found in Fig. 3. The density plot shows shapes such as symmetric, unimodal right
skewed, J and reversed J shapes. The hazard rate plot for some selected values exhibits
increasing and decreasing failure rates, bathtub and upside down bathtub shapes.

The quantile function Qg (u) the Odd Chen Weibull distribution is given by

1 1
(a1 ) |
Oc(u) =a| —log| 1 — - 0<u<1. 41)

log(1—u) B
1+<10g<1 — log(lzw) ))
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Table 1 Simulation results of AB, RMSE and CP for OCW distribution

Parameter  n ©#=03,8=08,y=01,A=04) (8=09,8=357y=25x=0.06)
AB RMSE  CP AB RMSE CP

6 50 0.5467  0.7802  0.8880 2.8948 3.8475  0.9840
150 03836  0.6492  0.8673 1.6762 24370 0.9560

300 02496 05282  0.8633 1.1345 1.6802  0.9467

600 0.1365 03922  0.8600 0.7915 1.1433  0.9600

1000 0.0872 03048  0.8853 0.6119 0.8900  0.9540

B 50 0.0388  0.1555  0.9833 —2.1826 25354 0.4593
150 0.0249  0.0812 09740  — 1.8235 22538  0.5820

300 00165  0.0567 09820  —1.6394 20520  0.6387

600 00117  0.0371 0.9813 — 1.4499 1.8822  0.6523

1000 00072  0.0263  0.9727 —1.2787 17325 0.6440

y 50 —00129 00962 09999 2469147  966.0244 09767
150  — 0.0081 00732 0.9967 28.4697 107.9522  0.9887

300 —0.0014 00620  0.9740 7.6163 21.8327  0.9953

600 0.0021 0.0479  0.9620 2.9083 48612 0.9999

1000 0.0016 03880  0.9553 2.0458 32785  0.9900

A 50 0.1021 04368  0.8947 0.8223 17.0391 0.6080
150 00150 02060  0.9267 —0.1217 07355  0.6553

300 —0.0064 01398  0.9307 —0.1766 04760  0.7100

600  —0.0104 00972  0.9433 —0.1953 03604  0.7367

1000 —0.0084 00772  0.9393 —0.1898 03135  0.7487

5 Simulation

Validation of the maximum likelihood estimators is carried out in this section using
Monte Carlo simulations. This is done using the estimators of the OCW distribution.
Random numbers from the OCW distribution are generated using the OCW quantile
function in Eq. (43). Setting the initial parameter values; 6 = 0.3, 8 = 0.8, y = 0.1
and A = 0.4, for sample sizes n = 50, 150, 300, 600, 1000, the simulations are
repeated 1500 times for each sample. Repeating similar sample sizes for the initial
parameter values; 6 = 0.9, 8 = 3.5,y = 2.5and A = 0.6, the simulations are repeated
for each sample another 1500 times. The root mean square error (RMSE), the average
bias (AB) and coverage probability (CP) for the estimators of the parameters at 95%
confidence intervals are presented in Table 1. From Table 1 it is observed that there
is convergence of the RMSE and AB in all cases. Thus they decrease to zero(0) as
the sample size increases. The CPs are also observed to be close the nominal value
of 0.95. This emphasizes the effectiveness of the method of maximum likelihood in
estimating the parameters of the OCW distribution.
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Table 2 Lifetimes of 50 01 02 1 1 1 1 1 2 3 6 7 11 12

components (Data 1) 18 18 18 18 18 21 32 36 40 45 46 47 50
55 60 63 63 67 67 67 67 72 75 79 82 82
83 84 84 8 85 8 8 8 85 8 86

Table 3 Lifetime of a certain device (Data 2)

0.0094 0.0500 0.4064 4.6307 7.1645 7.2316 82616 9.2662 9.3812  9.5223
9.8783 104791 11.0760 11.3250 11.5284 11.9226 12.0294 12.5381 12.8049 13.4615
13.8530  5.1741 5.8808  6.3348 10.4077 10.0192 9.9346 12.1835 12.0740 12.3549

6 Applications

In this section, real life datasets are used to demonstrate the applications of the OCB,
OCL and OCW distributions in providing good parametric fit. The maximum like-
lihood estimates for the parameters of the model were obtained by maximizing the
log-likelihood function of the models using the bbmle package in R [16]. Their per-
formance was then compared with new generalized Weibull distribution (NGW) [17]
using goodness of fit measures such as Anderson—Darling statistic(AD), Cramer-von
misses distance values (CM), Kolmogorov—Smirnov statistic(KS), Akaike informa-
tion criteria (AIC), Bayesian information criteria (BIC) and Hannan Quinn information
Criteria (HQIC). The smaller the value of the goodness of fit measures the better the fit
to the data. The negative log-likelihood was also considered for the sake of comparison.
The cdf and pdf of the NGW are respectively given by

®
F(X;Ol’ n, 9’ (P) — [1 — e(_o‘x_ﬂxe)]
and

-1
f(X;O{, n, 0, ga) =@ (O[ + n9x9—1> e(—ax—nxe) [1 . e(—ozx—nx9):|¢7 x
>0, >0,7>0,0>0,¢0>0.

The first dataset used for the application, Data 1 in Table 2 consists of lifetimes of
50 components, given by [18] and the second dataset Data 2 in Table 3 represent the
lifetime of a certain device given by [19] both found in [17].

A total time on test (TTT) transform plot of the dataset in Fig. 4 shows that both
datasets have modified bathtub failure rate function.

6.1 First Application

All the parameters of OCL, OCW and NGW distributions were significant at 95%con-
fidence level, however only A of the OCB distribution was significant at 5% level of
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Fig. 4 TTT-transform plot for the datasets

Table 4 Maximum likelihood and standard error (in parenthesis) estimates of parameters

~ ~ ~ =

]
a
|
i
A
|
;
;
9
E
)
0
by
)
:
]
K
w
)

model & A B 0 Y k ] ¢
OCB 0.0275 0.1241 2.9023 3.0213
(0.0133) (0.1756)  (3.909) (1.9036)
OCL 0.1199 0.3308 0.0074 6.8406
(0.0434)  (0.0828)  (0.003) (2.2717)
OCW 45.9988 0.3606 0.0310 5.0701
(4.1288)  (0.0725)  (0.0071) (0.8432)
NGW 0.0245 0.0407 3.3297 78.6862
(0.0042) (0.0138) (0.1532)  (0.0019)

Table 5 Log-likelihood estimates and goodness of fit measures

Model 1 AIC BIC CAIC KS AD w

OCB —232.01 472.0250 479.6731 472.9139 0.1678 2.0008 0.3177
OCL — 22531 458.6183 466.2664 459.5072 0.1453 1.4385 0.2030
OCW —291.65 591.2914 598.9395 592.1803 0.1912 1.6060 0.2553
NGW —235.60 479.2089 486.8570 480.0978 0.1620 2.3681 0.3800

Bolded values means best based on the goodness of fit measures

significance. Table 4 shows the estimates of the maximum likelihood and their respec-
tive standard errors for Datal.

OCL distribution outperforms the rest of the models as it has the highest log-
likelihood and the lowest values of all the goodness of fit measure and provides a
comparatively reasonable fit as shown in Table 5 and Fig. 5 respectively.

The estimated parameter values of the OCL distribution are the maxima as shown
by the profile likelihood plots in Fig. 6.
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Fig. 5 Empirical and fitted density and cdf plots of fitted distributions for Data 1
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Fig. 6 Profile log-likelihood plot of OCL parameters

6.2 Second Application

The maximum likelihood and corresponding standard error estimates for Data2 is
presented in Table 6. OCL distribution again provided a comparatively better fit for
the dataset owing to the fact that it had the highest log-likelihood and the smallest
values for all the goodness of fit measures used as shown in Table 7.

This is further confirmed by the plots of its empirical and fitted density and cdf
plots in Fig. 7.

The estimated parameter values of the OCL distribution are the maxima as illus-
trated by the plot of profile likelihood in Fig. 8.

7 Conclusion

The flexibility of generalized models in modeling varying datasets remains a strong
motivation for developing new families of distributions. The study developed a new
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Table 6 Maximum likelihood and standard error (in parenthesis) estimates of parameters

model & X B 0 v k 1 @
OCB 0.0054 0.0619 11.0047 0.4419
(0.0036) (0.0042)  (0.0014) (0.1512)
OCL 0.0402 0.5094 0.0201 12.2327
(0.0259) (0.2121)  (0.01) (5.5816)
OCW 4.7534 0.2015 0.0408 3.092
(1.2735)  (0.0685) (0.0181) (0.828)
NMW  0.202 0.0131 3.2355 106.7165
(0.03) (0.0097) (0.2269) (0.0021)

Table 7 Log-likelihood estimates and goodness of fit measures of fitted distributions
model ¢ AIC BIC CAIC KS AD w
OCB —75.97 159.9333 165.5381 161.5333 0.1414 0.9131 0.1343
OCL - 72.19 152.3888 157.9936 153.9888 0.0971 0.4823 0.0666
ocw — 116.5 241.0092 246.614 242.6092 0.0199 0.3095 0.0478
NMW — 85.87 179.7422 185.347 181.3422 0.2219 2.5874 0.4194
Bolded values means best based on the goodness of fit measures
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= _| l‘-l(:ﬁ" I‘ll‘ ;
— ;’ 1 P i
L | >
/ \ s >
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Fig. 7 Empirical and fitted density and cdf plots of fitted distributions for Data 2

family of distribution called the OCG family. Statistical properties such as the stochas-
tic ordering, order statistics, moments, uncertainty measures and entropies of the new
family are derived. Three special distributions of the new family were developed.
Maximum likelihood estimates for the parameters of the special distributions were
obtained. A demonstration of the application of the special distribution developed was
carried out using two real datasets. A comparison of the results revealed that the OCL
provided a better parametric fit to these datasets.
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Chen-G class of distributions

Lea Anzagra™*, Solomon Sarpong® and Suleman Nasiru®

Abstract: The quest to generate distributions with more desirable and flexible
properties for the modeling of data has led to an intense focus on the development of
new families that are generalizations of existing distributions by researchers. A new
family of distributions called the chen generated family is developed in this study. Its
statistical properties such as the quantile, moments, incomplete moments, stochastic
ordering and order statistics are derived by using the method of maximum likelihood,
estimators for the parameters of the new family are developed. Three special dis-
tributions, Chen Burr III, Chen Kumaraswamy and Chen Weibull, are proposed from
the new family, though it can generalize other distributions. A demonstration of the
usefulness of the new family is performed using real dataset.

Subjects: advanced mathematics; applied mathematics; statistics & probability

Keywords: Chen; Weibull; distribution; moments; stochastic ordering; quantile
Jel: 62e15; 60e05

1. Introduction

The accuracy of parametric statistical inference and modeling of datasets largely depends on how well
the probability distribution fits the given dataset once it has met all distributional assumptions. Several
studies have been carried out on statistical distributions in the quest to generate distributions with
more desirable and flexible properties that can model real-life datasets of varying shapes of density
and failure rate functions. Currently, most studies are focused on developing new families that are
generalizations of existing distributions to provide better fit to the modeling of data. These families of
distributions are constructed by either compounding two or more distributions or adding one or more
parameters to the baseline model. Many authors have extensively reviewed the various families of
distributions (Hamedani, Yousof, Rasekhi, Alizadeh, & Najibi, 2018; Lee, Famoye, & Alzaatreh, 2013;
Nasiru, 2018; Nasiru, Mwita, & Ngesa, 2018; Zubair, 2018).
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In this study a new class of distributions is developed and proposed using the T-X approach
(Alzaatreh, Lee, & Famoye, 2013). The Chen generated (CG) family of distributions is obtained
by compounding the two-parameter Chen distribution (Chen, 2000) and an arbitrary baseline
cumulative distribution function (cdf) of a continuous random variable. The main motivation for
developing this family is to improve the flexibility of the existing classical distributions, thus to
enabling them to provide a better fit to real data sets than other candidate distributions with
the same number of parameters and model different kinds of failure rate (monotonic and non-
monotonic).

The remaining sections of the paper follow this order: the Chen generated (CG) family of
distributions is defined in section 2. The mixture representation of the probability density
function (pdf) is presented in section 3. Some statistical properties of the family of distributions
are derived in section 4. The estimators for the parameters of the family are developed in
section 5. Some special distributions from the CG family of distributions are proposed and
discussed in section 6. Simulations to examine the properties of estimators of parameters of
the special distributions are carried out in section 7. Real-life data set is used to demonstrate
the application of the special distributions in section 8. Concluding remarks of the study are
captured in section 9.

2. Chen generated a family of distributions
Let T be a Chen distributed continuous random variable, its cdf denoted by F(t) is given by F(t) =

1- e‘(l’ew) ,t > 0 (Chen, 2000). Also, let G(x)and g(x) be the respective cdf and pdf of an arbitrary
continuous random variable X. The cdf of the CG family is defined as;

G(x)
Foo= | fiode :A{l . eA(lfe‘“"’W], x>0 150 >0, &
0
where A = 1/1 _ gM1-e) is a normalizing constant, 1 and g are scale and shape parameters,
respectively. The pdf f(x) of the family is given by;

F(x) = AApg(x)G(x)* L& (1-¢") x50, 150, p> 0. (2)
The survival function, S(x)of the CG family is;

S =1 4{1 - ei(lfe“"”)], x>0, 150, >0, 3)

The failure rate or hazard function, h(x)of the family is obtained as follows:

B A/l/}g(X)G(X)ﬁfleG(X)ﬁ el(l—eG‘XV‘)

x>0, 1>0,>0. (4)
1 7A[1 7e1(1*e‘“*”’)]

h(x)

3. Mixture representation of distribution

Mixture representation plays a useful role in the derivation of the statistical properties of the new
family of distributions. Hence, the mixture representation of the pdf of the CG family of distribu-
tions is derived in this section.

By applying Taylor series expansion, the pdf of the CG family in Equation (2) is expressed as

fl0) = Aipeig0G 3 3 QUAEL), W )
1=0 J= N .

Equation (5) can be rewritten as;
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TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

www.udsspace.uds.edu.gh

Anzagra et al., Cogent Mathematics & Statistics (2020), 7: 1721401 ‘.1{;' Cogent oo mathema‘ucg & StaJEIStICS

https://doi.org/10.1080/25742558.2020.1721401

f(x) = Aipe’g(x) % i b (i;l)i

Y 1-(1- G(X))]ﬂ(jﬂ)_y
i=0 j= !

f(x) is further expanded using the binomial series expansion (1 —z)*" =

Mg

(—1>k(“;1)zk.,

T
o

|z| < 1 for any real non-integer a > 0 as follows:

0o oo (_1\i(i j i 0o k . _
fo0 = apegin § 5 ULV S ) (P00 D1 )0 - 6o

i=0j=0 ij! k=0

Assuming a an integer in the binomial expansion,

x x ~ k

=AY Y 3 3 0ug(x)(G), (6)

i=0j=0 k=0 =0
where

)M e g+ 1) -1 [k
T k 1)

From Equation (6), the CG family’s density is expressed as a product of the parameters and the
sum of the product of the pdf and weighted power series of the baseline distribution function G(x).

Alternatively, Equation (6) can further be written in terms of the exponentiated-G (expo-G)
density function as

ook

F)=ABE Y S S wjgmalx), )

i=0j=0 k=01=0
ok Pik

where wj* =g

parameter ([+1).

and m,1(x) = (I + 1)g(x)(G(x))’ is the expo-G density function with the power

4. Statistical properties

This section discusses some of the statistical properties of the CG family of distributions. These
include: quantile function, non-central moments, moments, generating functions, inequality mea-
sures, entropies, residual life, stochastic ordering and order statistics.

4.1. Quantile function
Proposition 1. The quantile function for CG family of distributions is given by

C)G(u):XU:G’1<ln{17MDB,O<u< 1, (8)

Proof. The quantile function Qg(u) of a random variable X is defined as
F(xu) = P(X < xy4) = u,u € (0,1). Replacing x with x, in Equation (1), equating F(x,) to u and making
xy the subject yields the quantile function. The median of the family is obtained by substituting
u = 0.5 in Equation (8).

4.2. Moments, moment generating functions and incomplete moments
Moments are very essential in statistical analysis as they can be used to study important features
(such as tendencies, variation, skewness, kurtosis and so on) of a distribution.

4.2.1. Non-central moments

Proposition 2. The r" non-central moment of the CG family is given by

Page 3 of 20
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, oo 0o o k
H=ABY Y Y Y oty £ =1,2,..., 9
i=0j=0k=01=0
where r(,, Jx’g dx is the probability weighted moment of the baseline distribu-
tion G(x “oo

00

Proof. The r'h non-central moment is defined as E(X") = y, = J X"f(x)dx, thus using the mixture

h

form of the density, the r'" non-central moment of the CG family is given by

o)

—ABE Y S S o j Xg(x)(G(x))'dx.

i=0j=0 k=0 1=0

Alternatively, the r'" non-central moment of the CG family can be described in terms of the
quantile function as follows;

Let G(x) = u, x = GL(u) = Qg(u), %X =du— g(x) and g(x)dx = du. From Equation (9),

o oo oo k
5N Zw,,k,j o(u)uldu. (10)

i=0j=0k=0[=0

4.2.2. Moment generating functions

Proposition 3. The moment generating function of the CG family is given by

o0 00 0O tr

Mx(t) :A/{ﬂ Z Z Z Z Z ( ) (HUHT,‘ (11)
i=0j=0k=0r=0=0

Proof. By definition, the moment generating function is given by My(t) = | e™f(x)dx, expanding

—00
r

Mx(t) using Taylor series, Mx(t) = Oi] (t—)rj Xf(x)dx
r=0 —00

T oo 00 oo k
But from Equation (9 J Xf(x)dx =AY, ¥ X X wjute, hence the proof.
S i=0j=0k=01=0
Alternatively, letting G(x) = u, the moment generating function can be expressed in terms of
quantile functions as;

1

oo 0o oo k

Mx(t)=ABY ¥ ¥ Zm,,k,‘ e'%Wyldu. (12)
i=0j=0 k=0 =0 0

4.2.3. Incomplete moments

Proposition 4. The r'" incomplete moment of the CG family of distribution is given by

x x o~ k

y
M) =APT 3 3 Y o | K060 dxr=1.2... (13)

i=0j=0k=01=0

—00

y
Proof. The r'" incomplete moment is defined as M,(y) = J x"f(x)dx. Substituting the mixture

representation of the density function into the definition of the rth incomplete moments completes
the proof.

Alternatively, letting G(x) =u, the incomplete moments can be expressed in terms of the
quantile function as;
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G(y)
© oo oo k
M) =ABY Y Y ¥ o j Qs(u)'uldu. (14)
0

i=0j=0k=01=0

4.3. Inequality measures

Lorenz and Bonferroni curves are applied in so many fields such as econometrics, demography,
reliability, medicine and insurance. They are generally used in studying inequality measures like
income and poverty.

4.3.1. Lorenz curve y
The Lorenz curve Lg(y) for incomplete moments is defined as Le(y) = % J xf(x)dx for the CG family,

it is given by;
Alﬂcc oo oo k Y

L) =225 3 5 % o | x9(x(6(x)dx (15)
M i=0j=0k=01=0 e

Alternatively, letting G(x) = u, Le(y) can be expressed in terms of the quantile functions as;

G(y)
o oo oo k
b =223 3 3 3o | Qs (16)
0

H i=0j=0k=01=0

4.3.2. Bonferroni curve
Bonferroni curve Br(y) is defined as Br(y) = %Y, hence for the CG family it is given by;
y

oy
Aﬂﬁ o 0o o k |
B = L2 E S Tow Lxg X)(G(x))'dx. a7

4.4. Mean residual life
The mean residual life of a component (which is the average survival time of the component after
it has exceeded a specific timey) is defined as E(X — y/X>y).

Proposition 5. The mean residual life of a CG random variable Y is given by

y
R [u P 33 m,,k.L ()(G(x))'dx} . 18)

y
Proof. The mean residual life is defined as M(y) = #@) [;4 - J xf(x)dx} — y. Substituting f(x) in
Equation (6) into M(y) gives the mean residual life. —o0

4.5. Entropy
Entropy is a measure of variation or uncertainty of a random variable. Its application spans across

probability theory, engineering and science in general.

4.5.1. Rényi’s entropy
The Rényi’s entropy (Rényi, 1961) for a random variable with pdf f(x), is defined as;

I:(5) :%log Uiof”"(x)dx}, 5#1,6>0

Proposition 5. Renyi’s entropy for the CG random variable is given by;

o 0o oo k T
1+(6) = 15109 | (A0)' 3 3 3 3 g J 900°(G()'dx |, 5#1,5> 0, 1
1-6 i=0j=0 k=0 1=0 e
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where ikt i j
(-1 . (15) (lﬁi!rs)’ej(;(ﬂ(ﬁf) - 1> (I;)

Wik =

Proof. From Equation (2), f2(x) = (A18)°g(x)’G(x)" e gio g™’

Adopting similar concept for expanding the density, f°(x) becomes

x oo oo k
) =AY Y ¥ ¥ @jg(x)’(G(x)

i=0j=0k=01=0

where wjy = waﬁi{”e‘%ﬂo +;(S) -1 ) <Il(> Substituting f?(x) into Iz(s) completes the
proof.

4.6. Stochastic ordering

Ordering mechanism in data can easily be shown using stochastic ordering. Let X and Y be random
variables with cdfs Fx(x) and Fy(x) respectively. X is less than Y in likelihood ratio order (X<, Y), if
the function f(x)/g(x) is decreasing for all x.

Proposition 6. Let XCG(i1,4,y) and YCG(iz,p,w), where y is a (p x 1) vector of parameters
associated with the baseline distribution. X is less than Y in likelihood ratio order (X<, Y) if 1,<4;.

B

x)P
Proof. The ratio of their pdfs is given by ’;:E—g =eln i) ) which is a decreasing function if 1, <A;.

4.7. Order statistics
The pdf for the pth order statistic X,.n, of an independent identically distributed random sample
X1,X2, ..., Xn of size n,fx, (), is given by;

n!
(p—1l(n-p)!
p—1

Expanding [F(x)]P~* using binomial expansion, [F(x)P~* = ¥ (71)i<p 7 ! ) [1 — F(x)] . Substituting
into the density of the pt" order statistic yields, =0

fron (X) = FO)P L = FOOI" Pf(x),p = 1,2,....n.

-1 ) _ '
fpn (X) = mpg (-1) (p i 1 > ()™ PHF(x)

where [S(x)]" """ = [1 — F(x)]" P*".

Hence, the pdf for the pt" order statistic is given by;

| p-1 . — 5 . 0
Ftpa (X) = n'n D) > (*1)’(‘) ’. 1>Aaﬂ9(x)G(x)”*1eG<X>’ « elln-pit1)(1-e5) (20)
- =0

(p—D)i(n—p)!

Employing a similar concept of expanding the density of the CG family, a mixture representation of
the pdf of the pt" order statistic is defined as;

n|A/‘L/)’ pP-1 00 © oo | m
- Ditimg (X)G(X)™, 21
pr»n( ) (p 1)'(n7P)!1:0j:20k§01§0m§0 ijkl g(X) (X) ( )
where
71:‘+j+l+m}L _ it1 i (i 1k _ _ .
Dy = LT —p 4 17 G 1) (P 1) (Her D) e
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4.7.1. Moments of order statistics N
The r" non-central moment of the pt order statistic is given by E(X),,) =P = J X, (X)dX.
Substituting Equation (21) into E(X,,). the rth non-central moment of the pt" order statistic of the

CG random variable is given by,

nlAj'ﬂ p~1 o oo oo |
EXXp.,) = Dj r.m (22)
*Xpa) (p—1)(n—p)! ,:OJEJEO E) mz::O ilm ¥ (rm)

where 7 m) = J x'g(x)G(x)™dx is the probability weighted moment of the baseline distribution.

5. Parameter estimation

Maximum likelihood estimation method was used in estimating the parameters for the family of
distribution for similar reasons as stated in Nasiru et al. (Nasiru et al., 2018). Given a random
sample x1, X2, ..., Xn Of size n from the CG family of distributions, the total log-likelihood function is
given by

€ =nlogAip+ ¥ logg(xiw) + (B—1) T logG(x;;y) + ¥ G(xi;y)'+2 X (1 - eG(X”"’>ﬂ)7 (23)
i=1 i=1 i=1 i=1

where y is a (p x 1) vector of parameters associated with the baseline distribution.

The parameters are then estimated by partially differentiating the total log-likelihood function
with respect to the parameters of the CG family as follows.

71t % * 21 (1 i), (24)

Loz ;1 log Gxi;y) + ;1 GO )’ log G y)—2 21 GO )€ log G(x;; ) (25)

and

B FUNN) (1) 5O S 6B -3 Gyl Glx e
(26)

where gi(x: ) = 255 and Gy (xsy) — "),

Equating the score functions to zero and numerically solving the system of equations using
techniques such as the quasi Newton-Raphson method, gives the maximum likelihood esti-
mates for the parameters. The interval estimates of the parameters are obtained by first
finding the observed (p x p) information matrix given by J(¥) :% (for q,r=4,p,y and
¥ = (1, p,y)"), whose elements can be numerically computed. Under the regularity conditions,
as n — oo, 9~Ny(0,J(9)71), where J(J) is the observed information matrix evaluated at J. The
approximate100(1 — p)% confidence intervals (where p is the significance level) can be con-
structed using the asymptotic normal distribution.

6. Some special distributions

The CG family of distributions can be used to extend many distributions to create more flexibility in
their applications. In this section some special distributions were developed.
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Figure 1. Plots of density and
hazard rate functions of CB
distribution.

Figure 2. Plots of the density
and hazard rate function of CK
distribution.
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6.1. Chen Burr III distribution
Suppose that the baseline distribution is Burr IIT (Burr, 1942), it’s cdf and pdf are given by G(x) =

(1+x7%) 7" and g(x) = yox71(1 +x‘9)_7_1, x>0, 8> 0, y> 0 respectively. The cdf of Chen Burr
IIT (CB) is given by

F(x) :A[l ~exp(i(1- e(”X’”)’”‘))}, x>0, a>0, >0, 7>0, A>0. 27)
Its corresponding density and hazard functions are, respectively

) = Aapro) "1 (1+x7%) 7 exp {(1 +x 0y ,1(1 - e(”"’g)iw)], x>0 (28)
and

AiprO(x) "1 (1+x70) " exp [(1 +x 07 4 /1(1 - e(”"’”)ﬂﬂ)}
he0 = 1-A [1 - expxl(l - e(1+x"’)’”)] el @9)

Plots of the density and hazard rate functions of the CB distribution are displayed in Figure 1. The
density plot exhibit varying shapes including unimodal with different degrees of kurtosis, right
skewed and reversed J shapes. The hazard rate function for some selected values exhibited upside
down bathtub, decreasing and increasing failure rates.

The CB distribution’s quantile function Qg(u) is given by;

- [l (24|

o o T
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Figure 3. Plots of density and
hazard rate function of CW
distribution.

6.2. Chen Kumaraswamy distribution

The Chen Kumaraswamy (CK) distribution uses the Kumaraswamy distribution (Kumaraswamy,
1980) with pdf and cdf respectively given by G(x) =1 — (1 —x9)® and g(x) = abx~1(1 — x2)>7%,
0<x<1, a>0, b> 0 as the baseline distribution. The cdf of CK distribution is given by

a p
F(x) :A{l - expl{l _ glt-(-x )b]/] x>0,a>0,b>0,4>0,1>0, (30)

with its corresponding density and hazard rate functions, respectively, given by

Fx) = Azgabx® (1 - x)° (1 (1 - x0)°) " exp {(1 —a-xr) s z<1 - e(lf(lfxa)b)ﬂﬂ x>0

(31)
and
Ajpabxa-1(1 — x)b1 (1 —(1- x")b)/#l exp[(l —(1- xﬂ)b)ﬁ +,1(1 - e(lfﬂ*’)")”)}
h(x) = = , x> 0.
1- [1 —exp [1 — elt-0ey] ”
(32)

Plots of the density and hazard rate functions of the CK distribution are displayed in Figure 2. The
plot of the density shows shapes such as; the reversed J, left skewed, right skewed and unimodal
shapes among others. The hazard rate plot for some selected values exhibits increasing and
decreasing failure rates, unimodal and bathtub shapes.

The quantile function Qs(u) is obtained as.

o= oo ol (21524

6.3. Chen Weibull distribution

Chen Weibull (CW) distribution is obtained using Weibull distribution (Weibull, 1951) with cdf and
pdf, respectively, given by G(x) =1 — e (%) and g(x) = ® (g)y’le’(f) as baseline distribution. The

a

cdf and pdf of the CW distribution are, respectively, given by

G}
173
b

)r/

F(x):A{lfexpﬂ{lfe(l’ef(g )”, x>0, a>0,8>0,1>0,7y>0 (33)
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Figure 4. TTT-transform plots
for the datasets.

and

f(x) = Aﬂﬂ(%) (g)kl (1 - e*(5)7>ﬂ71 exp {ﬂ(l - e’(vx?)y)ﬂ - (ﬁy + (1 - e’(f)y)}, x> 0. (34)

a
The hazard rate function is given by
a7\ -1 7 .,
ALY (X)) (1 —e () )ﬁ exp {,1(1 —e (@ )ﬁ -+ (1 —e G

h(x) = 1-A {1 —expa {1 - e(lfei(é)y)ﬂ”

1<
=
~—

[E——

, x> 0. (35)

The CW distribution’s plots of its density exhibit; right skewed, left skewed, unimodal and reversed
J shapes among others as shown in Figure 3. The hazard rate plot of the CW distribution for some
selected values exhibits varying shapes such as increasing and decreasing failure rates, right and
left skewed unimodal shapes and upside down bathtub shape.

The quantile function Qg(u) of the CW distribution is given by

Qs(u) =xy = a( log (1 - <l°g(1;u//'\)>ﬂ>>y.

7. Simulations

Monte Carlo simulations were performed in this section to investigate the behavior of the maximum
likelihood estimators of the parameters. For illustration purposes, the simulation experiments were
undertaken using the Chen Weibull distribution. The experiments were replicated for N = 1500 times
using sample size n = 50, 150,300, 600, 1000 and parameter values I: 1 =1.9,4=0.9,a = 0.8,y =
48andIl: 21 =0.54=0.5a= 0.5y = 0.5.The average bias (AB), root-mean-square error (RMSE) and
coverage probability (CP) of the 95% confidence intervals for the estimators of the parameters were
estimated. From Table 1, the ABs and RMSEs for the estimators generally decrease to zero as the sample
size increases. This implies that as the sample size increases the accuracy and consistency of the
maximum likelihood estimators are achieved. Also, the CPs for most of the estimators are quite close
to the nominal value of 0.95. Thus, we can say that the maximum likelihood technique works very well to
estimate the parameters of the Chen Weibull distribution.

8. Applications

In this section the performance of the CW distribution in providing good parametric fits to real-life
datasets is demonstrated. Its goodness of fit measures are compared with competing models such as;
exponentiated Chen (EC) (Chaubey & Zhang, 2015), extended Weibull (EW) (Xie, Tang, & Goh, 2002) and

—
= =
—
o Empirical
cw =
=] KEC =
=
= L EF
1 = —
= =
= = Y
g2 = \ &
[ 1 = 1 [
| =1
) (1
= \
o
= ‘\]T\ =
g - ] S H}
— 1 T T T
100 150 200 100 150 200
x x

Page 13 of 20



www.udsspace.uds.edu.gh

cogent - mathematics & statistics

Cod
.

*

Anzagra et al., Cogent Mathematics & Statistics (2020), 7: 1721401

https://doi.org/10.1080/25742558.2020.1721401

(2200) (¥600) (8L£°7)
2LT0 SSTTHT 979 M3
(0L X 6£71) (800°0) (£200)
9£'€91 8€1°0 5980 usyd-3
(900°0) (#€£2°0) (4-0L X £87) (z17°0) (8£00)
6850 610 695641 6%%0 9110 usyd-3
(8600) (16%'21) (ze'1) (6009¢)
1€0 S6'0€ LSt 99¢'61 MO z 010
(901°0) (y-0L X £T°1) (100°0)
€641 ¥1'SS 0200 M3
(s-0Lxs1't) (800°0) (6£0'0)
19get SYT0 687°0 oE|
(LSS'T) (869°0) (9290) (500°0) (#10°0)
987'C 9g€y €LYy 1200 ¥7€0 REN
(£91°0) (5£57) (L18°7) (z65%)
6101 676 607'S€ SLL9 MO 10100
9 D e 4 0 9 |4 19pon uonodfjddy

SEHIC TS T T3 Wdadeo " T H SN THCT S8 A T TS 2SS =T T IO

$19)2D4q U] S1933WDIDd JO SI0413 PADPUDIS PUD SIIDWIISD POOYIIR)I] WNWIXDW 4 ]qD]

Page 14 of 20



www.udsspace.uds.edu.gh

cogent - mathematics & statistics

Cod
.

*

Anzagra et al., Cogent Mathematics & Statistics (2020), 7: 1721401

https://doi.org/10.1080/25742558.2020.1721401

79€°CL8 £36'698 79%'9L8 7€9'698 6301 €510 7¢1°0 BE|

€19°088 LY7T8L8 ©7CL %88 768°LL8 €09'1T [4X40] S7T°0 M3

9€1'998 €1597798 L86CL8 #09'198 1850 7600 €600 BEN

6CE'€98 10£°098 18'898 70L°658 #7950 600 600 MD oId
7€916 [A4A3%) S/6'0C6 6116 LZTT 7610 110 BE|

16€°016 76%'L06 920's16 1%CL06 €8L°0 7€T'0 9600 M3

989'606 180506 117'L16 9e7'%06 €ceo L%0°0 1900 J3IA

#81'906 1%°¢06 S9¢E°CI6 #786'106 6620 9%0°0 %7900 M 1010d
JIDH JIV) J14 v av W) SA 13POW uonndiddy

SEHIC TS T T3 Wdadeo " T H SN THCT S8 A T TS 2SS =T T IO

D149314D UOIIDWIIOJUI PUD SJ1ISIIPIS }J-JO-SSAUPOON °G d|qD|

Page 15 of 20



www.udsspace.uds.edu.gh

Anzagra et al., Cogent Mathematics & Statistics (2020), 7: 1721401 :'K'_‘ Cogent oo mathema‘ucs & StatIStICS

https://doi.org/10.1080/25742558.2020.1721401

0008
I
10

Figure 5. Empirical and fitted

_-:-.’H-_
density and cdf plots of datal. —  Empirical Empirical
— cw - cww
= 1 S KEC = | KEC
=F EC EC
= - EW =
g = | wo
= = =
i = =i
: g =1
E = = == =] = _.Vj
H CI) I 2(;0 I 4(;0 I 6(:‘!0 CI) I ZCI)D I 4(;0 I 60‘0
Z x x
é
0 NP .
d Figure 6. Empirical and fitted CW Distribution KEC Distribution
, density and cdf plots of data2.
ﬁ o o
] & 5 r
{ 5 © 5 o 7
(] o
) 2 <. 3 o
o o
[ - = = ==
E = T 2 o
H a o | g o —
E N B o
o _| Q
g 29 T T T | T =2 7 T T T T T
g 00 02 04 06 08 10 00 02 04 06 08 10
Observed Probability Observed Probability
EC Distribution EW Distribution
Q Q
Z o z
3 © 5 o 7
(1} (1]
e © s « ]
= g
5 P =
g = & g = &
o o o o
g © g =
(= =
= T T T T T =N T T T [ |
00 02 04 06 08 10 00 02 04 06 08 1.0
Obsenved Probability Observed Probability

Kumaraswamy exponentiated Chen (KEC) (Khan, King, & Hudson, 2018) distributions. The information
criteria and goodness of fit measures used are; Akaike information criteria (AIC), Bayesian information
criteria (BIC), consistent Akaike information criteria (CAIC), HQ information Criteria (HQIC), Kolmogorov-

Page 16 of 20



TINIWVERSILT Y FOR IDODOEWEIL  OPMNIEDNTLD S TLOIDIES

Anzagra et al., Cogent Mathematics & Statistics (2020), 7: 1721401
https://doi.org/10.1080/25742558.2020.1721401

www.udsspace.uds.edu.gh

- cogent - mathematics & statistics

Figure 7. P-P plots of fitted dis-
tributions for datal.

CW Distribution KEC Distribution
L= o
z o z o
s = o
@ o
2 o | 2 @ |
o © a
T < =z =
+ o - L]
2 o | a o |
q e ® m ° @
o | o _|
2 5 | T T T T = 1 T T T T
00 02 04 06 08 10 00 02 04 06 08 10
Observed Probability Observed Probability
EC Distribution EW Distribution
Q Q
= - = T
= @ _ = o _
(3] m
s @ s @ |
a °© a *
- = _| - o
E £ s
@ 5]
£ 9 £ 89
(w & (L
o | o |
2 5 I T T I T 2 5 | T T I T
00 02 04 06 08 1.0 00 02 04 06 08 10

Observed Probability Observed Probability

Smirnov statistic(KS),Cramer-von misses distance values (CM) and Anderson Darling statistic (AD). In
obtaining the maximum likelihood estimates for the parameters, the log-likelihood function of the
models were maximized using the bbmle package’s subroutine mle2 in R (Bolker, 2014). The maximum
likelihood estimates with the largest maxima were chosen after using a wide range of initial values.

For illustration, the first dataset (datal) consists of the fatigue times of 6061-T6 aluminum
coupons cut parallel with the direction of rolling and oscillated at 18 cycles per second found in
Birnbaum & Saunders (Birnbaum & Saunders, 1969), whilst the second dataset (data2) represents
survival times of guinea pigs injected with different amounts of tubercle bacilli studied by Bjerkedal
(Bjerkedal, 1960). These datasets are given in Tables 2 and 3.

A preliminary exploration of the datasets on the shapes of the hazard rate functions showed
that datal has an increasing hazard rate function whilst data two have a unimodal hazard rate
function as shown in Figure 4.

The maximum likelihood estimates and the corresponding standard errors of the parameters of the
fitted distributions for both datasets and their goodness of fit measures are displayed in Tables 4 and 5
respectively. The parameters of all the distributions were significant at 5% significance level, with the
exception of CW and KEC distributions which had only one of their parameters (Aandbrespectively)
significant at 15% significance level.
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Figure 8. P-P plots of fitted dis-
tributions for data2.
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Compared to the competing models, the CW distribution with its four parameters provides
a better fit for the datasets as it has the smallest value for all the goodness of fit measures
used as shown in Table 5.

This is further confirmed by the plots of densities and cdfs of the empirical and fitted distribu-
tions as shown in Figures 4 and 5. From the fitted plot, it is observed that the CW provides
a reasonable fit to the density.

The P-P plots also indicates the CW distribution provides a better fit for both datasets in
comparison with KEC, EC and EW distributions as shown in Figures 6 and 7.

The profile likelihoods of the estimated parameters of the CW distribution for the datasets are
shown in Figures 8 and 9. From the plots, it is observed that the estimated values for the
parameters are the maxima.

9. Conclusion

The focus of most researchers is geared towards developing new families of distributions for generalizing
existing distributions to provide better fit for the modeling of life data. A new family of distribution called
the CG family is developed and studied. Its statistical properties such as the quantile, moments,
incomplete moments, generating function, entropies, stochastic ordering and order statistics are derived.
Estimators for the parameters of the new family were developed using the method of maximum
likelihood. A demonstration of the application of the special distribution developed from the family
was carried out using two-real datasets. A comparison of the results with that of other existing distribu-
tions showed that the special distribution developed from the CG family provide a better parametric fit to
these datasets.
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Figure 9. Profile log-likelihood
plot of CW parameters for
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